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ìø÷¶÷

õäë: 519.224:535.4PACS: 42.30.-d; 42.30.Va; 42.30.SyäÏÓÌ�ÄÖÅÎÎÑ ×ÌÁÓÔÉ×ÏÓÔÅÊ Â�ÎÁÒÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�× ÄÌÑÇÏÌÏÇÒÁÆ�ÞÎÉÈ ÓÉÓÔÅÍ ÒÏÚ��ÚÎÁ×ÁÎÎÑ ÏÂÒÁÚ�×ûÏ×ÇÅÎÀË í.÷., ëÒÏÈÍÁÌØÓØËÉÊ �.´., ëÏÚÌÏ×ÓØËÉÊ í.ð.áÎÏÔÁ��Ñ. îÁ ÏÓÎÏ×� ÍÅÔÏÄÕ ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÏÇÏ ÒÏÚ�ÏÄ�ÌÕ ÓÉÇ-ÎÁÌ�× Ï�ÉÓÁÎÏ Ï�ÔÉÞÎ� ×ÌÁÓÔÉ×ÏÓÔ� Ò�ÚÎÉÈ ÔÉ��×Â�ÎÁÒÎÉÈ ÆÁÚÏ×ÉÈÅÌÅÍÅÎÔ�× (âæå). ïÔÒÉÍÁÎÏ ÁÎÁÌ�ÔÉÞÎ� ×ÉÒÁÚÉ ÄÌÑ Á×ÔÏËÏÒÅÌÑ��ÊÎÏ§ÆÕÎË��§ ÔÁ ×�ÎÅÒ�×ÓØËÏÇÏ Ó�ÅËÔÒÕ �ÒÏÓÔÏÒÏ×ÉÈ ÞÁÓÔÏÔ âæå, ÎÁ ÏÓÎÏ-×� ÑËÉÈ ÒÏÚÒÁÈÏ×ÁÎÏ ÕÚÁÇÁÌØÎÅÎÉÊ Ï�ÔÉÞÎÉÊ �ÁÒÁÍÅÔÒ j'(k; l)j2 ÄÌÑË�ÌØË�ÓÎÏ§ Ï��ÎËÉ Ò�×ÎÑ Ï�ÔÉÞÎÏÇÏ ÛÕÍÕ � �ÏËÁÚÁÎÏ, ÝÏ ÔÁËÉÊ �ÁÒÁ-ÍÅÔÒ ÈÁÒÁËÔÅÒÉÚÕ¤ ÕÓÅÒÅÄÎÅÎÕ ×ÅÌÉÞÉÎÕ ÆÌÀËÔÕÁ��Ê �ÎÔÅÎÓÉ×ÎÏÓ-Ô� �ÎÔÅÒÆÅÒÅÎ��ÊÎÏ§ ËÁÒÔÉÎÉ ×�ÎÅÒ�×ÓØËÏÇÏ Ó�ÅËÔÒÕ. úÁ�ÒÏ�ÏÎÏ×ÁÎo�ÁÒÁÍÅÔÒ ÎÅÏÒÔÏÇÏÎÁÌØÎÏÓÔ� dA ÄÌÑ ËÌÁÓÉÆ�ËÁ��§ âæå, �ÏÞÉÎÁÀÞÉ×�Ä ÏÒÔÏÇÏÎÁÌØÎÉÈ âæå (dA = 0) � ÚÁ×ÅÒÛÕÀÞÉ ËÏÌ�ÎÅÁÒÎÉÍÉ âæå(dA = N2).Investigation of binary phase masks properties for image reog-nation holographi systemsM.V.Shovgenyuk, T.Ye.Krokhmalskii, M.P.KozlovskiiAbstrat. On the base of a method of the oordinate-phase distribu-tion of sygnals, the optial properties of binary phase elements (BPE)are desribed. Expressions for the autoorrelation funtions and for theWiener spetrum of spatial frequenes of a BPE are obtained. This al-lowed to ompute a generalized optial parameter j'(k; l)j2, whih isthen used for quantitative estimating optial noise level. It is also shownthat this parameter haraterizes the average value of utuations of theinterferene intensity of Wiener spetra. A nonorthogonality parameterdA is proposed for lassifying BPE, it varies from dA = 0, for orthogonalBPE, up to the value dA = N2, for ollinear BPEs.ðÏÄÁ¤ÔØÓÑ × Optis & Laser TehnologySubmitted to Optis & Laser Tehnology ¶ÎÓÔÉÔÕÔ Æ�ÚÉËÉ ËÏÎÄÅÎÓÏ×ÁÎÉÈ ÓÉÓÔÅÍ 1999Institute for Condensed Matter Physis 1999



1 ðÒÅ�ÒÉÎÔ1. ÷ó�õð÷ÉËÏÒÉÓÔÁÎÎÑ Â�ÎÁÒÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�× ÄÏÚ×ÏÌÑ¤ ÓÕÔÔ¤×Ï ��Ä-×ÉÝÉÔÉ ÅÆÅËÔÉ×ÎÏÓÔØ ÇÏÌÏÇÒÁÆ�ÞÎÉÈ ÓÉÓÔÅÍ ÒÏÚ��ÚÎÁ×ÁÎÎÑ ÏÂÒÁÚ�×[1{4,6{8℄. îÁÊÂ�ÌØÛÏÇÏ �ÏÛÉÒÅÎÎÑ ÄÌÑ ÔÁËÉÈ ÓÉÓÔÅÍ ÎÁÂÕÌÉ Â�ÎÁÒ-Î� Ï�ÔÉÞÎ� ÅÌÅÍÅÎÔÉ Ú ×É�ÁÄËÏ×ÉÍ ÒÏÚ�ÏÄ�ÌÏÍ ÆÁÚÉ, ÎÁÚ×ÁÎ� × [1℄×É�ÁÄËÏ×ÉÍÉ ÆÁÚÏ×ÉÍÉ ÍÁÓËÁÍÉ.÷�ÅÒÛÅ × ÒÏÂÏÔ� äÖÁ×�Ä� � çÏÒÎÅÒÁ [2℄ ÂÕ× ÏÂÇÒÕÎÔÏ×ÁÎÉÊ � ÒÅ-ÁÌ�ÚÏ×ÁÎÉÊ ÍÅÔÏÄ ÆÁÚÏ×ÏÇÏ ËÏÄÕ×ÁÎÎÑ Ï�ÔÉÞÎÏ§ �ÎÆÏÒÍÁ��§ Ô.Ú. ÔÅÈ-Î�ËÁ "seurity veri�ation tehnique", ÑËÁ ÂÁÚÕ¤ÔØÓÑ ÎÁ ×ÉËÏÒÉÓÔÁÎÎ�×É�ÁÄËÏ×ÉÈ ÆÁÚÏ×ÉÈ ÍÁÓÏË ÑË ×È�ÄÎÉÈ ÚÏÂÒÁÖÅÎØ × Ï�ÔÉÞÎ�Ê ÓÈÅ-Í� ËÏÒÅÌÑÔÏÒÁ ÓÕÍ�ÓÎÏÇÏ ÆÕÒ'¤-�ÅÒÅÔ×ÏÒÅÎÎÑ [5℄. ïÄÎÏÞÁÓÎÏ � ÎÅÚÁ-ÌÅÖÎÏ �ÅÊ ÍÅÔÏÄ ÂÕ× ÔÅÏÒÅÔÉÞÎÏ � ÅËÓ�ÅÒÉÍÅÎÔÁÌØÎÏ ��ÄÔ×ÅÒÄÖÅÎÉÊ× ÒÏÂÏÔ� [3℄. äÏÓÌ�ÄÖÅÎÎÑ ÓÔÒÕËÔÕÒÉ ×É�ÁÄËÏ×Ï§ ÆÁÚÏ×Ï§ ÍÁÓËÉ ÎÁÆÏÒÍÕ×ÁÎÎÑ ×�ÎÅÒ�×ÓØËÏÇÏ Ó�ÅËÔÒÕ �ÒÏÓÔÏÒÏ×ÉÈ ÞÁÓÔÏÔ ÔÁ �Ï×ÅÄ�Î-ËÉ Á×ÔÏËÏÒÅÌÑ��ÊÎÏ§ ÆÕÎË��§ �ÏËÁÚÁÌÉ, ÝÏ ×É�ÁÄËÏ×� Â�ÎÁÒÎ� ÆÁÚÏ×�ÍÁÓËÉ ÍÁÀÔØ ÒÑÄ �ÅÒÅ×ÁÇ �ÅÒÅÄ ÁÍ�Ì�ÔÕÄÎÉÍÉ ÍÁÓËÁÍÉ, ÚÏËÒÅÍÁ,×ÏÌÏÄ�ÀÔØ ÎÉÚØËÉÍ Ò�×ÎÅÍ ÛÕÍ�×.ðÒÏ�ÅÓÉ ÇÏÌÏÇÒÁÆ�ÞÎÏÇÏ ÒÏÚ��ÚÎÁ×ÁÎÎÑ ÏÂÒÁÚ�× ÎÁ ÏÓÎÏ×� ×É�ÁÄ-ËÏ×ÉÈ ÆÁÚÏ×ÉÈ ÍÁÓÏË ÄÏÓÌ�ÄÖÕ×ÁÌÉÓÑ × ÒÏÂÏÔ� [4℄. ëÒ�Í Â�ÎÁÒÎÉÈÄÏÓÌ�ÄÖÕ×ÁÌÉÓÑ ×É�ÁÄËÏ×� ÆÁÚÏ×� ÍÁÓËÉ Ú ÂÁÇÁÔÏÒ�×ÎÅ×ÉÍ ÚÓÕ×ÏÍÆÁÚÉ ÏËÒÅÍÉÈ ÅÌÅÍÅÎÔ�× [6{8℄. ïÄÎÁË, ÓÉÓÔÅÍÁÔÉÞÎÏÇÏ ��ÄÈÏÄÕ ÄÏ ×É-×ÞÅÎÎÑ ×ÌÁÓÔÉ×ÏÓÔÅÊ Ò�ÚÎÉÈ ÔÉ��× Â�ÎÁÒÎÉÈ ÆÁÚÏ×ÉÈ ÍÁÓÏË ÎÅ ÂÕÌÏ�ÒÏ×ÅÄÅÎÏ.èÏÞÁ ÏÓÎÏ×ÎÁ Õ×ÁÇÁ �ÒÉÄ�ÌÑÌÁÓØ ÆÁÚÏ×ÉÍ ÅÌÅÍÅÎÔÁÍ Ú ×É�ÁÄËÏ-×ÉÍ ÒÏÚ�ÏÄ�ÌÏÍ ÆÁÚÉ, �ÒÏÔÅ ÄÌÑ ÚÁÄÁÞ ÒÏÚ��ÚÎÁ×ÁÎÎÑ ÏÂÒÁÚ�× ÍÏÖÅÂÕÔÉ ×ÉËÏÒÉÓÔÁÎÉÊ Â�ÌØÛ ÛÉÒÏËÉÊ ËÌÁÓ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�×, ÑË� ×Ï-ÌÏÄ�ÀÔØ �Å×ÎÉÍÉ ÓÉÍÅÔÒ�ÊÎÉÍÉ ÞÉ ÓÔÒÕËÔÕÒÎÉÍÉ ÈÁÒÁËÔÅÒÉÓÔÉËÁ-ÍÉ, ÚÏËÒÅÍÁ �ÏÂÕÄÏ×ÁÎÉÈ ÎÁ ÏÓÎÏ×� ÏÒÔÏÇÏÎÁÌØÎÉÈ ÍÁÔÒÉ�Ø áÄÁÍÁ-ÒÁ [9{11℄. ÷ �Ï�ÅÒÅÄÎ�Ê ÒÏÂÏÔ� Á×ÔÏÒ�× [12℄ ÚÁ�ÒÏ�ÏÎÏ×ÁÎÉÊ ÓÔÁÔÉÓ-ÔÉÞÎÉÊ ��ÄÈ�Ä ÄÏ Ï�ÉÓÕ ÛÉÒÏËÏÇÏ ËÌÁÓÕ Ë×ÁÚ�ÏÒÔÏÇÏÎÁÌØÎÉÈ ÆÁÚÏ-×ÉÈ ÅÌÅÍÅÎÔ�×, ÑËÉÊ ÏÂ'¤ÄÎÀ¤ ÑË ��ÌËÏÍ ×�ÏÒÑÄËÏ×ÁÎ� (ÚÁ ËÒÉÔÅÒ�¤ÍÏÒÔÏÇÏÎÁÌØÎÏÓÔ�), ÔÁË � ×É�ÁÄËÏ×� Â�ÎÁÒÎ� ÆÁÚÏ×� ÅÌÅÍÅÎÔÉ.÷ ÄÁÎ�Ê ÒÏÂÏÔ� ÒÏÚ×ÉÎÕÔÉÊ ÍÅÔÏÄ ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÏÇÏ ÒÏÚ�Ï-Ä�ÌÕ ÓÉÇÎÁÌ�× (ëþòó) [15,18℄ ÄÌÑ Ï�ÉÓÕ Â�ÎÁÒÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�×Ú ÄÏ×�ÌØÎÉÍ ÒÏÚ�ÏÄ�ÌÏÍ ÆÁÚÉ. óÕÔØ �ØÏÇÏ ÍÅÔÏÄÕ �ÏÌÑÇÁ¤ × �ÏÂÕÄÏ×�ÆÕÎË��ÏÎÁÌÕ ëþòó, ÑËÉÊ ÄÏÚ×ÏÌÑ¤ ÓÁÍÏÕÚÇÏÄÖÅÎÏ Ï�ÉÓÁÔÉ ×ÌÁÓ-ÔÉ×ÏÓÔ� Ï�ÔÉÞÎÏÇÏ ÅÌÅÍÅÎÔÁ ÑË × ËÏÏÒÄÉÎÁÔÎ�Ê, ÔÁË � × ÞÁÓÔÏÔÎ�Ê�ÌÏÝÉÎÁÈ. úÁ ëþòó (ÒÏÚ�ÏÄ�ÌÏÍ) ��ÌËÏÍ � ÏÄÎÏÚÎÁÞÎÏ ×�ÄÎÏ×ÌÀ¤-ÔØÓÑ ËÏÒÅÌÑ��ÊÎÅ �ÏÌÅ, ÑËÅ ÆÏÒÍÕ¤ÔØÓÑ × ËÏÏÒÄÉÎÁÔÎ�Ê �ÌÏÝÉÎ�, �,
ICMP{99{28U 2×�Ä�Ï×�ÄÎÏ, ×�ÎÅÒ�×ÓØËÉÊ Ó�ÅËÔÒ �ÒÏÓÔÏÒÏ×ÉÈ ÞÁÓÔÏÔ, ÝÏ ÆÏÒÍÕ¤ÔØÓÑ× ÞÁÓÔÏÔÎ�Ê �ÌÏÝÉÎ�. îÁÍÉ ÏÔÒÉÍÁÎ� ÁÎÁÌ�ÔÉÞÎ� ×ÉÒÁÚÉ ÄÌÑ Á×ÔÏ-ËÏÒÅÌÑ��ÊÎÏ§ ÆÕÎË��§ ÔÁ ×�ÎÅÒ�×ÓØËÏÇÏ Ó�ÅËÔÒÕ � �ÒÏ×ÅÄÅÎ� ÞÉÓÅÌØÎ�ÒÏÚÒÁÈÕÎËÉ Ï�ÔÉÞÎÉÈ ×ÌÁÓÔÉ×ÏÓÔÅÊ Ò�ÚÎÉÈ ËÌÁÓ�× ÆÁÚÏ×ÉÈ ÍÁÓÏË.úÁ�ÒÏ�ÏÎÏ×ÁÎÏ ÓÉÓÔÅÍÁÔÉÞÎÉÊ ÓÔÁÔÉÓÔÉÞÎÉÊ ��ÄÈ�Ä ÄÏ ×É×ÞÅÎÎÑÛÉÒÏËÏÇÏ ËÌÁÓÕ Â�ÎÁÒÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�×, ×ËÌÀÞÁÀÞÉ ×É�ÁÄËÏ×�ÆÁÚÏ×� ÍÁÓËÉ. �ÅÏÒÅÔÉÞÎÏ ÏÂÇÒÕÎÔÏ×ÁÎÏ, ÝÏ ××ÅÄÅÎÉÊ × ÒÏÂÏÔ� [12℄�ÁÒÁÍÅÔÒ ÎÅÏÒÔÏÇÏÎÁÌØÎÏÓÔ� ÄÏÚ×ÏÌÑ¤ × ÒÁÍËÁÈ ¤ÄÉÎÏÇÏ ��ÄÈÏÄÕ Ï�É-ÓÁÔÉ ×ÌÁÓÔÉ×ÏÓÔ� ÑË ËÌÁÓ�× Ë×ÁÚ�ÏÒÔÏÇÏÎÁÌØÎÉÈ, ÔÁË � Ë×ÁÚ�ËÏÌ�ÎÅÁÒ-ÎÉÈ Â�ÎÁÒÎÉÈ ÆÁÚÏ×ÉÈ ÍÁÓÏË. ðÏËÁÚÁÎÏ, ÝÏ ËÏÖÅÎ ËÌÁÓ ÁÄÅË×ÁÔÎÏÈÁÒÁËÔÅÒÉÚÕ¤ÔØÓÑ ÓÔÁÔÉÓÔÉÞÎÉÍ ÒÏÚ�ÏÄ�ÌÏÍ ÎÅÄ�ÁÇÏÎÁÌØÎÉÈ ÅÌÅÍÅÎ-Ô�× ÍÁÔÒÉ�� S, �ÏÂÕÄÏ×ÁÎÏ§ �Ú ÓËÁÌÑÒÎÉÈ ÄÏÂÕÔË�× ÒÑÄË�× (ÓÔÏ×���×)×ÉÈ�ÄÎÏ§ ÍÁÔÒÉ�� ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�×. ÷ÓÔÁÎÏ×ÌÅÎÏ, ÝÏ ÏÒÔÏÇÏÎÁÌØÎ�� ËÏÌ�ÎÅÁÒÎ� ÍÁÔÒÉ�� Ï�ÉÓÕÀÔØÓÑ Ò�ÚÎÉÍÉ ÒÏÚ�ÏÄ�ÌÁÍÉ �ÉÈ ÅÌÅÍÅÎ-Ô�×. äÌÑ ÏÒÔÏÇÏÎÁÌØÎÉÈ ÍÁÔÒÉ�Ø ×�Î ÍÁ¤ ×ÉÇÌÑÄ ÏÄÎÏÇÏ ÄÅÌØÔÁ-��ËÕ,ÌÏËÁÌ�ÚÏ×ÁÎÏÇÏ × ÎÕÌ�, ÑËÉÊ �ÒÉ ÈÁÏÔÉÚÁ��§ ÔÒÁÎÓÆÏÒÍÕ¤ÔØÓÑ × ÇÁ-ÕÓ�× ÒÏÚ�ÏÄ�Ì, ÝÏ ÄÁÌ� Å×ÏÌÀ��ÏÎÕ¤ × ÇÁÕÓ�× ÒÏÚ�ÏÄ�Ì ×É�ÁÄËÏ×ÉÈÍÁÔÒÉ�Ø. òÏÚ�ÏÄ�Ì ÅÌÅÍÅÎÔ�× ÍÁÔÒÉ�� S ÄÌÑ ËÏÌ�ÎÅÁÒÎÉÈ ÍÁÔÒÉ�ØÓËÌÁÄÁ¤ÔØÓÑ Ú Ä×ÏÈ ÄÅÌØÔÁ-��Ë�×, ÌÏËÁÌ�ÚÏ×ÁÎÉÈ × ËÒÁÊÎ�È ÔÏÞËÁÈ N� �N . ÷ �ÒÏ�ÅÓ� ÈÁÏÔÉÚÁ��§ �� ��ËÉ �ÅÒÅÔ×ÏÒÀÀÔØÓÑ × ÇÁÕÓÏ×� ËÒÉ×�,ÑË� ÒÏÚÛÉÒÀÀÔØÓÑ � ÚÂÌÉÖÁÀÔØÓÑ, Á ÎÁÒÅÛÔ� ÚÌÉ×ÁÀÔØÓÑ � �ÅÒÅÈÏ-ÄÑÔØ × ÇÁÕÓ�× ÒÏÚ�ÏÄ�Ì ×É�ÁÄËÏ×ÉÈ ÍÁÓÏË, ÑË � Õ ×É�ÁÄËÕ ÈÁÏÔÉÚÁ��§ÏÒÔÏÇÏÎÁÌØÎÉÈ ÍÁÓÏË.2. ïðéó æáúï÷éè åìåíåî�¶÷ îá ïóîï÷¶íå�ïäõ òïúðïä¶ìõ óéçîáì¶÷2.1. ïÚÎÁÞÅÎÎÑ Â�ÎÁÒÎÏÇÏ ÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁòÏÚÇÌÑÎÅÍÏ �ÌÏÓËÉÊ �ÒÑÍÏËÕÔÎÉÊ ÆÁÚÏ×ÉÊ ÅÌÅÍÅÎÔ, ÝÏ ÓËÌÁÄÁ-ÀÔØÓÑ Ú N �M ÏÄÎÁËÏ×ÉÈ ÅÌÅÍÅÎÔÁÒÎÉÈ ËÏÍ�ÒÏË ÒÏÚÍ�Ò�× Tx � Ty.æÕÎË��Ñ �ÒÏ�ÕÓËÁÎÎÑ ÏËÒÅÍÏ§ ËÏÍ�ÒËÉ Ú ËÏÏÒÄÉÎÁÔÁÍÉ n; m ÍÁ¤ ×É-ÇÌÑÄ tn;m(x; y) = ret� xTx� ret� yTy� exp(i��(n;m)); (1)ÄÅ ret (x) = � 1; ÑËÝÏjxj � 12 ;0; ÑËÝÏjxj > 12 :îÁÄÁÌ� ÂÕÄÅÍÏ ××ÁÖÁÔÉ, ÝÏ Tx = onst, Ty = onst, Á ×ÅÌÉÞÉÎÁ �ÈÁÒÁËÔÅÒÉÚÕ¤ ÚÍ�ÎÕ ÆÁÚÉ Ó×�ÔÌÏ×Ï§ È×ÉÌ�, �ÒÉÞÏÍÕ × ÍÅÖÁÈ ËÏÍ�ÒËÉ� = onst .



3 ðÒÅ�ÒÉÎÔòÏÚ�ÏÄ�Ì ËÏÍ�ÌÅËÓÎÏ§ ÁÍ�Ì�ÔÕÄÉ Ó×�ÔÌÏ×Ï§ È×ÉÌ� ÎÁ ×ÉÈÏÄ� ÔÁËÏÇÏÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁ Ï�ÉÓÕ¤ÔØÓÑ ÆÕÎË��¤Àf(x; y) = NXn=1 MXm=1 ret�x� �n� N+ 12 �Tx��ret�y � �m� M+ 12 �Ty� exp(i���(n;m)); (2)ÑËÁ × ÚÁÇÁÌØÎÏÍÕ ×É�ÁÄËÕ ÎÅ ÒÏÚÄ�ÌÑ¤ÔØÓÑ ÚÁ ÚÍ�ÎÎÉÍÉ x � y. ëÏÖÎÁÅÌÅÍÅÎÔÁÒÎÁ ËÏÍ�ÒËÁ ÚÍ�ÎÀ¤ ÆÁÚÕ �ÁÄÁÀÞÏ§ �ÌÏÓËÏ§ È×ÉÌ� ÎÁ ×ÅÌÉ-ÞÉÎÕ ��(n;m) = �(n;m)� �0, ÄÅ �0-�ÏÓÔ�ÊÎÁ ×ÅÌÉÞÉÎÁ.÷ ÒÏÂÏÔ� ÂÕÄÅÍÏ ÒÏÚÇÌÑÄÁÔÉ ÆÁÚÏ×� ÅÌÅÍÅÎÔÉ, ÅÌÅÍÅÎÔÁÒÎ� ËÏÍ�Ò-ËÉ ÑËÉÈ ÚÍ�ÎÀÀÔØ ÆÁÚÕ �ÌÏÓËÏ§ È×ÉÌ� ÎÁ ×ÅÌÉÞÉÎÕ: ��(n;m) = 0; 1.�ÏÄ� ÒÏÚ�ÏÄ�Ì ÆÁÚÉ ÅÌÅÍÅÎÔÁ ��ÌËÏÍ Ï�ÉÓÕ¤ÔØÓÑ ÍÁÔÒÉ�ÅÀA = [Anm℄; ÄÅ ËÏÅÆ���¤ÎÔÉ Anm = exp [i���(n;m)℄ ; (3)�ÒÉÊÍÁÀÔØ ÚÎÁÞÅÎÎÑ: +1; -1. æÁÚÏ×� ÅÌÅÍÅÎÔÉ, ËÏÍ�ÌÅËÓÎÁ ÁÍ�Ì�ÔÕ-ÄÁ È×ÉÌ� ÎÁ ×ÉÈÏÄ� ÑËÏÇÏ Ï�ÉÓÕ¤ÔØÓÑ ÆÏÒÍÕÌÁÍÉ (2), (3), ÄÅ Anm =+1;�1, ÂÕÄÅÍÏ ÎÁÚÉ×ÁÔÉ Â�ÎÁÒÎÉÍÉ ÆÁÚÏ×ÉÍÉ ÅÌÅÍÅÎÔÁÍÉ. ·ÈÎ� ÒÏÚ-�ÏÄ�ÌÉ (2) Ï�ÉÓÕÀÔØÓÑ Ä�ÊÓÎÉÍÉ ÆÕÎË��ÑÍÉ: f�(x; y) � f(x; y). úÁ-Õ×ÁÖÉÍÏ, ÝÏ ÚÁ ÏÚÎÁÞÅÎÎÑÍ (2) ÎÕÍÅÒÁ��Ñ ÅÌÅÍÅÎÔÁÒÎÉÈ ËÏÍ�ÒÏËÚÄ�ÊÓÎÀ¤ÔØÓÑ ×�Ä 1 ÄÏ N ÔÁ M , ÝÏ ÚÒÕÞÎÏ ÄÌÑ �ÒÅÄÓÔÁ×ÌÅÎÎÑ Â�ÎÁÒ-ÎÏÇÏ ÒÏÚ�ÏÄ�ÌÕ ÆÁÚÉ ÍÁÔÒÉ�ÅÀ (3). íÁÔÒÉÞÎÉÊ Ï�ÉÓ Â�ÎÁÒÎÉÈ ÆÁÚÏ-×ÉÈ ÅÌÅÍÅÎÔ�× ÄÁ¤ÔØÓÑ ÄÁÌ� × ÒÏÚÄ�Ì� 5÷ÉÈÏÄÑÞÉ �Ú ÏÚÎÁÞÅÎØ Â�ÎÁÒÎÏÇÏ ÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁ (1)-(3), ÊÏÇÏÆÕÒ'¤-Ó�ÅËÔÒ �ÒÅÄÓÔÁ×ÌÑ¤ÔØÓÑ Õ ×ÉÇÌÑÄ� ÄÏÂÕÔËÕF (!x; !y) = F0(!x)F0(!y)�(!x; !y) (4)�ÕÔ F0(!x)F0(!y) = sin�Tx!x2� � sin�Ty!y2� �� (5)ÆÕÒ'¤-Ó�ÅËÔÒ ÅÌÅÍÅÎÔÁÒÎÏ§ ËÏÍ�ÒËÉ (1). æÕÎË��Ñ�(!x; !y) = CNM (!x; !y)� NXn=1 MXm=1Anm exp [�i (nTx!x +mTy!y)℄ (6)Ï�ÉÓÕ¤ ÆÕÒ'¤-Ó�ÅËÔÒ Â�ÎÁÒÎÏÇÏ ÒÏÚ�ÏÄ�ÌÕ ÆÁÚÉ. îÁÑ×Î�ÓÔØ ÆÁÚÏ×ÏÇÏÍÎÏÖÎÉËÁCN M (!x; !y) = exp�i�N + 12 Tx!x + M + 12 Ty!y�� (7)
ICMP{99{28U 4�Ï×'ÑÚÁÎÁ ×ÉÂÏÒÏÍ ÓÉÓÔÅÍÉ ËÏÏÒÄÉÎÁÔ × �ÅÎÔÒ� ÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁÄÏ×�ÌØÎÏ§ ÒÏÚÍ�ÒÎÏÓÔ� (ÄÉ×.(2)).÷×ÅÄÅÍÏ ÏÚÎÁÞÅÎÎÑ �Î×ÅÒÓÎÏÇÏ f inv(x; y) = f(�x;�y) ÆÁÚÏ×ÏÇÏÅÌÅÍÅÎÔÁ. ðÒÉ ÄÁÎ�Ê ÚÁÍ�Î� ×�Ä�Ï×�ÄÎÏ ÄÏ ÏÚÎÁÞÅÎÎÑ (2), Â�ÎÁÒÎÉÊÆÁÚÏ×ÉÊ ÅÌÅÍÅÎÔ Ï�ÉÓÕ¤ÔØÓÑ ÍÁÔÒÉ�ÅÀAinv = [AN+1�nM+1�m℄: (8)ìÅÇËÏ �ÏËÁÚÁÔÉ, ÝÏ ÆÕÒ'¤-Ó�ÅËÔÒ (4) �Î×ÅÒÓÎÏÇÏ ÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁÏ�ÉÓÕ¤ÔØÓÑ ËÏÍ�ÌÅËÓÎÏ-Ó�ÒÑÖÅÎÏÀ ÆÕÎË��¤À F �(!x; !y).2.2. âÁÚÏ×ÉÊ ÆÕÎË��ÏÎÁÌ ËÏÏÒÄÉÎÁÔÎÏ- ÞÁÓÔÏÔÎÏÇÏ ÒÏÚ�ÏÄ�-ÌÕ.äÌÑ ÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁ (2) �ÏÂÕÄÕ¤ÍÏ ÊÏÇÏ ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔ-ÎÉÊ ÒÏÚ�ÏÄ�Ì (ëþò). úÁ ÏÚÎÁÞÅÎÎÑ ÔÁËÏÇÏ ÒÏÚ�ÏÄ�ÌÕ ×ÉÂÅÒÅÍÏ ÂÁÚÏ×�ÆÕÎË��ÏÎÁÌÉ × ÆÏÒÍ� ÆÕÎË��§ ÎÅ×ÉÚÎÁÞÅÎÏÓÔ� ÷ÕÄ×ÏÒÄÁ [15℄:ËÏÏÒÄÉÎÁÔÎÅ �ÒÅÄÓÔÁ×ÌÅÎÎÑ:Wff�(r0; !0) = 1Z�1 f �r + r02 � f� �r � r02 � exp(�i!0r)dr; (9)�ÒÏÓÔÏÒÏ×Ï-ÞÁÓÔÏÔÎÅ �ÒÅÄÓÔÁ×ÌÅÎÎÑ:WFF�(!0; r0) = 1(2�)2 1Z�1 F �
+ !02 �F � �
+ !02 �� exp(ir0
)d
; (10)ÄÅ F (!)- ÆÕÒ'¤-ÏÂÒÁÚ ÆÕÎË��§ f(r).äÌÑ ÆÕÎË��ÏÎÁÌ�× (9)-(10) ×ÉËÏÎÕ¤ÔØÓÑ ÔÅÏÒÅÍÁ ÔÏÔÏÖÎÏÓÔ� [15℄Wff�(r0; !0) � WFF�(!0; r0): (11)íÉ ×ÉËÏÒÉÓÔÏ×Õ¤ÍÏ �ÎÄÅËÓÉ ÆÕÎË��Ê ÒÏÚ�ÏÄ�ÌÕ ÄÌÑ �ÏÚÎÁÞÅÎÎÑ ÆÏÒ-ÍÉ �ÒÅÄÓÔÁ×ÌÅÎÎÑ ÆÕÎË��ÏÎÁÌÕ, ÔÁ �ÏÓÌ�ÄÏ×Î�ÓÔØ Ó�ÒÑÖÅÎÉÈ ËÏÏÒÄÉ-ÎÁÔ r0 ÔÁ !0, ÄÅ Ó�ÏÞÁÔËÕ ¤ ×ÌÁÓÎÁ ËÏÏÒÄÉÎÁÔÁ ÒÏÚ�ÏÄ�ÌÕ.ðÏËÁÖÅÍÏ,ÝÏ ×ÉËÏÒÉÓÔÁÎÎÑ ÍÅÔÏÄÕ ÒÏÚ�ÏÄ�ÌÕ ÓÉÇÎÁÌ�× ÄÏÚ×ÏÌÑ¤Ï�ÉÓÁÔÉ Ï�ÔÉÞÎ� ×ÌÁÓÔÉ×ÏÓÔ� ÅÌÅÍÅÎÔ�× Ï�ÔÉÞÎÉÈ ÓÈÅÍ ÑË × ËÏÏÒÄÉ-ÎÁÔÎ�Ê ÔÁË � × ÞÁÓÔÏÔÎ�Ê �ÌÏÝÉÎÁÈ.



5 ðÒÅ�ÒÉÎÔúÁ ÒÏÚ�ÏÄ�ÌÏÍ (9) �ÒÉ ÕÍÏ×� r0 = 0 Ï�ÅÒÁÔÏÒÏÍ Ú×ÏÒÏÔÎØÏÇÏÆÕÒ'¤-�ÅÒÅÔ×ÏÒÅÎÎÑ ^F�1 ÏÄÎÏÚÎÁÞÎÏ � �Ï×Î�ÓÔÀ ×�ÄÎÏ×ÌÀ¤ÔØÓÑ �Î-ÔÅÎÓÉ×Î�ÓÔØ ÄÉÆÒÁÇÏ×ÁÎÏÇÏ Ó×�ÔÌÁ^F�1 fWff� (0; !0)g = jf(r)j2: (12)äÁÎÕ ÆÏÒÍÕÌÕ ÂÕÄÅÍÏ ×ÉËÏÒÉÓÔÏ×Õ×ÁÔÉ ÄÌÑ Ï�ÉÓÕ ×ÌÁÓÔÉ×ÏÓÔÅÊ ÅÌÅ-ÍÅÎÔ�× Ï�ÔÉÞÎÉÈ ÓÈÅÍ × ËÏÏÒÄÉÎÁÔÎ�Ê �ÌÏÝÉÎ� � ÔÏÍÕ ÎÁÚ×ÅÍÏ §§ �ÒÑ-ÍÏÀ ÓÈÅÍÏÀ ×�ÄÎÏ×ÌÅÎÎÑ �ÎÔÅÎÓÉ×ÎÏÓÔ� Ï�ÔÉÞÎÏÇÏ ÓÉÇÎÁÌÕ ÚÁ ÊÏÇÏËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÉÍ ÒÏÚ�ÏÄ�ÌÏÍ.îÁ×�ÁËÉ, �ÒÉ ÕÍÏ×� !0 = 0 Ï�ÅÒÁÔÏÒÏÍ �ÒÑÍÏÇÏ ÆÕÒ'¤-�ÅÒÅÔ×Ï-ÒÅÎÎÑ ^F ×�ÄÎÏ×ÌÀ¤ÔØÓÑ ×�ÎÅÒ�×ÓØËÉÊ (ÅÎÅÒÇÅÔÉÞÎÉÊ) Ó�ÅËÔÒ �ÒÏÓÔÏ-ÒÏ×ÉÈ ÞÁÓÔÏÔ ^F fWFF� (0; r0)g = jF (!)j2: (13)ñË ÂÕÄÅ �ÏËÁÚÁÎÏ ÄÁÌ�, ÄÁÎÁ ÓÈÅÍÁ ×�ÄÎÏ×ÌÅÎÎÑ ÒÅÁÌ�ÚÕ¤ÔØÓÑ ÞÅÒÅÚ�ÒÑÍÕ ÓÈÅÍÕ (12) � ÔÏÍÕ ÂÕÄÅÍÏ §§ ÎÁÚÉ×ÁÔÉ Ú×ÏÒÏÔÎØÏÀ ÓÈÅÍÏÀ ×�Ä-ÎÏ×ÌÅÎÎÑ ×�ÎÅÒ�×ÓØËÏÇÏ Ó�ÅËÔÒÕ �ÒÏÓÔÏÒÏ×ÉÈ ÞÁÓÔÏÔ Ï�ÔÉÞÎÏÇÏ ÓÉÇ-ÎÁÌÕ ÚÁ ÊÏÇÏ ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÉÍ ÒÏÚ�ÏÄ�ÌÏÍ.2.3. ëÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÉÊ ÒÏÚ�ÏÄ�Ì Â�ÎÁÒÎÏÇÏÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁ.äÌÑ �ÏÂÕÄÏ×É ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÏÇÏ ÒÏÚ�ÏÄ�ÌÕ Â�ÎÁÒÎÏÇÏ ÆÁ-ÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁ ×ÉËÏÒÉÓÔÁ¤ÍÏ �ÒÏÓÔÏÒÏ×Ï-ÞÁÓÔÏÔÎÅ �ÒÅÄÓÔÁ×ÌÅÎÎÑ(10). ÷ÉÈÏÄÑÞÉ �Ú ÆÏÒÍÕÌÉ (4), ÔÁËÉÊ ÒÏÚ�ÏÄ�Ì ÍÏÖÎÁ ÚÁ�ÉÓÁÔÉ Õ×ÉÇÌÑÄ� ÆÕÎË��ÏÎÁÌÕWFF�(!0x; !0y;x0; y0) = CN M NXn1=1 NXn2=1An1 m1 MXm1=1 MXm2=1An2 m2�WF0 F�0 (!0x; !0y; x0 � [n1 � n2℄Tx; y0 � [m1 �m2℄Ty)� exp��i �(n1 + n2)2 Tx!0x + (m1 +m2)2 Ty!0y�� : (14)äÌÑ �ØÏÇÏ ÆÕÎË��ÏÎÁÌÕ ×ÉËÏÎÕ¤ÔØÓÑ Ó��××�ÄÎÏÛÅÎÎÑWF0 F�0 (!0x; !0y; x0; y0) =W 0F0 F�0 (!0x; x0)W 0F0 F�0 (!0y; y0) (15)
ICMP{99{28U 6ÄÅ W 0F0F�0 (!0x; x0) ÏÄÎÏ×ÉÍ�ÒÎÉÊ ëþò ÅÌÅÍÅÎÔÁÒÎÏ§ ËÏÍ�ÒËÉ (1).íÎÏÖÎÉË CN M = CNM (!0x; !0y) ÚÁÄÁ¤ÔØÓÑ ÆÏÒÍÕÌÏÀ (7).÷ ÚÁÇÁÌØÎÏÍÕ ×ÉÒÁÚ� (14) ÏÄÎÏ×ÉÍ�ÒÎ� ÒÏÚ�ÏÄ�ÌÉ WF0 F�0 (!0x;x0)ÔÁ WF0 F�0 (!0y; y0) ÎÅ ÒÏÚÄ�ÌÑÀÔØÓÑ ÚÁ �ÏÄ×�ÊÎÉÍÉ ÓÕÍÁÍÉ, �ÎÄÅËÓÉÑËÉÈ ×�Ä�Ï×�ÄÁÀÔØ �ÎÄÅËÓÁÍ ÍÁÔÒÉÞÎÉÈ ËÏÅÆ���¤ÎÔ�× An1 m1An2 m2 .÷ÒÁÈÏ×ÕÀÞÉ, ÝÏ ÒÏÚ�ÏÄ�ÌÉ (9, 10) ÚÁÄÁÀÔØÓÑ × Ò�ÚÎÉ�Å×ÉÈ Ó�ÒÑÖÅ-ÎÉÈ ËÏÏÒÄÉÎÁÔÁÈ !0 = !1�!2 � ×�Ä�Ï×�ÄÎÏ r0 = r1�r2, ÔÏ ÄÏ��ÌØÎÏ××ÅÓÔÉ ÎÏ×� �ÎÄÅÎÓÉ ÓÕÍÕ×ÁÎÎÑn1 = n; n1 � n2 = k; m1 = m; m1 �m2 = l: (16)�ÏÄ� ÞÏÔÉÒÉËÒÁÔÎ� ÓÕÍÉ × ÆÏÒÍÕÌ� (14) ÍÏÖÎÁ ÚÁ�ÉÓÁÔÉNXn1=1 NXn2=1 MXm1=1 MXm2=1(:::) = N�1Xk=�(N�1) M�1Xl=�(M�1)"Xn Xm # (:::) (17)÷ ÒÅÚÕÌØÔÁÔ�, ÒÏÚ�ÏÄ�Ì WFF�(!0x; !0x; x0; y0) ÎÁÂÕ×Á¤ ÆÏÒÍÉ ÒÏÚ-ËÌÁÄÕ ÚÁ ëþò ÅÌÅÍÅÎÔÁÒÎÏ§ ËÏÍ�ÒËÉ. äÌÑ ×É×ÏÄÕ ÆÏÒÍÕÌÉ ÔÁËÏÇÏÒÏÚ�ÏÄ�ÌÕ ÎÅÏÂÈ�ÄÎÏ ÏËÒÅÍÏ ÄÏÓÌ�ÄÉÔÉ ×ÎÕÔÒ�ÛÎ� ÓÕÍÉ �Ï n i m, ÑË�ÍÁÀÔØ Ó×Ï§ ÏÓÏÂÌÉ×ÏÓÔ�.¶Ú ×ÒÁÈÕ×ÁÎÎÑÍ ××ÅÄÅÎÏ§ ÚÁÍ�ÎÉ (16) ÎÏ×� �ÎÄÅËÓÉ ÓÕÍÕ×ÁÎÎÑ ÍÏ-ÖÕÔØ �ÒÉÊÍÁÔÉ ×�Ä'¤ÍÎ� ÚÎÁÞÅÎÎÑ, ÏÓË�ÌØËÉ ×ÏÎÉ ÚÁÄÁÀÔØ ×ÅËÔÏÒ ÚÍ�-ÝÅÎÎÑ Ä×ÏÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�× Ú ÍÁÔÒÉÞÎÉÍÉ ËÏÅÆ���¤ÎÔÁÍÉ An1 m1ÔÁ An2 m2 ÎÁ �ÌÏÝÉÎ�. úÁ�ÉÛÅÍÏ ÚÏ×Î�ÛÎÀ ÓÕÍÕ, ÎÁ�ÒÉËÌÁÄ �Ï k Õ×ÉÇÌÑÄ�: N�1Xk=�(N�1)(:::) = �1Xk=�(N�1)(:::) + 0Xk=0(:::) + N�1Xk=1 (:::): �ÏÄ� �ÒÉk < 0, l < 0 � k > 0; l < 0 ×ÎÕÔÒ�ÛÎ� ÓÕÍÉ × (17) ÚÁ�ÉÓÕÀÔØÓÑ �Ï-Ò�ÚÎÏÍÕ. òÏÚÇÌÑÎÅÍÏ Ä×Á ÈÁÒÁËÔÅÒÎ� ×É�ÁÄËÉ.÷É�ÁÄÏË 1. ðÒÉ k > 0 i l > 0 ×ÎÕÔÒ�ÛÎ� ÓÕÍÉ ÍÏÖÎÁ ÚÁ�ÉÓÁÔÉ:Q(1)k l (!0x; !0y) = N�kXn=1 M�lXm=1An+km+l Anm� exp��i ��n+ k2�Tx!0x +�m+ l2�Ty!0y�� ; (18)ñË ×ÉÄÎÏ, ×ÅÒÈÎÑ ÇÒÁÎÉ�Ñ ×ÎÕÔÒ�ÛÎ�È ÓÕÍ ÚÁÌÅÖÉÔØ ×�Ä k i l.ðÏËÁÖÅÍÏ, ÝÏ Õ ×É�ÁÄËÕ k < 0 i l < 0 ÆÏÒÍÕÌÁ (18) ÎÅ ÚÍ�ÎÀ-¤ÔØÓÑ. ä�ÊÓÎÏ, × �ØÏÍÕ ×É�ÁÄËÕ An+km+l Anm �! An�km�l Anm.÷ÒÁÈÏ×ÕÀÞÉ, ÝÏ �ÎÄÅËÓÉ ÍÁÔÒÉÞÎÉÈ ËÏÅÆ���¤ÎÔ�× ÄÏÄÁÔÎ�, ÄÏ��ÌØÎÏÚÒÏÂÉÔÉ ÚÁÍ�ÎÕ: n0 = n�k,m0 = m�l. ÷ ÒÅÚÕÌØÔÁÔ�An�km�l Anm �!



7 ðÒÅ�ÒÉÎÔAn0 m0 An0+km0+l. äÏÂÕÔÏË ÍÁÔÒÉÞÎÉÈ ËÏÅÆ���¤ÎÔ�× ËÏÍÕÔÁÔÉ×ÎÉÊ �,×�Ä�Ï×�ÄÎÏ, ×ÎÕÔÒ�ÛÎ� ÓÕÍÉ ÚÁ ÎÏ×ÉÍÉ �ÎÄÅÎÓÁÍÉ n0 im0 ÎÅ ÚÍ�ÎÀÀÔØ-ÓÑ, Á ÔÁËÏÖ ÎÅ ÚÍ�ÎÀ¤ÔØÓÑ � �ÏËÁÚÎÉË ÅËÓ�ÏÎÅÎÔÉ. �ÏÄ� ×ÉËÏÎÕ¤ÔØÓÑÓ��×�ÄÎÏÛÅÎÎÑ: Q(1)�k�l(!0x; !0y) = Q(1)k l (!0x; !0y); (19)÷É�ÁÄÏË 2. ðÒÉ ÕÍÏ×�, ËÏÌÉ k < 0, Á l > 0 ×ÎÕÔÒ�ÛÎ� ÓÕÍÉ ÚÁ�É-ÓÕÀÔØÓÑ, ÑËQ(2)k l (!0x; !0y) = N�kXn=1 M�lXm=1An+km Anm+l� exp��i ��n+ k2�Tx!0x +�m+ l2�Ty!0y�� ; (20)úÁ ÁÎÁÌÏÇ�ÞÎÏÀ ÓÈÅÍÏÀ ÌÅÇËÏ �ÏËÁÚÁÔÉ ÝÏ ÄÌÑ ×É�ÁÄËÕ k > 0 � l < 0ÄÏÂÕÔÏË ËÏÅÆ���¤ÎÔ�× An+km Anm+l �! An0 m0+l An0+km. ïÔÖÅ ÔÅÖ×ÉËÏÎÕ¤ÔØÓÑ Ó��×�ÄÎÏÛÅÎÎÑ:Q(2)�k�l(!0x; !0y) = Q(2)k l (!0x; !0y); (21)ðÒÉÊÍÁÀÞÉ ÄÏ Õ×ÁÇÉ ÏÔÒÉÍÁÎ� ×ÉÝÅ ÆÏÒÍÕÌÉ (18) i (20), ÍÏÖ-ÎÁ ÚÒÏÂÉÔÉ �ÒÉÎ�É�Ï×Ï ×ÁÖÌÉ×ÉÊ ×ÉÓÎÏ×ÏË, ÝÏ ÞÁÓÔÏÔÎ� ÆÕÎË��§Q(1)k l (!0x; !0y), Q(2)k l (!0x; !0y) (ÑË� ÚÁÄÁÀÔØÓÑ ×ÉËÌÀÞÎÏ Â�ÎÁÒÎÉÍ ÒÏÚ-�ÏÄ�ÌÏÍ ÆÁÚÉ) ÚÁ ÆÏÒÍÏÀ Ó��×�ÁÄÁÀÔØ Ú ÏÚÎÁÞÅÎÎÑÍ (9) ÂÁÚÏ×ÏÇÏÆÕÎË��ÏÎÁÌÕ ÒÏÚ�ÏÄ�ÌÕ. çÏÌÏ×ÎÁ ×�ÄÍ�ÎÎ�ÓÔØ ÆÕÎË��ÏÎÁÌÕ ÒÏÚ�ÏÄ�-ÌÕ ÆÁÚÉ ×�Ä ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÏÇÏ ÒÏÚ�ÏÄ�ÌÕ ÅÌÅÍÅÎÔÁÒÎÏ§ ËÏÍ�Ò-ËÉ �ÏÌÑÇÁ¤ × ÔÏÍÕ, ÝÏ ÔÁËÉÊ ÒÏÚ�ÏÄ�Ì ÄÉÓËÒÅÔÎÏ-ÎÅ�ÅÒÅÒ×ÎÉÊ: ÄÉÓ-ËÒÅÔÎÉÊ ÚÁ �ÎÄÅËÓÁÍÉ k i l, ÔÏÂÔÏ �Ï ËÏÏÒÄÉÎÁÔ�, � ÎÅ�ÅÒÅÒ×ÎÉÊ ÚÁ�ÒÏÓÔÏÒÏ×ÏÀ ÞÁÓÔÏÔÏÀ !0(!0x; !0y). ïÄÎÁË, ×�Î ÎÅ Ú×ÏÄÉÔØÓÑ ÄÏ ÓÉ-ÍÅÔÒÉÞÎÏ§ ÆÏÒÍÉ (9) × ÓÉÌÕ ÔÏÇÏ, ÝÏ �ÎÄÅËÓÉ ÓÕÍÕ×ÁÎÎÑ ¤ ��ÌÉÍÉÞÉÓÌÁÍÉ.�ÁËÉÍ ÞÉÎÏÍ, ÎÁ ÏÓÎÏ×� ÆÏÒÍÕÌÉ (14) ÏÔÒÉÍÕ¤ÍÏ ÚÁÇÁÌØÎÉÊ ×ÉÒÁÚÄÌÑ ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÏÇÏ ÒÏÚ�ÏÄ�ÌÕ Â�ÎÁÒÎÏÇÏ ÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎ-ÔÁ:WFF�(!0x; !0y;x0; y0) = CNM N�1Xk=�(N�1) M�1Xl=�(M�1)Q(1)k l (!0x; !0y)�WF0 F�0 (!0x;x0 � kTx)WF0 F�0 (!0y; y0 � lTy); (22)
ICMP{99{28U 8ÄÅ ÄÌÑ k < 0; l < 0 ÆÕÎË��ÏÎÁÌÉ ÒÏÚ�ÏÄ�ÌÕ ÆÁÚÉ (18), (20) Ú×'ÑÚÁÎ�Ó��××�ÄÎÏÛÅÎÎÑÍÉ:Q(1)�k l(!0x; !0y) = Q(2)k l (!0x; !0y);Q(1)k�l(!0x; !0y) = Q(2)k l (!0x; !0y); (23)÷ ÒÏÚÇÏÒÎÕÔÏÍÕ ×ÉÇÌÑÄ� ÆÏÒÍÕÌÁ (22) �ÒÉ×ÏÄÉÔØÓÑ × ÒÏÂÏÔ� Á×ÔÏÒ�×[12℄.÷ ÒÅÚÕÌØÔÁÔ� �ÒÏ×ÅÄÅÎÉÈ ×ÉÝÅ ÒÏÚÒÁÈÕÎË�× �ÒÉÈÏÄÉÍÏ ÄÏ ×ÉÓÎÏ×-ËÕ, ÝÏ ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÉÊ ÒÏÚ�ÏÄ�Ì ÆÁÚÏ×ÏÇÏÅÌÅÍÅÎÔÁ ÏÄÎÏÚÎÁÞ-ÎÏ ×ÉÚÎÁÞÁ¤ÔØÓÑ ÞÅÒÅÚ ÆÕÎË��§ Q(1)k l (!0x; !0y), ÑË� ÚÁÄÁÀÔØÓÑ ÒÏÚ�Ï-Ä�ÌÏÍ ÆÁÚÉ, ÔÁ ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÉÍ ÒÏÚ�ÏÄ�ÌÏÍ ÅÌÅÍÅÎÔÁÒÎÏ§ ËÏ-Í�ÒËÉ.÷ ÒÏÂÏÔ� [15℄ ÄÌÑ ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÏÇÏ ÒÏÚ�ÏÄ�ÌÕ �ÒÑÍÏËÕÔÎÏ-ÇÏ �Í�ÕÌØÓÕ ×É×ÅÄÅÎÁ ÆÏÒÍÕÌÁWf0 f�0 (x0;!0) = sin�!02 [Tx + x0℄�!0Tx2 ret�Tx + 2x02Tx �

+ sin�!02 [Tx � x0℄�!0Tx2 ret�Tx � 2x02Tx � : (24)ú ×ÉËÏÒÉÓÔÁÎÎÑÍ (1) ÄÁÎÁ ÆÏÒÍÕÌÁ ÄÏÚ×ÏÌÑ¤ ÚÁ�ÉÓÁÔÉ ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÉÊ ÒÏÚ�ÏÄ�Ì ÅÌÅÍÅÎÔÁÒÎÏ§ ËÏÍ�ÒËÉ Õ ×ÉÇÌÑÄ�:Wf0 f�0 (x0; y0;!0x; !0x) =Wf0 f�0 (x0;!0x)Wf0 f�0 (y0;!0y) : (25)ðÒÏÁÎÁÌ�ÚÕ¤ÍÏ ÞÁÓÔËÏ×� ×É�ÁÄËÉ ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÏÇÏ ÒÏÚ�Ï-Ä�ÌÕ (22).÷É�ÁÄÏË !0 = 0. ÷ ÚÁÇÁÌØÎÏÍÕ ×É�ÁÄËÕ, ×ÉÈÏÄÑÞÉ �Ú ÏÚÎÁÞÅÎÎÑ(9) ÔÁ ÔÏÔÏÖÎÏÓÔ� (11), × ËÏÏÒÄÉÎÁÔÎ�Ê �ÌÏÝÉÎ� ÚÁ ÒÏÚ�ÏÄ�ÌÏÍ ×É-ÚÎÁÞÁ¤ÔØÓÑ Á×ÔÏËÏÒÅÌÑ��ÊÎÁ ÆÕÎË��Ñ Ï�ÔÉÞÎÉÈ ÓÉÇÎÁÌ�×:WFF�(0; 0;x0; y0) � Wff�(x0; y0; 0; 0) = '(x0; y0): (26)á×ÔÏËÏÒÅÌÑ��ÊÎÁ ÆÕÎË��Ñ ÅÌÅÍÅÎÔÁÒÎÏ§ ËÏÍ�ÒËÉ ×�Ä�Ï×�ÄÎÏ ÄÏ ÆÏÒ-ÍÕÌÉ (15) ÍÁ¤ ×ÉÇÌÑÄWf0 f�0 (x0; y0; 0; 0) = '(x0; y0) = tri�x0Tx� tri� y0Ty� ; (27)



9 ðÒÅ�ÒÉÎÔ� ÅË×�×ÁÌÅÎÔÎÁ ÄÏÂÕÔËÕ ÔÒÉËÕÔÎÉÈ �Í�ÕÌØÓ�× [13℄. ÷ ÞÁÓÔÏÔÎÏÍÕ �ÒÅÄ-ÓÔÁ×ÌÅÎÎ� ÆÏÒÍÕÌÁ (27) ÚÇ�ÄÎÏ ÔÏÔÏÖÎÏÓÔ� (11) ÍÁ¤ ×ÉÇÌÑÄ:WF0 F�0 (0; 0; x0; y0) = 1(2�)2 1Z�1 1Z�1 ����sin�Txux2� �����2� ����sin�Tyvy2� �����2 exp[i(x0ux + y0vy) duxdvy : (28)÷�Ä�Ï×�ÄÎÏ ÄÏ ÆÏÒÍÕÌÉ (22) ÚÍ�ÝÅÎ� ÒÏÚ�ÏÄ�ÌÉ × ÅË×�ÄÉÓÔÁÎÔÎÉÈÔÏÞËÁÈ (xk ; yl), ËÒÁÔÎÉÈ ÒÏÚÍ�ÒÕ ÅÌÅÍÅÎÔÁÒÎÏ§ ËÏÍ�ÒËÉ, ÍÏÖÎÁ ÚÁ�É-ÓÁÔÉ: WF0 F�0 (0;xk � kTx) = 8<: 1; ÄÌÑ xk � kTx = 00; ÄÌÑ xk � kTx 6= 0 (29)áÎÁÌÏÇ�ÞÎÉÊ ×ÉÒÁÚ ÍÁ¤ÍÏ ÄÌÑ WF0 F�0 (0; yl � lTy).÷ ÒÅÚÕÌØÔÁÔ�, ÎÁ ÏÓÎÏ×� ÆÏÒÍÕÌÉ (22) ÏÔÒÉÍÕ¤ÍÏ Á×ÔÏËÏÒÅÌÑ-��ÊÎÕ ÆÕÎË��À Â�ÎÁÒÎÏÇÏ ÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÕ Õ ÆÏÒÍ� ÒÏÚËÌÁÄÕ ÚÁËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÉÍÉ ÒÏÚ�ÏÄ�ÌÁÍÉ ÅÌÅÍÅÎÔÁÒÎÉÈ ËÏÍ�ÒÏË:'(x0; y0) = N�1Xk=�(N�1) M�1Xl=�(M�1)Q(1)k l WF0 F�0 (0;x0 � kTx)�WF0F�0 (0; y0 � lTy); (30)ÄÅ ËÏÅÆ���¤ÎÔÁÍÉ ÒÏÚËÌÁÄÕ ×É×ÅÄÅÎÉÈ ×ÉÝÅ ÆÏÒÍÕÌ (18), (20) ¤ ×Å-ÌÉÞÉÎÉ Q(1)k l = Q(1)k l (0; 0) = N�kXn=1 M�lXm=1An+km+l Anm; (31)Q(2)k l = Q(2)k l (0; 0) = N�kXn=1 M�lXm=1An+km Anm+l (32)ÑË� ÎÁÂÕ×ÁÀÔØ ÚÍ�ÓÔÕ ÄÉÓËÒÅÔÎÉÈ ËÏÒÅÌÑ��ÊÎÉÈ ÆÕÎË��Ê Â�ÎÁÒÎÏÇÏÒÏÚ�ÏÄ�ÌÕ ÆÁÚÉ. äÌÑ ÄÁÎÉÈ ÆÕÎË��Ê ×ÉËÏÎÕÀÔØÓÑ Ó��××�ÄÎÏÛÅÎÎÑ(23). îÁÑ×Î�ÓÔØ Ä×ÏÈ ×ÉÄ�× ËÏÒÅÌÑ��ÊÎÉÈ ÆÕÎË��§ �ÏÑÓÎÀ¤ÔØÓÑ ÔÉÍ,ÝÏ ËÏÅÆ���¤ÎÔÁÍÉ Q(1)k l Ï�ÉÓÕ¤ÔØÓÑ ËÏÒÅÌÑ��Ñ Ä×ÏÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎ-Ô�× ÎÁ �ÌÏÝÉÎ� × ÎÁ�ÒÑÍ� I-III Ë×ÁÄÒÁÎÔ�×, Á ËÏÅÆ���¤ÎÔÁÍÉ Q(2)k l - ×ÎÁ�ÒÑÍ� II-IV Ë×ÁÄÒÁÎÔ�×.

ICMP{99{28U 10÷É�ÁÄÏË r0 = 0. ÷ ÄÁÎÏÍÕ ×É�ÁÄËÕ ÚÁ ÏÚÎÁÞÅÎÎÑ (10) × ÞÁÓÔÏÔ-Î�Ê �ÌÏÝÉÎ� ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÉÊ ÒÏÚ�ÏÄ�Ì ÚÁÄÁ¤ Á×ÔÏËÏÒÅÌÑ��Ê-ÎÕ ÆÕÎË��À Ä×ÏÈ ÓÉÇÎÁÌ�×.îÁ ÏÓÎÏ×� ÆÏÒÍÕÌÉ (15), (22) Ú ×ÒÁÈÕ×ÁÎÎÑÍ ÆÏÒÍÕÌÉ (15) ÏÔÒÉ-ÍÕ¤ÍÏ WF0F�0 (!0x; kTx) = 8><>: sin�!0xTx2� � ÄÌÑ k = 0;0; ÄÌÑ k 6= 0: (33)áÎÁÌÏÇ�ÞÎÉÊ ×ÉÒÁÚ ÍÁ¤ Í�Ó�Å � ÄÌÑ ÒÏÚ�ÏÄ�ÌÕ WF0 F�0 (!0y; lTy). ïÔ-ÖÅ, ÚÏ×Î�ÛÎ� ÓÕÍÉ �Ï k i l Ú×ÏÄÑÔØÓÑ ÄÏ ÏÄÎÏÇÏ ×ÉÒÁÚÕQ(1)0 0 (!0x; !0y) � Q(2)0 0 (!0x; !0y) = NXn=1 MXm=1Anm Anm� exp f�i [nTx!x +mTy!y℄g ; (34)óÕÍÉ �Ï n i m ×ËÁÚÕÀÔØ ÎÁ ÔÅ, ÝÏ ×�ÄÂÕ×Á¤ÔØÓÑ �Ï-ÅÌÅÍÅÎÔÎÅ ÍÎÏ-ÖÅÎÎÑ ËÏÖÎÏ§ ÅÌÅÍÅÎÔÁÒÎÏ§ ËÏÍ�ÒËÉ, ÔÏÂÔÏ ÒÅÁÌ�ÚÕ¤ÔØÓÑ Ï�ÅÒÁ��ÑÍÎÏÖÅÎÎÑ áÄÁÍÁÒÁ-ûÕÒÁ [24℄ Â�ÎÁÒÎÏÇÏ ÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁ ÓÁÍÏÇÏÎÁ ÓÅÂÅ A�A = [AnmAnm℄ = O; (35)ÄÅ ×Ó� ÅÌÅÍÅÎÔÉ ÍÁÔÒÉ�� O Ò�×Î� +1. ÷ ÎÁÓÔÕ�ÎÏÍÕ ÒÏÚÄ�Ì� 3.2 ÂÕÄÅ�ÏËÁÚÁÎÏ, ÝÏ Ï�ÅÒÁ��Ñ (35) ÒÅÁÌ�ÚÕ¤ÔØÓÑ × Ï�ÔÉÞÎ�Ê ÓÈÅÍ�.÷ ÚÁÇÁÌØÎÏÍÕ ×É�ÁÄËÕ, ÄÌÑ ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÏÇÏ ÒÏÚ�ÏÄ�ÌÕ Â�-ÎÁÒÎÏÇÏ ÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁ Ó�ÒÁ×ÅÄÌÉ×ÉÊ ×ÉÒÁÚWFF� (!0x; !0y; 0; 0) = CN M (!0x; !0y) Q(1)0 0 (!0x; !0y)�WF0F�0 (!0x; !0y; 0; 0) ; : (36)ÑËÉÊ × ÄÁÎÏÍÕ ×É�ÁÄËÕ Ú×ÏÄÉÔØÓÑ ÄÏ ÆÕÒ'¤-Ó�ÅËÔÒÁ ÆÁÚÏ×ÏÇÏ ÅÌÅ-ÍÅÎÔÁ (4) Ú �ÏÓÔ�ÊÎÉÍ ÒÏÚ�ÏÄ�ÌÏÍ ÆÁÚÉ.3. �éðï÷¶ ïð�éþî¶ óèåíéîÁ ÏÓÎÏ×� ÍÅÔÏÄÕ ÒÏÚ�ÏÄ�ÌÕ ÓÉÇÎÁÌ�× Ï�ÉÛÅÍÏ ÔÉ�Ï×� Ï�ÔÉÞÎ� ÓÈÅ-ÍÉ ×ÉËÏÒÉÓÔÁÎÎÑ Â�ÎÁÒÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�× � �ÏËÁÖÅÍÏ, ÝÏ ÞÁÓÔ-ËÏ×� ×É�ÁÄËÉ ÆÕÎË��ÏÎÁÌ�× (30) ÔÁ (36) ÒÅÁÌ�ÚÕÀÔØÓÑ Ï�ÔÉÞÎÉÍ ÛÌÑ-ÈÏÍ.



11 ðÒÅ�ÒÉÎÔ3.1. óÈÅÍÁ ËÏÒÅÌÑÔÏÒÁ ÓÕÍ�ÓÎÏÇÏ ÆÕÒ'¤-�ÅÒÅÔ×ÏÒÅÎÎÑ.ï�ÉÛÅÍÕ ÓÈÅÍÕ (ÒÉÓ. 1) ËÏÒÅÌÑÔÏÒÁ ÓÕÍ�ÓÎÏÇÏ ÆÕÒ'¤-�ÅÒÅÔ×ÏÒÅÎ-ÎÑ (JTC) [5℄, ÎÁ ×ÈÏÄ� ÑËÏÇÏ ×ÓÔÁÎÏ×ÌÅÎÉÊ Â�ÎÁÒÎÉÊ ÆÁÚÏ×ÉÊ ÅÌÅÍÅÎÔ(ÒÏÚÇÌÑÄÁ¤ÔØÓÑ Ó�ÒÏÝÅÎÉÊ ×ÁÒ�ÁÎÔ ËÏÒÅÌÑÔÏÒÁ JTC ÂÅÚ ÚÍ�ÝÅÎÎÑ×È�ÄÎÉÈ ÚÏÂÒÁÖÅÎØ). îÁ ×ÉÈÏÄ� �ÅÒÛÏÇÏ ËÁÓËÁÄÕ ÒÏÚ�ÏÄ�Ì ÄÉÆÒÁ-ÇÏ×ÁÎÏ§ ÁÍ�Ì�ÔÕÄÉ g1(r) Ï�ÉÓÕ¤ÔØÓÑ
òÉÓ. 1. óÈÅÍÁ ËÏÒÅÌÑÔÏÒÁ ÓÕÍ�ÓÎÏÇÏ ÆÕÒ'¤-�ÅÒÅÔ×ÏÒÅÎÎÑWg1g�1 (r0; !0) =Wff�(a11r0 + a12!0; a21r0 + a22!0): (37)ïÔÖÅ ÚÁ ÒÏÚ�ÏÄ�ÌÏÍ ÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁ Wff�(r0;!0) × ÒÅÚÕÌØÔÁÔ�Ì�Î�ÊÎÏÇÏ �ÅÒÅÔ×ÏÒÅÎÎÑ ÊÏÇÏ Ó�ÒÑÖÅÎÉÈ ËÏÏÒÄÉÎÁÔ ÌÅÇËÏ ÒÏÚÒÁÈÏ-×Õ¤ÔØÓÑ ÒÏÚ�ÏÄ�Ì ÄÉÆÒÁÇÏ×ÁÎÏ§ ÁÍ�Ì�ÔÕÄÉ, ÑËÉÊ ÆÏÒÍÕ¤ÔØÓÑ ÄÁÎÉÍÅÌÅÍÅÎÔÏÍ.÷ ÓÈÅÍ� ËÏÒÅÌÑÔÏÒÁ JTC ÒÅÁÌ�ÚÕ¤ÔØÓÑ ÕÍÏ×Á ÔÏÞÎÏÇÏ ÆÕÒ'¤-�ÅÒÅÔ×ÏÒÅÎÎÑ. ÷�Ä�Ï×�ÄÎÏ �ÅÒÅÔ×ÏÒÅÎÎÑ Ó�ÒÑÖÅÎÉÈ ËÏÏÒÄÉÎÁÔ(r0;!0) ÒÏÚ�ÏÄ�ÌÕ ×È�ÄÎÏÇÏ ÓÉÇÎÁÌÕ Ï�ÉÓÕ¤ÔØÓÑ ÍÁÔÒÉ�ÅÀ:M = 2664 0 �f0��f0 0 3775 ; (38)ÄÅ � = 2�=� - È×ÉÌØÏ×Å ÞÉÓÌÏ, � - ÄÏ×ÖÉÎÁ È×ÉÌ� Ó×�ÔÌÁ, f0 - ÆÏËÕÓÎÁ×�ÄÄÁÌØ Ì�ÎÚÉ. ú×�ÄÓÉ × ÞÁÓÔÏÔÎ�Ê �ÌÏÝÉÎ� ÆÏÒÍÕ¤ÔØÓÑ ÒÏÚ�ÏÄ�ÌWg1g�1 (r0; !0) =Wff� ��f0� !0; �f0 r0� : (39)

ICMP{99{28U 12ðÏËÌÁÄÁÀÞÉ × �ØÏÍÕ ÒÏÚ�ÏÄ�Ì� r0 = 0 ÚÁ ÆÏÒÍÕÌÏÀ ×�ÄÎÏ×ÌÅÎÎÑ(12) ÏÔÒÉÍÕ¤ÍÏ ×�ÎÅÒ�×ÓØËÉÊ Ó�ÅËÔÒ �ÒÏÓÔÏÒÏ×ÉÈ ÞÁÓÔÏÔ ÆÁÚÏ×ÏÇÏÅÌÅÍÅÎÔÁ jg1(r)j2 = 1(�f0)2 ����F � �f0 r�����2 : (40)úÁÕ×ÁÖÉÍÏ, ÝÏ �Å ÅË×�×ÁÌÅÎÔÎÏ ÚÁÓÔÏÓÕ×ÁÎÎÀ Ú×ÏÒÏÔÎØÏ§ ÓÈÅÍÉ ×�Ä-ÎÏ×ÌÅÎÎÑ (13) ÄÏ ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÏÇÏ ÒÏÚ�ÏÄ�ÌÕ ×È�ÄÎÏÇÏ ÓÉÇÎÁ-ÌÕ.òÏÚ�ÏÄ�Ì ÄÉÆÒÁÇÏ×ÁÎÏÇÏ Ó×�ÔÌÁ (40), ÝÏ ÆÏÒÍÕ¤ÔØÓÑ ÎÁ ×ÉÈÏÄ��ÅÒÛÏÇÏ ËÁÓËÁÄÕ, �ÒÉÊÍÁ¤ÔØÓÑ ×È�ÄÎÉÍ ÓÉÇÎÁÌÏÍ ÄÌÑ ÄÒÕÇÏÇÏ ËÁÓ-ËÁÄÕ ËÏÒÅÌÑÔÏÒÁ JTC. �ÏÄ�, ×ÉÈÏÄÑÞÉ �Ú ÆÏÒÍÕÌ (9)-(11), × ÞÁÓÔÏÔÎÏ-ÍÕ �ÒÅÄÓÔÁ×ÌÅÎÎ� ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÉÊ ÒÏÚ�ÏÄ�Ì ×È�ÄÎÏÇÏ ÓÉÇÎÁÌÕ(40) ÍÏÖÎÁ ÚÁ�ÉÓÁÔÉ:Wjg1j2jg1j2(r0; !0) = 1(2�)2 1Z�1 1Z�1 Wff� ��f0� h
+ !02 i ; 0��Wff� ��f0� h
� !02 i ; 0�� exp(ir0
)d
: (41)úÁ ÁÎÁÌÏÇ�ÞÎÏÀ ÓÈÅÍÏÀ × ÄÒÕÇÏÍÕ ËÁÓËÁÄ� ×ÉËÏÎÕ¤ÔØÓÑ ÔÏÞÎÅÆÕÒ'¤-�ÅÒÅÔ×ÏÒÅÎÎÑ, ÑËÅ Ï�ÉÓÕ¤ÔØÓÑ ÍÁÔÒÉ�ÅÀ (38) (�ÒÉÊÍÁ¤ÔØÓÑ,ÝÏ ÆÏËÕÓÎ� ×�ÄÄÁÌ� Ì�ÎÚ ÏÂÏÈ ËÁÓËÁÄ�× Ò�×Î�). �ÏÄ�, ÒÏÚ�ÏÄ�Ì ÄÉÆÒÁ-ÇÏ×ÁÎÏ§ ÁÍ�Ì�ÔÕÄÉ ÎÁ ×ÉÈÏÄ� ÄÒÕÇÏÇÏ ËÁÓËÁÄÕ ÔÅÖ ×ÉÒÁÖÁ¤ÔØÓÑ ÞÅÒÅÚÒÏÚ�ÏÄ�Ì ×È�ÄÎÏÇÏ ÓÉÇÎÁÌÕWgg�(r0; !0) =Wjg1j2jg1j2 ��f0� !0; �f0 r0� : (42)úÁ ÚÁÇÁÌØÎÏÀ ÓÈÅÍÏÀ ×�ÄÎÏ×ÌÅÎÎÑ (12) ÎÁ ×ÉÈÏÄ� ÄÒÕÇÏÇÏ ËÁÓËÁÄÕÆÏÒÍÕ¤ÔØÓÑ ÒÏÚ�ÏÄ�Ì �ÎÔÅÎÓÉ×ÎÏÓÔ� ËÏÒÅÌÑ��ÊÎÏÇÏ �ÏÌÑjg(r)j2 = 1(2�)2 � �f0�2 jWff� (�r; 0)j2 ; (43)ÑËÉÊ Ï�ÉÓÕ¤ÔØÓÑ ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÉÍ ÒÏÚ�ÏÄ�ÌÏÍ ×È�ÄÎÏÇÏ ÓÉÇÎÁ-ÌÕ ÎÁ ÎÕÌØÏ×�Ê �ÒÏÓÔÏÒÏ×�Ê ÞÁÓÔÏÔ�.



13 ðÒÅ�ÒÉÎÔ3.2. íÎÏÖÅÎÎÑ áÄÁÍÁÒÁ-ûÕÒÁ × ÓÈÅÍ� 4f0.ï�ÉÛÅÍÏ ÓÈÅÍÕ 4f0, ÎÁ ×ÈÏÄ� ÑËÏ§ ×ÓÔÁÎÏ×ÌÅÎÉÊ Â�ÎÁÒÎÉÊ ÆÁÚÏ-×ÉÊ ÅÌÅÍÅÎÔ fA(x; y), ÑËÉÊ Ï�ÉÓÕ¤ÔØÓÑ ÍÁÔÒÉ�ÅÀ A = [Anm℄ Á ÎÁ ×É-ÈÏÄ� - ÆÁÚÏ×ÉÊ ÅÌÅÍÅÎÔ fB(x; y) Ú ÍÁÔÒÉ�ÅÀ B = [Bnm℄ (òÉÓ. 2). ðÒÉ-ÊÍÁ¤ÍÏ, ÝÏ ÄÌÑ ÄÁÎÉÈ ÅÌÅÍÅÎÔ�× �ÏÂÕÄÏ×ÁÎ� ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎ�ÒÏÚ�ÏÄ�ÌÉ: WfAf�A(r0; !0), WfBf�B (r0; !0)

òÉÓ. 2. ï�ÔÉÞÎÁ ÓÈÅÍÁ, × ÑË�Ê ÒÅÁÌ�ÚÕ¤ÔØÓÑ ÍÎÏÖÅÎÎÑ áÄÁÍÁÒÁ-ûÕÒÁ Ainv �B Ä×ÏÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�×.÷ ÒÅÚÕÌØÔÁÔ� �ÅÒÛÏÇÏ ÔÁ ÄÒÕÇÏÇÏ ÆÕÒ'¤-�ÅÒÅÔ×ÏÒÅÎÎÑ �ÅÒÅÔ×ÏÒÅÎ-ÎÑ Ó�ÒÑÖÅÎÉÈ ËÏÏÒÄÉÎÁÔ ÒÏÚ�ÏÄ�ÌÕ �ÅÒÛÏÇÏ ÅÌÅÍÅÎÔÁ Ï�ÉÓÕ¤ÔØÓÑÄÏÂÕÔËÏÍ ÍÁÔÒÉ�Ø ÔÉ�Õ (38)M4f0 = 24 �1 00 �1 35 : (44)�ÏÄ� ÄÉÆÒÁÇÏ×ÁÎÁ ÁÍ�Ì�ÔÕÄÁ g1(x; y), ÑËÁ ÆÏÒÍÕ¤ÔØÓÑ �ÅÒÛÉÍÆÁÚÏ×ÉÍ ÅÌÅÍÅÎÔÏÍ ÎÁ ×ÉÈÏÄ� ÓÈÅÍÉ 4f0, ÎÁ ×ÈÏÄ� ÄÒÕÇÏÇÏ ÆÁÚÏ×ÏÇÏÅÌÅÍÅÎÔÁ Ï�ÉÓÕ¤ÔØÓÑ ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÉÍ ÒÏÚ�ÏÄ�ÌÏÍWg1g�1 (r0; !0) =WfAf�A(�r0; �!0): (45)îÁÑ×Î�ÓÔØ ÄÒÕÇÏÇÏ ÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁ ÎÁ ×ÉÈÏÄ� ÓÈÅÍÉ 4F ×�Ä�Ï-×�ÄÁ¤ Ï�ÔÉÞÎ�Ê ÒÅÁÌ�ÚÁ��� ÍÎÏÖÅÎÎÑ áÄÁÍÁÒÁ-ûÕÒÁ [24℄ �Î×ÅÒÓÎÏÇÏ�ÅÒÛÏÇÏ ÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁ ÎÁ ÄÒÕÇÉÊ ÆÁÚÏ×ÉÊ ÅÌÅÍÅÎÔ:C = Ainv �B = [AN+1�n M+1�m Bnm℄: (46)
ICMP{99{28U 14�ÁËÅ ÍÎÏÖÅÎÎÑ Ï�ÉÓÕ¤ÔØÓÑ ÚÇÏÒÔËÏÀ �Ï �ÒÏÓÔÏÒÏ×�Ê ÞÁÓÔÏÔ� !0 ÒÏÚ-�ÏÄ�Ì�× Ä×ÏÈ Â�ÎÁÒÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�×WfCf�C (r0; !0) =WfAf�A(�r0; �!0)
!0 WfBf�B (r0; !0): (47)äÏ�Ï×ÎÉÍÏ ÓÈÅÍÕ 4F ËÁÓËÁÄÏÍ 2F , × ÑËÏÍÕ ×ÉËÏÎÕ¤ÔØÓÑ ÔÏÞÎÅÆÕÒ'¤-�ÅÒÅÔ×ÏÒÅÎÎÑ ÅÌÅÍÅÎÔÁ ÁÄÁÍÁÒÏ×ÏÇÏ ÍÎÏÖÅÎÎÑ. �ÁËÉÊ ËÁÓËÁÄÏ�ÉÓÕ¤ÔØÓÑ ÍÁÔÒÉ�ÅÀ (38) �, ×�Ä�Ï×�ÄÎÏ ÄÏ ÆÏÒÍÕÌÉ (39), ÒÏÚ�ÏÄ�ÌÄÉÆÒÁÇÏ×ÁÎÏ§ ÁÍ�Ì�ÔÕÄÉWgg�(r0; !0) =WfCf�C ��f0� !0; �f0 r0� ; (48)ÚÁ�ÉÓÕ¤ÔØÓÑ ÞÅÒÅÚ ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÉÊ ÒÏÚ�ÏÄ�Ì ÅÌÅÍÅÎÔÁ, ÝÏ ¤ÒÅÚÕÌØÔÁÔÏÍ ÁÄÁÍÁÒÏ×ÏÇÏ ÍÎÏÖÅÎÎÑ.îÁ ÏÓÎÏ×� ÆÏÒÍÕÌÉ (47) �ÎÔÅÎÓÉ×Î�ÓÔØ ÄÉÆÒÁÇÏ×ÁÎÏÇÏ Ó×�ÔÌÁ ×�ÌÏÝÉÎ� ÎÁ ×ÉÈÏÄ� ËÁÓËÁÄÕ 2F ÚÁ�ÉÓÕ¤ÔØÓÑjg(r)j2 = 1(2�)2 1Z�1 1Z�1 WfAf�A �f0� !0; �
��WfBf�B ��f0� !0; �
� exp(i!0r)d
:d!0 (49)ñËÝÏ ��Ä�ÎÔÅÒÁÌØÎ� ÒÏÚ�ÏÄ�ÌÉ Â�ÎÁÒÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�× ÚÁ�É-ÓÁÔÉ × ÞÁÓÔÏÔÎÏÍÕ �ÒÅÄÓÔÁ×ÌÅÎÎ� (10), ÔÏ �ÏÄ×�ÊÎÉÊ �ÎÔÅÇÒÁÌ ÍÁ¤ÒÏÚ×'ÑÚÏË jg(r)j2 = ����WFAFB � �f0 r; 0�����2 : (50)�ÁËÉÍ ÞÉÎÏÍ, �ÒÉÈÏÄÉÍÏ ÄÏ ×ÉÓÎÏ×ËÕ, ÝÏ ×�ÎÅÒ�×ÓØËÉÊ Ó�ÅËÔÒ�ÒÏÓÔÏÒÏ×ÉÈ ÞÁÓÔÏÔ ÅÌÅÍÅÎÔÁ ÁÄÁÍÁÒÏ×ÏÇÏ ÍÎÏÖÅÎÎÑ Ï�ÉÓÕ¤ÔØÓÑ×ÚÁ¤ÍÎÉÍ ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÉÍ ÒÏÚ�ÏÄ�ÌÏÍ Ä×ÏÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎ-Ô�× ÎÁ ÎÕÌØÏ×�Ê ËÏÏÒÄÉÎÁÔ�. úÁÕ×ÁÖÉÍÏ, ÝÏ Õ ×É�ÁÄËÕ ÏÄÎÏÇÏ ÆÁÚÏ-×ÏÇÏ ÅÌÅÍÅÎÔÁ (ÄÉ×. ÆÏÒÍÕÌÕ (40)) ÊÏÇÏ ×�ÎÅÒ�×ÓØËÉÊ Ó�ÅËÔÒ �ÒÏÓ-ÔÏÒÏ×ÉÈ ÞÁÓÔÏÔ ×�ÄÎÏ×ÌÀ¤ÔØÓÑ ÚÁ ÓÈÅÍÏÀ (12), ÔÏÂÔÏ × ÒÅÚÕÌØÔÁÔ�Ú×ÏÒÏÔÎØÏÇÏ ÆÕÒ'¤-�ÅÒÅÔ×ÏÒÅÎÎÑ ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÏÇÏ ÒÏÚ�ÏÄ�ÌÕ.ñË ÂÕÄÅ �ÏËÁÚÁÎÏ ÄÁÌ�, �� ×�ÄÍ�ÎÎÏÓÔ� ×ËÁÚÕÀÔØ ÎÁ Ò�ÚÎ� ÍÅÈÁÎ�ÚÍÉÆÏÒÍÕ×ÁÎÎÑ ×�ÎÅÒ�×ÓØËÏÇÏ Ó�ÅËÔÒÕ Ò�ÚÎÉÈ ËÌÁÓ�× ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�×.ðÏÒ�×ÎÀÀÞÉ ÆÏÒÍÕÌÉ (50) � (43) ÂÁÞÉÍÏ, ÝÏ ÞÁÓÔËÏ×� ×É�ÁÄËÉËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÏÇÏ ÒÏÚ�ÏÄ�ÌÕ ÒÅÁÌ�ÚÕÀÔØÓÑ × Ï�ÉÓÁÎÉÈ ×ÉÝÅÏ�ÔÉÞÎÉÈ ÓÈÅÍÁÈ.



15 ðÒÅ�ÒÉÎÔ4. ÷¶îåò¶÷óøë¶ óðåë�òé â¶îáòîéèæáúï÷éè åìåíåî�¶÷äÌÑ ÒÏÚÒÁÈÕÎËÕ ×�ÎÅÒ�×ÓØËÏÇÏ Ó�ÅËÔÒÕ �ÒÏÓÔÏÒÏ×ÉÈ ÞÁÓÔÏÔ ×ÉËÏ-ÒÉÓÔÁ¤ÍÏ Ú×ÏÒÏÔÎÀ ÓÈÅÍÕ ×�ÄÎÏ×ÌÅÎÎÑ (13). óËÏÒÉÓÔÁ¤ÍÏÓØ ÞÁÓÔÏÔ-ÎÉÍ �ÒÅÄÓÔÁ×ÌÅÎÎÑÍ (28) ëþò ÅÌÅÍÅÎÔÁÒÎÏ§ ËÏÍ�ÒËÉ � ��ÄÓÔÁ×ÉÍÏ× ÆÏÒÍÕÌÕ (22). �ÏÄ� ÆÕÒ'¤-�ÅÒÅÔ×ÏÒÅÎÎÑ (4) ×ÉÒÁÚÉÔØÓÑ ÞÅÒÅÚ Æ-ÆÕÎË��À � × ÒÅÚÕÌØÔÁÔ� ÄÌÑ ×�ÎÅÒ�×ÓØËÏÇÏ Ó�ÅËÔÒÁ �ÒÏÓÔÏÒÏ×ÉÈ ÞÁÓ-ÔÏÔ ÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁ ÏÔÒÉÍÁ¤ÍÏ ÆÏÒÍÕÌÕ:jF (!x; !y)j2 = jF0(!x)F0(!y)j2M(!x; !y); (51)ÄÅ ÍÏÄÕÌÀÀÞÁ ÆÕÎË��Ñ M(!x; !y), ÑËÁ ×ÉÚÎÁÞÁ¤ÔØÓÑ ×ÉËÌÀÞÎÏ Â�-ÎÁÒÎÉÍ ÒÏÚ�ÏÄ�ÌÏÍ ÆÁÚÉ, ÍÁ¤ ×ÉÇÌÑÄM(!x; !y) = N�1Xk=�(N�1) M�1Xl=�(M�1)Q(1)k l exp[�i(!xkTx + !ylTy)℄; (52)ÁÂÏ × ÒÏÚÇÏÒÎÏÔÏÍÕ ×ÉÇÌÑÄ� [12℄M(!x; !y) = Q(1)0 0 + 2"N�1Xk=1 Q(1)k 0 os!xkTx+M�1Xl=1 Q(1)0 l os!ylTy + N�1Xk=1 M�1Xl=1 hQ(1)k l os(!xkTx + !ylTy)+ Q(2)k l os(!xkTx � !ylTy)i (53)íÏÄÕÌÀÀÞÁ ÆÕÎË��Ñ ÈÁÒÁËÔÅÒÉÚÕ¤ÔØÓÑ ÒÑÄÏÍ ÏÓÏÂÌÉ×ÏÓÔÅÊ.äÌÑ ÄÏ×�ÌØÎÏÇÏ ÒÏÚ�ÏÄ�ÌÕ ÆÁÚÉ ËÏÅÆ���¤ÎÔÉ æÕÒ'¤ Q(1)k l i Q(2)k l ÚÁ×ÖÄÉÒ�×Î� ��ÌÏÍÕ ÞÉÓÌÕ, �ÒÉÞÏÍÕ ÚÁ×ÖÄÉ M(!x; !y) � 0. ·· Ó�ÅËÔÒ ÄÉÓ-ËÒÅÔÎÉÊ Ú ÎÁÂÏÒÏÍ ÞÁÓÔÏÔ 
n = 2�n=Tx, n = 0� (N � 1) � ×�Ä�Ï×�ÄÎÏ
m = 2�m=Ty, m = 0 � (M � 1). îÁÑ×Î�ÓÔØ ÇÒÁÎÉÞÎÉÈ ÍÁËÓÉÍÁÌØ-ÎÉÈ �ÒÏÓÔÏÒÏ×ÉÈ ÞÁÓÔÏÔ 
N�1 � 
M�1 ×ËÁÚÕ¤ ÎÁ ÔÅ, ÝÏ ÍÏÄÕÌÀÀÞÁÆÕÎË��Ñ ÈÁÒÁËÔÅÒÉÚÕ¤ÔØÓÑ Í�Î�ÍÁÌØÎÉÍ �ÅÒ�ÏÄÏÍ, ÑËÉÊ ÚÁÄÁ¤ÔØÓÑÒÏÚÍ�ÒÎ�ÓÔÀ N � M ÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁ.äÏÓÌ�ÄÉÍÏ ×ÌÁÓÔÉ×ÏÓÔ� ×�ÎÅÒ�×ÓØËÏÇÏ Ó�ÅËÔÒÕ Â�ÎÁÒÎÉÈ ÆÁÚÏ×ÉÈÅÌÅÍÅÎÔ�×. ïÓË�ÌØËÉ ËÏÖÅÎ Ú ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�× ÚÁ�ÉÓÕ¤ÔØÓÑ ÍÁÔÒÉ-�ÅÀ ËÏÅÆ���¤ÎÔ�× (3) ÒÏÚÍ�ÒÎÏÓÔ� NM , ÔÏ ÍÏÖÎÁ ×ÉÄ�ÌÉÔÉ Ä×Á ÈÁ-ÒÁËÔÅÒÎ� ËÌÁÓÉ ÍÁÔÒÉ�Ø, ÑË� �ÒÅÄÓÔÁ×ÌÑÀÔØ �ÎÔÅÒÅÓ × Ï�ÔÉ��.
ICMP{99{28U 164.1. ëÌÁÓ ÏÒÔÏÇÏÎÁÌØÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�×.ïÚÎÁÞÅÎÎÑ. ëÌÁÓ ÏÒÔÏÇÏÎÁÌØÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�× Ï�ÉÓÕ¤ÔØÓÑË×ÁÄÒÁÔÎÏÀ ÍÁÔÒÉ�ÅÀ A, ÄÌÑ ÑËÏ§ ×ÉËÏÎÕ¤ÔØÓÑ ÕÍÏ×Á ÏÒÔÏÇÏÎÁÌØ-ÎÏÓÔ� [14℄ AA0 = NI; (54)ÄÅ I { ÏÄÉÎÉÞÎÁ ÍÁÔÒÉ�Ñ, N -ÒÏÚÍ�ÒÎ�ÓÔØ ÍÁÔÒÉ��,. A0 - ÔÒÁÎÓ�ÏÎÏ-×ÁÎÁ ÍÁÔÒÉ�Ñ. ïÓË�ÌØËÉ ÅÌÅÍÅÎÔÉ ÍÁÔÒÉ�� Amm = +1;�1, ÔÏ ÄÁÎÉÊËÌÁÓ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�× �ÒÅÄÓÔÁ×ÌÅÎÉÊ ÏÒÔÏÇÏÎÁÌØÎÉÍÉ ÍÁÔÒÉ�ÑÍÉáÄÁÍÁÒÁHN . ÒÏÚÍ�ÒÎÏÓÔ�N = 2n, n = 1,2,... ÷�ÄÏÍ� [20℄ Ò�ÚÎ� Ó�ÏÓÏÂÉ�ÏÂÕÄÏ×É ÍÁÔÒÉ�Ø áÄÁÍÁÒÁ ÄÏ×�ÌØÎÏ§ ÒÏÚÍ�ÒÎÏÓÔ� N, ËÒÁÔÎÏ§ ÞÉÓÌÕ4. ÷ ÚÁÌÅÖÎÏÓÔ� ×�Ä Ó�ÏÓÏÂÕ �ÏÂÕÄÏ×É ÍÁÔÒÉ�� áÄÁÍÁÒÁ ÈÁÒÁËÔÅÒÉ-ÚÕÀÔØÓÑ �Å×ÎÉÍÉ ×ÌÁÓÔÉ×ÏÓÔÑÍÉ ÓÉÍÅÔÒ�§.îÁ ÒÉÓ. 3 �ÒÉ×ÅÄÅÎ� Ä×� ÔÉ�Ï×� ÏÒÔÏÇÏÎÁÌØÎ� ÍÁÔÒÉ�� áÄÁÍÁÒÁ,ÆÕÎÄÁÍÅÎÔÁÌØÎÏÀ ×ÌÁÓÔÉ×�ÓÔÀ ÑËÉÈ ¤ ×ÉËÏÎÁÎÎÑ ÕÍÏ×É ÏÒÔÏÇÏÎÁÌØ-ÎÏÓÔ� (54) ÄÌÑ ×Ó�È ÒÑÄË�× ÔÁ Ó�Ï×���×MXm=1Hn+kmHnm = 0 (k 6= 0); NXn=1Hnm+lHnm = 0 (l 6= 0): (55)
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òÉÓ. 3. ïÒÔÏÇÏÎÁÌØÎ� Â�ÎÁÒÎ� ÆÁÚÏ×� ÅÌÅÍÅÎÔÉ. a) - ÅÌÅÍÅÎÔ S-�ÏÄ�ÂÎÏÇÏ ÔÉ�Õ; b) - ÅÌÅÍÅÎÔ ÎÏÒÍÁÌ�ÚÏ×ÁÎÏÇÏ ÔÉ�Õ.äÌÑ ËÌÁÓÕ ÏÒÔÏÇÏÎÁÌØÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�× ×ÎÁÓÌ�ÄÏË ×ÌÁÓÔÉ-×ÏÓÔÅÊ (55) ËÏÒÅÌÑ��ÊÎ� ËÏÅÆ���¤ÎÔÉ Ò�×Î� ÎÕÌÀQ(1)k 0 = Q(1)0 l � 0: (56)



17 ðÒÅ�ÒÉÎÔúÁ ÄÁÎÏ§ ÕÍÏ×É ÆÏÒÍÕÌÁ (53) Ó�ÒÏÝÕ¤ÔØÓÑ ÄÏ ×ÉÇÌÑÄÕM(!x; !y) = Q(1)0 0 + 2N�1Xk=1 M�1Xl=1 hQ(1)k l +Q(2)k l i os!xkTx os!ylTy�2N�1Xk=1 M�1Xl=1 hQ(1)k l �Q(2)k l i sin!xkTx sin!ylTy: (57)�ÁËÉÍ ÞÉÎÏÍ, ÍÏÄÕÌÑ��ÊÎÁ ÆÕÎË��Ñ � ×�Ä�Ï×�ÄÎÏ ×�ÎÅÒ�×ÓØËÉÊÓ�ÅËÔÒ ËÌÁÓÕ ÏÒÔÏÇÏÎÁÌØÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�× ��ÌËÏÍ Ï�ÉÓÕ¤ÔØÓÑËÏÒÅÌÑ��ÊÎÉÍÉ ËÏÅÆ���¤ÎÔÁÍÉ Q(1)k l � Q(2)k l .÷ ÎÁ�ÒÑÍ� ÏÒÔÏÇÏÎÁÌØÎÏÓÔ� (ÄÌÑ �ÒÉËÌÁÄÕ ×ÚÄÏ×Ö ÏÓ� !x) ÍÏÄÕ-ÌÀÀÞÁ ÆÕÎË��Ñ(57) Ï�ÉÓÕ¤ÔØÓÑ ÆÏÒÍÕÌÏÀM(!x; 0) = NM + 2N�1Xk=1 "M�1Xl=1 Q(1)k l +Q(2)k l # os!xkTx: (58)¶Ú ÄÁÎÏ§ ÆÏÒÍÕÌÉ ×ÉÄÎÏ, ÝÏ ÄÌÑ Ò�ÚÎÉÈ ÔÉ��× ÏÒÔÏÇÏÎÁÌØÎÉÈ ÆÁÚÏ-×ÉÈ ÅÌÅÍÅÎÔ�× × ÓÉÌÕ ÔÏÇÏ, ÝÏ ÄÌÑ Ò�ÚÎÉÈ k i l ËÏÅÆ���¤ÎÔÉ Q(1)k l � Q(2)k l×�ÄÍ�ÎÎ� ×�Ä ÎÕÌÑ, ×�ÎÅÒ�×ÓØËÉÊ Ó�ÅËÔÒ ÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁ (51) ÆÏÒ-ÍÕ¤ÔØÓÑ × ÒÅÚÕÌØÔÁÔ� ÍÏÄÕÌÑ��§ ×�ÎÅÒ�×ÓØËÏÇÏ Ó�ÅËÔÒÕ ÅÌÅÍÅÎÔÁÒÎÏ§ËÏÍ�ÒËÉ jF0(!x)j2 �ÅÒ�ÏÄÉÞÎÏÀ �ÁÒÎÏÀ ÍÏÄÕÌÑ��ÊÎÏÀ ÆÕÎË��¤À (58).äÌÑ ËÌÁÓÕ ÎÏÒÍÁÌ�ÚÏ×ÁÎÉÈ ÏÒÔÏÇÏÎÁÌØÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�×ÆÕÎË��Ñ (58) ÍÁ¤ Ó×Ï§ ÏÓÏÂÌÉ×ÏÓÔ�. ðÒÉ ÄÏ×�ÌØÎÏ ×ÉÂÒÁÎ�Ê �ÏÓÌ�ÄÏ×-ÎÏÓÔ� ÒÏÚÍ�ÝÅÎÎÑ ÒÑÄË�× (ÓÔÏ×���×) ÅÌÅÍÅÎÔÁÒÎÉÈ ËÏÍ�ÒÏË ÆÁÚÏ×ÏÇÏÅÌÅÍÅÎÔÁ ÄÌÑ ËÏÒÅÌÑ��ÊÎÉÈ ËÏÅÆ���¤ÎÔ�× Ó�ÒÁ×ÅÄÌÉ×� Ó��××�ÄÎÏÛÅÎ-ÎÑ:A(l) = N�1Xk=1 hQ(1)k l +Q(2)k l i � 0; A(k) = M�1Xl=1 hQ(1)k l +Q(2)k l i � 0: (59)ú×�ÄÓÉ ÓÌ�ÄÕ¤, ÝÏ × ÎÁ�ÒÑÍ� ÏÒÔÏÇÏÎÁÌØÎÏÓÔ� M(!x; 0) � NM ,M(0; !y) � NM ×ÎÁÓÌ�ÄÏË ÞÏÇÏ ×�ÎÅÒ�×ÓØËÉÊ Ó�ÅËÔÒ ËÌÁÓÕ ÏÒÔÏÇÏ-ÎÁÌØÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�× ×ÉÒÏÄÖÕ¤ÔØÓÑ × Ó�ÅËÔÒ ÅÌÅÍÅÎÔÁÒÎÏ§ ËÏ-Í�ÒËÉ.îÁ ÒÉÓ. 4 �ÒÉ×ÅÄÅÎ� ÏÄÎÏ×ÉÍ�ÒÎ� (×ÚÄÏ×Ö ÏÓ� x) ÍÏÄÕÌÑ��ÊÎ� ÆÕÎË-��§ (58) ×�ÎÅÒ�×ÓØËÏÇÏ Ó�ÅËÔÒÕ � ×�Ä�Ï×�ÄÎ� §Í ËÏÒÅÌÑ��ÊÎ� ËÏÅÆ���¤ÎÔÉ(59) ÏÒÔÏÇÏÎÁÌØÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�×, �ÏËÁÚÁÎÉÈ ÎÁ ÒÉÓ. 3.èÁÒÁËÔÅÒÎÏ, ÝÏ ÄÌÑ ÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁ, ÑËÉÊ Ï�ÉÓÕ¤ÔØÓÑ ËÁÎÏ-Î�ÞÎÏÀ ÍÁÔÒÉ�ÅÀ áÄÁÍÁÒÁ, M(!x; 0) = onst. þÉÓÅÌØÎ� ÒÏÚÒÁÈÕÎËÉ
ICMP{99{28U 18
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xòÉÓ. 4. ÷�ÎÅÒ�×ÓØË� Ó�ÅËÔÒÉ ÏÒÔÏÇÏÎÁÌØÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�×: 1) -ËÁÎÏÎ�ÞÎÁ ÍÁÔÒÉ�Ñ áÄÁÍÁÒÁ; 2) - ×É�ÁÄÏË S-�ÏÄ�ÂÎÏ§ (ÎÅÎÏÒÍÁÌ�ÚÏ-×ÁÎÏ§) ÍÁÔÒÉ�� áÄÁÍÁÒÁ.�ÏËÁÚÕÀÔØ, ÝÏ ÄÌÑ ×Ó�È k � l Q(1)k l = � Q(2)k l . ú×�ÄÓÉ Ó��××�ÄÎÏÛÅÎÎÑ(59) ×ÉËÏÎÕ¤ÔØÓÑ Á×ÔÏÍÁÔÉÞÎÏ. ãÅ ÚÁÇÁÌØÎÁ ÚÁËÏÎÏÍ�ÒÎ�ÓÔØ ÄÌÑ ×Ó�ÈÎÏÒÍÁÌ�ÚÏ×ÁÎÉÈ ÍÁÔÒÉ�Ø áÄÁÍÁÒÁ.ñË ×ÉÄÎÏ �Ú ÒÉÓ. 4 ÄÌÑ ÚÁÇÁÌØÎÏÇÏ ×É�ÁÄËÕ ÎÅÎÏÒÍÁÌ�ÚÏ×ÁÎÉÈÍÁÔÒÉ�Ø áÄÁÍÁÒÁ ËÏÒÅÌÑ��ÊÎ� ËÏÎÆ���¤ÎÔÉ A(k) 6= 0 �, ×�Ä�Ï×�ÄÎÏ,Ó��××�ÄÎÏÛÅÎÎÑ (59) ÎÅ ×ÉËÏÎÕ¤ÔØÓÑ.4.2. ëÌÁÓ ËÏÌ�ÎÅÁÒÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�×.ïÚÎÁÞÅÎÎÑ.ëÌÁÓ ËÏÌ�ÎÅÁÒÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�× Ï�ÉÓÕ¤ÔØÓÑ ÍÁÔ-ÒÉ�ÅÀ ó, ÑËÁ �ÏÂÕÄÏ×ÁÎÁ ÚÁ �ÒÁ×ÉÌÏÍ �ÒÑÍÏÇÏ (ËÒÏÎÅËÅÒ�×ÓØËÏÇÏ)ÄÏÂÕÔËÕ [14℄ (
-ÓÉÍ×ÏÌ �ÒÑÍÏÇÏ ÄÏÂÕÔËÕ) ÍÁÔÒÉ��-ÒÑÄËÁ X = [Xn1℄ÔÁ ÍÁÔÒÉ��-ÓÔÏ×��Ñ Y = [Y1m℄C = X
Y = [Xn1Y℄: (60)÷Ó� ÒÑÄËÉ (ÓÔÏ×���) ËÏÌ�ÎÅÁÒÎÏ§ ÍÁÔÒÉ�� Ú ÔÏÞÎ�ÓÔÀ ÄÏ ÚÎÁËÕ Ò�×Î�Í�Ö ÓÏÂÏÀ MXl=1 Cn lCml = XnXm MXl=1 YlYl = �1M ;
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òÉÓ. 5. ëÏÌ�ÎÅÁÒÎ� Â�ÎÁÒÎ� ÆÁÚÏ×� ÅÌÅÍÅÎÔÉ. ÷É�ÁÄÏË Á) - ÅÌÅÍÅÎÔÔÉ�Õ; b) - ÅÌÅÍÅÎÔ ÔÉ�Õ "ÛÁÈÏ×Ï§ ÓÔÒÕËÔÕÒÉ".NXk=1Ck nCkm = YnYm NXk=1XkXk = �1N: (61)ëÏÌ�ÎÅÁÒÎÉÍÉ ÍÁÔÒÉ�ÑÍÉ Ï�ÉÓÕ¤ÔØÓÑ ËÌÁÓ �ÅÒ�ÏÄÉÞÎÉÈ Â�ÎÁÒÎÉÈÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�×, ÄÏ ÑËÏÇÏ, ÚÏËÒÅÍÁ, ÎÁÌÅÖÉÔØ ÍÁÔÒÉ�Ñ,ÝÏ Ï�ÉÓÕ¤ÆÁÚÏ×ÉÊ ÅÌÅÍÅÎÔ ÔÉ�Õ "ÛÁÈÏ×Ï§ ÓÔÒÕËÔÕÒÉ" (òÉÓ. 5 (b)).äÌÑ ËÌÁÓÕ ËÏÌ�ÎÅÁÒÎÉÈ ÅÌÅÍÅÎÔ�× ËÏÒÅÌÑ��ÊÎ� ËÏÅÆ���¤ÎÔÉ (31),(32) Ó�ÒÏÝÕÀÔØÓÑ ÄÏ ×ÉÇÌÑÄÕQ(1)k 0 =MQ(x)k ; Q(1)0 l = NQ(y)l ; (62)Q(1)k l = Q(2)k l = Q(x)k Q(y)l ; (63)ÄÅ ÄÉÓËÒÅÔÎ� ËÏÒÅÌÑ��ÊÎ� ÆÕÎË��§ ÂÁÚÉÓÎÏÇÏ ÒÑÄËÁ ÔÁ ÓÔÏ×��Ñ ÚÁ�É-ÓÕÀÔØÓÑ Q(x)k = N�kXn=1 Xn+kXn; Q(y)l = M�lXm=1Ym+lYm: (64)÷�Ä�Ï×�ÄÎÏ, ÍÏÄÕÌÑ��ÊÎÁ ÆÕÎË��Ñ ÚÁ�ÉÓÕ¤ÔØÓÑ Õ ×ÉÇÌÑÄ� ÄÏÂÕÔËÕM(!x; !y) =M(!x)M(!y): (65)ÄÅ ÏÄÎÏ×ÉÍ�ÒÎ� �ÅÒ�ÏÄÉÞÎ� ÆÕÎË��Ê Õ ×ÉÇÌÑÄ� ÒÑÄÕ æÕÒ'¤ Ú ËÏÒÅÌÑ-��ÊÎÉÍÉ ËÏÅÆ���¤ÎÔÁÍÉÉ (64) ÍÁÀÔØ ×ÉÇÌÑÄM(!x) = N + 2N�1Xk=1 Q(x)k os!xkTx; (66)
ICMP{99{28U 20M(!y) =M + 2M�1Xl=1 Q(y)l os!ylTy (67)ã� ÆÕÎË��§ ÍÁÀÔØ ÏÓÏÂÌÉ×�ÓÔØ × ÔÏÞ�� !x = !y = 0. ðÒÉ ÕÍÏ×�,ÝÏ ÂÁÚÉÓÎÉÊ ÒÑÄÏË Xn ÔÁ ÂÁÚÉÓÎÉÊ Ó�Ï×�Å�Ø Ym ÍÁÀÔØ N=2 � ×�Ä-�Ï×�ÄÎÏ M=2 ÅÌÅÍÅÎÔ�× Ú -1, ÔÏ ÄÌÑ ËÏÒÅÌÑ��ÊÎÉÈ ËÏÅÆ���¤ÎÔ�× (64)Ó�ÒÁ×ÅÄÌÉ×Å Ó��××�ÄÎÏÛÅÎÎÑN + 2N�1Xk=1 Q(x)k = 0; M + 2M�lXl=1 Q(y)l = 0: (68)þÉÓÅÌØÎÉÍÉ ÒÏÚÒÁÈÕÎËÁÍÉ ×ÓÔÁÎÏ×ÌÅÎÏ,ÝÏ Ë�ÌØË�ÓÔØ ÚÍ�Î ÚÎÁËÕ ËÏ-ÒÅÌÑ��ÊÎÉÈ ËÏÅÆ���¤ÎÔ�× Q(x)k i Q(y)l Ò�×ÎÁ Ë�ÌØËÏÓÔ� ÚÍ�Î ÚÎÁËÕ ÂÁÚÉÓ-ÎÉÈ ×ÅËÔÏÒ�× Xn; Ym.5. ó�á�éó�éþîéê ïðéó æáúï÷éèåìåíåî�¶÷äÁÎÉÊ ÒÏÚÄ�Ì �ÒÉÓ×ÑÞÅÎÉÊ ÓÉÓÔÅÍÁÔÉÚÁ��§ Ò�ÚÎÉÈ ÔÉ��× Â�ÎÁÒÎÉÈÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�× Ú ×ÉËÏÒÉÓÔÁÎÎÑÍ ÓÔÁÔÉÓÔÉÞÎÉÈ ÍÅÔÏÄ�×. òÁÎ�ÛÅÂÕÌÉ ÏÚÎÁÞÅÎ� Ä×Á ËÌÁÓÉ âæå: ÏÒÔÏÇÏÎÁÌØÎ� (òÉÓ. 3), ÑË� �ÏÂÕÄÏ×ÁÎ�ÎÁ ÍÁÔÒÉ�ÑÈ áÄÁÍÁÒÁ HN (54) � ËÏÌ�ÎÅÁÒÎ� (òÉÓ. 5). ÷ �ØÏÍÕ ÒÏÚÄ�Ì�××ÅÄÅÎÏ ËÌÁÓ ×É�ÁÄËÏ×ÉÈ ÔÁ ÎÏ×� ËÌÁÓÉ Ë×ÁÚ�ÏÒÔÏÇÏÎÁÌØÎÉÈ ÔÁ Ë×Á-Ú�ËÏÌ�ÎÅÁÒÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�× � ÚÁ�ÒÏ�ÏÎÏ×ÁÎÏ §È Ï�ÉÓ ÎÁ ÏÓÎÏ×�ÓÔÁÔÉÓÔÉÞÎÏÇÏ ��ÄÈÏÄÕ.5.1. ëÌÁÓ ×É�ÁÄËÏ×ÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�×÷É�ÁÄËÏ×Á ÍÁÔÒÉ�Ñ (òÉÓ. 6) ×ÉÚÎÁÞÁ¤ÔØÓÑ �ÍÏ×�ÒÎ�ÓÔÀ qnm(�) ÔÏ-ÇÏ,ÝÏ §§ ÅÌÅÍÅÎÔ Anm �ÒÉÊÍÁ¤ ÚÎÁÞÅÎÎÑ � = �1 (ÄÁÌ� ÂÕÄÅÍÏ ÒÏÚÇÌÑ-ÄÁÔÉ Ô�ÌØËÉ ÏÄÎÏÒ�ÄÎ� ÍÁÔÒÉ��, ÄÌÑ ÑËÉÈ qnm(�) = q(�) = fq+; q�g).äÌÑ ×É�ÁÄËÏ×ÉÈ ÍÁÔÒÉ�Ø ÓË�ÎÞÅÎÏ§ ÒÏÚÍ�ÒÎÏÓÔ� ÚÁ ÔÁË� �ÍÏ×�ÒÎÏÓ-Ô� ÍÏÖÎÁ �ÒÉÊÎÑÔÉ ÞÁÓÔÏÔÉ ×É�ÁÄÁÎÎÑ ÅÌÅÍÅÎÔ�× Ò�×ÎÉÈ �1.äÌÑ ÈÁÒÁËÔÅÒÉÓÔÉËÉ ÍÁÔÒÉ�� ÄÏ��ÌØÎÏ ××ÅÓÔÉ �ÁÒÁÍÅÔÒr = N+ �N�pNM ; (69)ÄÅ N+ (N�) { ÞÉÓÌÏ ÅÌÅÍÅÎÔ�× Ò�×ÎÉÈ +1(�1). �ÏÄ� "�ÍÏ×�ÒÎÏÓÔ�" q+i q� ÍÏÖÎÁ ×ÉÒÁÚÉÔÉ ÞÅÒÅÚ �ÁÒÁÍÅÔÒ (69)q+ = 12 �1 + rpNM� ; q� = 12 �1� rpNM� : (70)
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òÉÓ. 6. ÷É�ÁÄËÏ×� Â�ÎÁÒÎ� ÆÁÚÏ×� ÅÌÅÍÅÎÔÉ: a) - r = 0; b) - r = 64.÷ ÄÁÎ�Ê ÒÏÂÏÔ� (× ��ÄÒÏÚÄ�Ì� 5.4) ÚÁ�ÒÏ�ÏÎÏ×ÁÎÉÊ ÁÌÇÏÒÉÔÍ, ÑËÉÊÄÏÚ×ÏÌÑ¤ ÚÏÒÔÏÇÏÎÁÌØÎÉÈ ÞÉ ËÏÌ�ÎÅÁÒÎÉÈ ÍÁÔÒÉ�Ø ÂÕÄÕ×ÁÔÉ ÑË ×É-�ÁÄËÏ×� ÍÁÔÒÉ��, ÔÁË � ÍÁÔÒÉ��, ÝÏ ÚÁÊÍÁÀÔØ �ÒÏÍ�ÖÎÅ ÓÔÁÎÏ×ÉÝÅ� Ô×ÏÒÑÔØ ÎÏ×� ËÌÁÓÉ Ë×ÁÚ�ÏÒÔÏÇÏÎÁÌØÎÉÈ ÔÁ Ë×ÁÚ�ËÏÌ�ÎÅÁÒÎÉÈ ÍÁÔ-ÒÉ�Ø.÷�ÄÏÍÏ, ÝÏ ÏÒÔÏÇÏÎÁÌØÎ�ÓÔØ ÍÁÔÒÉ�� A ÎÅ ÚÍ�ÎÀ¤ÔØÓÑ ÑË �ÒÉ ÄÏ-×�ÌØÎÉÈ �ÅÒÅÓÔÁÎÏ×ËÁÈ ÒÑÄË�× ÞÉ ÓÔÏ×���× Í�Ö ÓÏÂÏÀ, ÔÁË � �ÒÉ ÚÍ�Î�§È ÚÎÁËÕ. ÷ Ú×'ÑÚËÕ Ú �ÉÍ ÚÒÕÞÎÏ ××ÅÓÔÉ ÄÏ�ÏÍ�ÖÎ� ÍÁÔÒÉ�� Sr i SÄÌÑ Ï�ÉÓÕ Í�ÒÉ ÏÒÔÏÇÏÎÁÌØÎÏÓÔ� ×ÉÈ�ÄÎÉÈ ÍÁÔÒÉ�Ø A.÷×ÅÄÅÍÏ ÍÁÔÒÉ�� S Ú ÄÏ�ÏÍÏÇÏÀ ÎÁÓÔÕ�ÎÉÈ Ó��××�ÄÎÏÛÅÎØSr = AA0 () Srnm = NXl=1 An lAml;S = A0A() Snm = NXk=1Ak nAkm; (71)ÄÅ A0 ÔÒÁÎÓ�ÏÎÏ×ÁÎÁ ÍÁÔÒÉ�Ñ A. äÌÑ ÏÒÔÏÇÏÎÁÌØÎÉÈ ÍÁÔÒÉ�Ø A =H ÏÂÉÄ×� �� ÍÁÔÒÉ�� Ä�ÁÇÏÎÁÌØÎ� � Ò�×Î� Í�Ö ÓÏÂÏÀ Sr = S = NI; I{ ÏÄÉÎÉÞÎÁ ÍÁÔÒÉ�Ñ. äÌÑ ËÏÌ�ÎÅÁÒÎÉÈ ÍÁÔÒÉ�Ø Anm = XnYm ÍÁÔ-ÒÉ�� (71) ÚÁÇÁÌÏÍ ÓÕÔÔ¤×Ï Ò�ÚÎÑÔØÓÑ Í�Ö ÓÏÂÏÀ (ÄÉ×. (61)), ÁÌÅ ÄÌÑÓÉÍÅÔÒÉÞÎÉÈ ÍÁÔÒÉ�Ø A, ËÏÌÉ X = Y, ×ÏÎÉ ÔÁËÏÖ Ò�×Î�.äÌÑ ×É�ÁÄËÏ×ÉÈ ÍÁÔÒÉ�Ø A ÍÁÔÒÉ�� Sr i S ÚÁ×ÖÄÉ ×�ÄÍ�ÎÎ� Í�ÖÓÏÂÏÀ, ÏÄÎÁË ÓÔÁÔÉÓÔÉÞÎÉÊ ÒÏÚ�ÏÄ�Ì ÎÅÄ�ÁÇÏÎÁÌØÎÉÈ ÅÌÅÍÅÎÔ�× ÏÂÉ-Ä×ÏÈ �ÉÈ ÍÁÔÒÉ�Ø, ÑË �ÏËÁÚÁÎÏ × ÎÁÓÔÕ�ÎÏÍÕ ��ÄÒÏÚÄ�Ì�, ¤ ÔÏÊ ÓÁÍÉÊ.
ICMP{99{28U 225.2. òÏÚ�ÏÄ�Ì ÎÅÄ�ÁÇÏÎÁÌØÎÉÈ ÅÌÅÍÅÎÔ�× ÍÁÔÒÉ�Ø S÷×ÅÄÅÍÏ ÒÏÚ�ÏÄ�Ì ÎÅÄ�ÁÇÏÎÁÌØÎÉÈ ÅÌÅÍÅÎÔ�× ÍÁÔÒÉ�� S Ú ÄÏ�ÏÍÏ-ÇÏÀ Ó��××�ÄÎÏÛÅÎÎÑp(s) = 1N (N � 1)Xi 6=j Æs�Si j ;0; (72)ÄÅ Æa;b { ÓÉÍ×ÏÌ ëÒÏÎÅËÅÒÁ. äÌÑ ÏÒÔÏÇÏÎÁÌØÎÉÈ ÍÁÔÒÉ�Ø ×�Î ÍÁ¤×ÉÇÌÑÄ ÏÄÉÎÉÞÎÏÇÏ ��ËÁ ÌÏËÁÌ�ÚÏ×ÁÎÏÇÏ × ÎÕÌ� (òÉÓ. 7 a)p(s) = Æs;0; (73)Á ÄÌÑ ËÏÌ�ÎÅÁÒÎÉÈ ÍÁÔÒÉ�Ø | Ä×ÏÈ ��Ë�× ÌÏËÁÌ�ÚÏ×ÁÎÉÈ × ÔÏÞËÁÈs = �N � s = N (òÉÓ. 7 b)

- -6 +NÆs;0 12Æs+N;0 12Æs�N;0-Ns s0 0p(s)p(s)
a) b)

6
òÉÓ. 7. òÏÚ�ÏÄ�ÌÉ ÎÅÄ�ÁÇÏÎÁÌØÎÉÈ ÅÌÅÍÅÎÔ�× ÍÁÔÒÉ�� S Ä×ÏÈ ËÌÁÓ�×âæå: Á) - ÏÒÔÏÇÏÎÁÌØÎ�; b) - ËÏÌ�ÎÅÁÒÎ�.p(s) = P�Æs+N;0 + P+Æs�N;0;P� = 2 nZ+nZ�N (N � 1) ; P+ = 1� P�; (74)ÄÅ nZ+ { ÞÉÓÌÏ ÄÏÄÁÔÎÉÈ ÏÄÉÎÉ�Ø ×ÅËÔÏÒÁ Z, nZ� = 1 � nZ+ { ÞÉÓÌÏ×�Ä'¤ÍÎÉÈ ÏÄÉÎÉ�Ø ×ÅËÔÏÒÁ Z, Á ×ÅËÔÏÒ Z = X ÄÌÑ ÍÁÔÒÉ�Ø Sr ÚÂÕ-ÄÏ×ÁÎÉÈ Ú ÒÑÄË�×, � Z = Y ÄÌÑ ÍÁÔÒÉ�Ø S ÚÂÕÄÏ×ÁÎÉÈ �Ú ÓÔÏ×���×.ïÔÖÅ ÒÏÚ�ÏÄ�ÌÉ (74) ÄÌÑ ÍÁÔÒÉ�Ø Sr i S × ÚÁÇÁÌØÎÏÍÕ ×É�ÁÄËÕ ×�Ä-Í�ÎÎ�, ÑËÝÏ Ó��××�ÄÎÏÛÅÎÎÑ ÄÏÄÁÔÎÉÈ � ×�Ä'¤ÍÎÉÈ ÏÄÉÎÉ�Ø × ÂÁÚÏ×ÉÈ×ÅËÔÏÒÁÈ X i Y Ò�ÚÎ�, ÁÌÅ Ó��×�ÁÄÁÀÔØ ËÏÌÉ nX+ = nY+ ÁÂÏ nX+ = nY� .îÉÖÞÅ ÂÕÄÅ �ÏËÁÚÁÎÏ, ÝÏ ÄÌÑ ×É�ÁÄËÏ×ÉÈ ÍÁÔÒÉ�Ø ÒÏÚ�ÏÄ�Ì ÎÅ-Ä�ÁÇÏÎÁÌØÎÉÈ ÅÌÅÍÅÎÔ�× Õ ÍÁÔÒÉ�Ø Sr i S ¤ ÔÉÍ ÓÁÍÉÍ � ÚÁÌÅÖÉÔØÔ�ÌØËÉ ×�Ä ÒÏÚÍ�ÒÎÏÓÔ� ÍÁÔÒÉ�ØN � ×�Ä �ÁÒÁÍÅÔÒÁ r. �ÏÍÕ, ÄÌÑ Ï�ÉÓÕÓÔÁÔÉÓÔÉÞÎÉÈ ×ÌÁÓÔÉ×ÏÓÔÅÊ ÏÒÔÏÇÏÎÁÌØÎÉÈ ÔÁ ×É�ÁÄËÏ×ÉÈ �, ÑË ÄÁÌ�



23 ðÒÅ�ÒÉÎÔÂÕÄÅ �ÏËÁÚÁÎÏ, Ë×ÁÚ�ÏÒÔÏÇÏÎÁÌØÎÉÈ ÔÁ Ë×ÁÚ�ËÏÌ�ÎÅÁÒÎÉÈ ÍÁÔÒÉ�Ø ÄÏ-ÓÔÁÔÎØÏ ÏÂÍÅÖÉÔÉÓÑ ÒÏÚÇÌÑÄÏÍ ÏÄÎ�¤§ Ú ÍÁÔÒÉ�Ø S. ãÅ ×�ÄÎÏÓÉÔØÓÑÔÁËÏÖ ÄÏ ËÌÁÓÕ ËÏÌ�ÎÅÁÒÎÉÈ ÍÁÔÒÉ�Ø Ú ÏÄÎÁËÏ×ÉÍ Ó��××�ÄÎÏÛÅÎÎÑÍÄÏÄÁÔÎÉÈ � ×�Ä'¤ÍÎÉÈ ÅÌÅÍÅÎÔ�×úÎÁÊÄÅÍÏ ×ÉÇÌÑÄ ÆÕÎË��§, ÝÏ Ï�ÉÓÕ¤ ÒÏÚ�ÏÄ�Ì (72) ÄÌÑ ×É�ÁÄËÏ-×Ï§ ÍÁÔÒÉ��. çÕÓÔÉÎÕ ÒÏÚ�ÏÄ�ÌÕ ÚÎÁÞÅÎØ ÅÌÅÍÅÎÔ�× ×É�ÁÄËÏ×Ï§ ÍÁÔ-ÒÉ�� ÍÏÖÎÁ ÚÁ�ÉÓÁÔÉ Õ ÔÁËÏÍÕ ×ÉÇÌÑÄ�q(l) = q+Æl�1;0 + q�Æl+1;0: (75)ïÓË�ÌØËÉ × ÏÚÎÁÞÅÎÎÑ ÅÌÅÍÅÎÔ�× ÍÁÔÒÉ�� S ×ÈÏÄÑÔØ ÄÏÂÕÔËÉ ÅÌÅÍÅÎ-Ô�× ÍÁÔÒÉ�� A, ÔÏ Ó�ÏÞÁÔËÕ ÚÎÁÊÄÅÍÏ ÒÏÚ�ÏÄ�Ì ÄÏÂÕÔËÕ Ä×ÏÈ ÅÌÅÍÅÎ-Ô�×, ÒÏÚ�ÏÄ�ÌÅÎÉÈ ÚÁ (75). ñË ×�ÄÏÍÏ [22℄, ÔÁËÉÊ ÒÏÚ�ÏÄ�Ì ÄÌÑ ÄÉÓ-ËÒÅÔÎÉÈ ×ÅÌÉÞÉÎ ×ÉÚÎÁÞÁ¤ÔØÓÑ ÚÁ �ÒÁ×ÉÌÏÍg(j) = Xl1;l2 : l1;l2�j q(l1)q(l2)= Xl1;l2 : l1;l2�j fq+Æl1�1;0 + q�Æl1+1;0g�fq+Æl2�1;0 + q�Æl2+1;0g= �q2+ + q2�� Æj�1;0 + 2q+q�Æj+1;0: (76)ÁÂÏ, ××�×ÛÉ ÔÕÔ ÎÏ×� �ÏÚÎÁÞÅÎÎÑ p+ = q2++ q2� = 12 �1 + r2=N2�, p� =2q+q� = 12 �1� r2=N2�, ÏÔÒÉÍÕ¤ÍÏg(j) = p+Æj�1;0 + p�Æj+1;0: (77)úÇ�ÄÎÏ ÏÚÎÁÞÅÎÎÑ (72) ÎÅÏÂÈ�ÄÎÏ ÚÎÁÊÔÉ ÒÏÚ�ÏÄ�Ì ÓÕÍÉ N ×É�ÁÄËÏ×ÉÈ×ÅÌÉÞÉÎ ÒÏÚ�ÏÄ�ÌÅÎÉÈ ÚÁ (77). îÁ �ÅÒÛÏÍÕ ËÒÏ�� ÚÎÁÊÄÅÍÏ ÒÏÚ�ÏÄ�ÌÓÕÍÉ Ä×ÏÈ ×ÅÌÉÞÉÎg2(l) = Xj g(l� j)g(j)= Xj fp+Æl�j�1;0 + p�Æl�j+1;0g fp+Æj�1;0 + p�Æj+1;0g= p2+Æl�2;0 + 2p+p�Æl;0 + p2�Æl+2;0; (78)ÄÁÌ� | ÒÏÚ�ÏÄ�Ì ÓÕÍÉ ÔÒØÏÈ ×É�ÁÄËÏ×ÉÈ ×ÅÌÉÞÉÎg3(l) = Xj g2(l � j)g(j)= p3+Æl�3;0 + 3p2+p�Æl�1;0 + 3p+p2�Æl+1;0 + p3�Æl+3;0: (79)
ICMP{99{28U 24÷ ÚÁÇÁÌØÎÏÍÕ ×É�ÁÄËÕ ÄÌÑ ÓÕÍÉ N ×É�ÁÄËÏ×ÉÈ ×ÅÌÉÞÉÎp(s) � gN(s) = NXk=0�Nk�pN�k+ pk�Æs�(N�2k);0: (80)ðÒÉ ÕÍÏ×�, ÝÏ N | ×ÅÌÉËÅ ÞÉÓÌÏ ×�Ä�Ï×�ÄÎÏ ÄÏ ÇÒÁÎÉÞÎÏ§ ÔÅÏÒÅÍÉíÕÁ×ÒÁ-ìÁ�ÌÁÓÁ [23℄ ÄÌÑ ÒÏÚ�ÏÄ�ÌÕ (72) ÏÔÒÉÍÕ¤ÍÏ ÇÁÕÓÏ×Õ ÆÏÒÍÕp(s) � 1p2�Np+p� NXk=0 exp � (N � k �Np+)22Np+p� ! Æs�(N�2k);0= 2p2��2 exp � (s� hsi)22�2 ! ; (81)ÄÅ ××ÅÄÅÎÏ �ÏÚÎÁÞÅÎÎÑ�2 = 4Np+p�; hsi = N (2p+ � 1) = r2N : (82)÷ÅÌÉÞÉÎÁ hsi ×ÉÚÎÁÞÁ¤ ÚÍ�ÝÅÎÎÑ �ÏÌÏÖÅÎÎÑ ÍÁËÓÉÍÕÍÕ ÒÏÚ�ÏÄ�-ÌÕ. ñËÝÏ hsi = 0, ÑË �Å ÍÁ¤ Í�Ó�Å ÄÌÑ Ë×ÁÚ�ÏÒÔÏÇÏÎÁÌØÎÉÈ (òÉÓ. 10)ÔÁ ×É�ÁÄËÏ×ÉÈ ÍÁÔÒÉ�Ø (òÉÓ. 8), ÔÏ ÍÁËÓÉÍÕÍ ÒÏÚ�ÏÄ�ÌÕ ÄÏÓÑÇÁ¤ÔØ-ÓÑ × �ÏÞÁÔËÕ ËÏÏÒÄÉÎÁÔ. äÌÑ Ë×ÁÚ�ËÏÌ�ÎÅÁÒÎÉÈ ÍÁÔÒÉ�Ø hsi 6= 0 ÍÁ¤Í�Ó�Å ÚÍ�ÝÅÎÎÑ ÍÁËÓÉÍÕÍÕ Ú �ÏÞÁÔËÕ ËÏÏÒÄÉÎÁÔ (ÄÉ×. ÎÁ�ÒÉËÌÁÄòÉÓ. 13). ðÁÒÁÍÅÔÒ � Ï�ÉÓÕ¤ ÄÉÓ�ÅÒÓ�À ÒÏÚ�ÏÄ�ÌÕ (81) �, ÑË ÂÕÄÅ ×ÉÄ-ÎÏ ÄÁÌ�, ÚÂ�ÌØÛÕ¤ÔØÓÑ �ÒÉ ÎÁÂÌÉÖÅÎÎ� ÄÏ ÏÂÌÁÓÔ� ÈÁÏÔÉÞÎÏÓÔ�. óÁÍÅ×ÅÌÉÞÉÎÁ �ÏÄ�ÂÎÁ ÄÏ �ÁÒÁÍÅÔÒÁ � ×ÉËÏÒÉÓÔÏ×Õ¤ÔØÓÑ × ÒÏÂÏÔ� [3℄ ÄÌÑÏ��ÎËÉ ÇÒÁÎÉÞÎÏÇÏ Ó��××�ÄÎÏÛÅÎÎÑ ÓÉÇÎÁÌ/ÛÕÍ ×É�ÁÄËÏ×ÉÈ ÆÁÚÏ×ÉÈÍÁÓÏË. ñ×Î� ÚÁÌÅÖÎÏÓÔ� ×ÅÌÉÞÉÎ � i hsi ×�Ä �ÁÒÁÍÅÔÒ�× ÚÁÄÁÞ� ÂÕÄÕÔØ�ÒÉ×ÅÄÅÎ� ÎÉÖÞÅ.úÁÕ×ÁÖÉÍÏ, ÝÏ ÒÏÚ�ÏÄ�Ì p(s) ×ÉÚÎÁÞÅÎÉÊ ÎÁ ÍÎÏÖÉÎ� ��ÌÉÈ �ÁÒ-ÎÉÈ ÞÉÓÅÌ � ÕÍÏ×Á ÊÏÇÏ ÎÏÒÍÕ×ÁÎÎÑ ¤ NXn=�N p(n) = 1, × ÔÏÊ ÞÁÓ ËÏÌÉ�ÎÔÅÇÒÁÌ ×�Ä p(s) ÚÁ ÎÅ�ÅÒÅÒ×ÎÏÀ ÚÍ�ÎÎÏÀ s ÄÁ¤ × Ä×Á ÒÁÚÉ Â�ÌØÛÉÊÒÅÚÕÌØÔÁÔ.÷ Ï�ÔÉÞÎÉÈ ËÏÒÅÌÑÔÏÒÁÈ ÎÁÊÞÁÓÔ�ÛÅ ×ÉËÏÒÉÓÔÏ×ÕÀÔØÓÑ ÆÁÚÏ×�ÅÌÅÍÅÎÔÉ, ÝÏ Ï�ÉÓÕÀÔØÓÑ ÍÁÔÒÉ�ÑÍÉ Ú ÍÁÌÉÍÉ ÚÎÁÞÅÎÎÑÍÉ �ÁÒÁ-ÍÅÔÒÁ r. ÷ �ØÏÍÕ ×É�ÁÄËÕ �2 � N i hsi � 1. ïÓË�ÌØËÉ ÒÏÚ�ÏÄ�Ì p(s)�ÒÉÊÍÁ¤ ×�ÄÍ�ÎÎ� ×�Ä ÎÕÌÑ ÚÎÁÞÅÎÎÑ Ô�ÌØËÉ ÄÌÑ ��ÌÉÈ �ÁÒÎÉÈ ÚÎÁ-ÞÅÎØ ÁÒÇÕÍÅÎÔÁ s, ÔÏ ÚÒÏÚÕÍ�ÌÏ, ÝÏ ÊÏÇÏ ÍÁËÓÉÍÕÍ ÂÕÄÅ �ÒÉ s = 0, �Ô�ÌØËÉ ËÏÌÉ r = pN ÔÏ p(0) = p(2), ÔÏÂÔÏ ÞÉÓÌÏ ÏÒÔÏÇÏÎÁÌØÎÉÈ ÒÑÄ-Ë�× (ÓÔÏ×���×) Ò�×ÎÅ ÞÉÓÌÕ ÒÑÄË�× (ÓÔÏ×���×) �Ú ÓËÁÌÑÒÎÉÍ ÄÏÂÕÔËÏÍÒ�×ÎÉÍ 2.
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sòÉÓ. 8. òÏÚ�ÏÄ�ÌÉ ÎÅÄ�ÁÇÏÎÁÌØÎÉÈ ÅÌÅÍÅÎÔ�× ÍÁÔÒÉ�Ø S ÄÌÑ 16 ×É-�ÁÄËÏ×ÉÈ ÍÁÔÒÉ�Ø

ICMP{99{28U 26îÁ òÉÓ. 8 ÚÏÂÒÁÖÅÎ� ÔÁË� ÒÏÚ�ÏÄ�ÌÉ ÄÌÑ Û�ÓÔÎÁÄ�ÑÔÉ ×É�ÁÄËÏ-×ÉÈ ÍÁÔÒÉ�Ø ÒÏÚÍ�ÒÎÏÓÔ� N = 256 Ú r = 16, dA � 257, Á ÓÕ��ÌØÎÏÀËÒÉ×ÏÀ|×�Ä�Ï×�ÄÎÉÊ ÒÏÚ�ÏÄ�Ì (81). äÏÂÒÅ ÕÚÇÏÄÖÅÎÎÑ ÞÉÓÅÌØÎÉÈÒÅÚÕÌØÔÁÔ�× Ú ÁÎÁÌ�ÔÉÞÎÉÍÉ, ÏÔÒÉÍÁÎÉÍÉ × �ÒÉ�ÕÝÅÎÎ� �ÒÏ ÓÔÁÔÉÓ-ÔÉÞÎÉÊ ÈÁÒÁËÔÅÒ �ÒÏ�ÅÓÕ ÈÁÏÔÉÚÁ��§, ÎÁ ÎÁÛÕ ÄÕÍËÕ, ÏÂÇÒÕÎÔÏ×Õ¤�ÒÁ×ÏÍ�ÒÎ�ÓÔØ ÓÔÁÔÉÓÔÉÞÎÏÇÏ Ï�ÉÓÕ ÔÁË ÚÂÕÄÏ×ÁÎÉÈ Â�ÎÁÒÎÉÈ ÍÁÔ-ÒÉ�Ø. óÔÒÏÇÏ ËÁÖÕÞÉ, ×ÉÒÁÚ (81) Ï�ÉÓÕ¤ ÒÏÚ�ÏÄ�Ì ÎÅ ÏËÒÅÍÏ§ Â�ÎÁÒ-ÎÏ§ ÍÁÔÒÉ��, Á ÚÁÓÅÒÅÄÎÅÎÉÊ ÒÏÚ�ÏÄ�Ì ×ÅÌÉËÏÇÏ ÁÎÓÁÍÂÌÀ ÍÁÔÒÉ�Ø,× ÑËÉÊ ×ÈÏÄÉÔØ ÂÁÇÁÔÏ ËÌÁÓ�× ÅË×�×ÁÌÅÎÔÎÏÓÔ�, ÏÓË�ÌØËÉ ×Ó� ÍÁÔÒÉ��ÕÔ×ÏÒÅÎ� �ÅÒÅÓÔÁ×ÌÑÎÎÑÍ ÒÑÄË�× ÞÉ ÓÔÏ×���× ÍÁÀÔØ ÏÄÉÎ � ÔÏÊ ÓÁ-ÍÉÊ ÒÏÚ�ÏÄ�Ì. ðÁÒÁÍÅÔÒÉ ÒÏÚ�ÏÄ�Ì�× ×É�ÁÄËÏ×ÉÈ � ÂÌÉÚØËÉÈ ÄÏ ÎÉÈÍÁÔÒÉ�Ø ÎÅ ÚÍ�ÎÀÀÔØÓÑ � �ÒÉ ÚÍ�Î� ÚÎÁËÕ ÒÑÄËÁ ÞÉ ÓÔÏ×��Ñ. ëÏÎË-ÒÅÔÎÉÊ ×ÉÇÌÑÄ ÒÏÚ�ÏÄ�ÌÕ (72) ÄÌÑ ËÏÖÎÏ§ ÏËÒÅÍÏ§ ÍÁÔÒÉ�� ÚÁ×ÄÑËÉÎÁÑ×ÎÏÓÔ� ÆÌÕËÔÕÁ��Ê ×�ÄÒ�ÚÎÑ¤ÔØÓÑ ×�Ä ÓÅÒÅÄÎØÏÇÏ, ÁÌÅ, �Ú ÚÒÏÓÔÁÎ-ÎÑÍ ÒÏÚÍ�ÒÎÏÓÔ� ÍÁÔÒÉ�� ×�ÄÎÏÓÎÉÊ ×�ÌÉ× ÆÌÕËÔÕÁ��Ê ÚÍÅÎÛÕ¤ÔØÓÑ.5.3. ïÚÎÁÞÅÎÎÑ �ÁÒÁÍÅÔÒÁ ÎÅÏÒÔÏÇÏÎÁÌØÎÏÓÔ�õ ËÏÖÎÏÍÕ Ú Ï�ÉÓÁÎÉÈ ×ÉÝÅ ËÌÁÓ�× ÍÁÔÒÉ�Ø A ÍÏ×Á ÊÛÌÁ �ÒÏ×ÌÁÓÔÉ×�ÓÔØ ÏÒÔÏÇÏÎÁÌØÎÏÓÔ�. ãÅ �Ï×'ÑÚÁÎÏ Ú ÔÉÍ, ÝÏ ÏÒÔÏÇÏÎÁÌØ-Î�ÓÔØ ÒÑÄË�× (ÓÔÏ×���×) Â�ÎÁÒÎÉÈ ÍÁÔÒÉ�Ø ×�Ä�ÇÒÁ¤ ÏÓÏÂÌÉ×Õ ÒÏÌØ: ×ÍÁÔÒÉ�ÑÈ áÄÁÍÁÒÁ ×Ó� ÒÑÄËÉ (ÓÔÏ×���) ÏÒÔÏÇÏÎÁÌØÎ� Í�Ö ÓÏÂÏÀ, Õ ×É-�ÁÄËÏ×ÉÈ ÍÁÔÒÉ�ÑÈ ÏÒÔÏÇÏÎÁÌØÎÉÈ �ÁÒ ÒÑÄË�× (ÓÔÏ×���×) Â�ÌØÛÅ Î�Ö�ÎÛÉÈ, × ËÏÌ�ÎÅÁÒÎÉÈ ÍÁÔÒÉ�ÑÈ ÏÒÔÏÇÏÎÁÌØÎ� �ÁÒÉ ÒÑÄË�× (ÓÔÏ×���×)��ÌËÏÍ ×�ÄÓÕÔÎ�. �ÏÍÕ ÄÌÑ ÈÁÒÁËÔÅÒÉÓÔÉËÉ Â�ÎÁÒÎÏ§ ÍÁÔÒÉ�� × ��ÌÏ-ÍÕ ××ÅÄÅÍÏ �ÁÒÁÍÅÔÒ ÎÅÏÒÔÏÇÏÎÁÌØÎÏÓÔ� dA × ÔÁËÉÊ Ó�ÏÓ�ÂdA = 1N (N � 1)Xi 6=j S2i j = NXs=�N s2p(s): (83)÷ ÓÉÌÕ ÏÒÔÏÇÏÎÁÌØÎÏÓÔ� ÍÁÔÒÉ�Ø (54) �ÁÒÁÍÅÔÒ dA = 0. äÌÑ ËÏ-Ì�ÎÅÁÒÎÉÈ ÍÁÔÒÉ�Ø ×�Ä�Ï×�ÄÎÏ ÄÏ (61) ÍÁ¤ÍÏ, ÝÏ Si j = �N . ÔÏÍÕdA = N2. äÌÑ ×É�ÁÄËÏ×ÉÈ ÍÁÔÒÉ�Ø, ÑË ×É�ÌÉ×Á¤ Ú (81)-(82), ÚÎÁÈÏ-ÄÉÍÏ dA = �2 + hsi2 = N �1 + r4N3 � r4N4� : (84)ïÞÅ×ÉÄÎÉÍ ¤ ÔÁËÏÖ ÔÅ, ÝÏ �ÁÒÁÍÅÔÒ dA ÎÅ ÚÁÌÅÖÉÔØ ×�Ä ÅÌÅÍÅÎÔÁÒ-ÎÉÈ �ÅÒÅÔ×ÏÒÅÎØ ÍÁÔÒÉ�� A, ÔÏÂÔÏ ×�Ä �ÅÒÅÓÔÁ×ÌÑÎÎÑ ÒÑÄË�× (ÓÔÏ×�-��×) � ÚÍ�ÎÉ §È ÚÎÁËÕ. ÷ÉÎÉËÁ¤ ÚÁ�ÉÔÁÎÎÑ: ÞÉ �ÓÎÕÀÔØ Â�ÎÁÒÎ� ÍÁÔ-ÒÉ�� Ú �ÁÒÁÍÅÔÒÁÍÉ ÎÅÏÒÔÏÇÏÎÁÌØÎÏÓÔ� × ÍÅÖÁÈ 0 < dA . N iN . dA < N2, ÑË� Â �ÒÉÒÏÄÎÉÍ ÞÉÎÏÍ ("ÎÅ�ÅÒÅÒ×ÎÏ") �ÅÒÅÈÏÄÉÌÉ



27 ðÒÅ�ÒÉÎÔ×�Ä ÏÒÔÏÇÏÎÁÌØÎÉÈ ÄÏ ×É�ÁÄËÏ×ÉÈ � ×�Ä ×É�ÁÄËÏ×ÉÈ ÄÏ ËÏÌ�ÎÅÁÒÎÉÈ,ÞÉ ÎÁ×�ÁËÉ. áÌÇÏÒÉÔÍ �ÏÂÕÄÏ×É ÔÁËÉÈ ÍÁÔÒÉ�Ø �ÒÉ×ÅÄÅÎÉÊ ÎÉÖÞÅ.5.4. èÁÏÔÉÚÁ��Ñ ×�ÏÒÑÄËÏ×ÁÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�×â�ÎÁÒÎ� ÍÁÔÒÉ�� Ú �ÒÏÍ�ÖÎÉÍÉ ÚÎÁÞÅÎÎÑÍÉ �ÁÒÁÍÅÔÒÁ ÎÅÏÒÔÏÇÏ-ÎÁÌØÎÏÓÔ� ÍÏÖÎÁ ÏÔÒÉÍÁÔÉ Ú ×�ÏÒÑÄËÏ×ÁÎÉÈ ÚÁ ÁÌÇÏÒÉÔÍÏÍ ÈÁÏÔÉ-ÚÁ��§, ËÏÖÅÎ ËÒÏË ÑËÏÇÏ �ÏÌÑÇÁ¤ × ÎÁÓÔÕ�ÎÏÍÕ: ÇÅÎÅÒÕ¤ÍÏ ×É�ÁÄËÏ×�ËÏÏÒÄÉÎÁÔÉ Ä×ÏÈ ÅÌÅÍÅÎÔ�× ÍÁÔÒÉ�� A �, ÑËÝÏ ÅÌÅÍÅÎÔÉ Ò�ÚÎ�, ÔÏ �Å-ÒÅÓÔÁ×ÌÑ¤ÍÏ §È Í�Ó�ÑÍÉ. ÷ÉËÏÒÉÓÔÁÎÎÑ �ØÏÇÏ ÁÌÇÏÒÉÔÍÕ �ÒÉ×ÏÄÉÔØÄÏ ÚÂ�ÌØÛÅÎÎÑ �ÁÒÁÍÅÔÒÁ ÎÅÏÒÔÏÇÏÎÁÌØÎÏÓÔ� ÏÒÔÏÇÏÎÁÌØÎÉÈ ÍÁÔÒÉ�Ø� ÄÏ ÊÏÇÏ ÚÍÅÎÛÅÎÎÑ ÄÌÑ ËÏÌ�ÎÅÁÒÎÉÈ ÍÁÔÒÉ�Ø.ð�ÓÌÑ ÄÏÓÔÁÔÎØÏÇÏ ÞÉÓÌÁ ËÒÏË�× ÈÁÏÔÉÚÁ��§ ×Ó� ÍÁÔÒÉ�� ÓÔÁÀÔØ ×É-�ÁÄËÏ×ÉÍÉ � �ÏÄÁÌØÛÁ ÈÁÏÔÉÚÁ��Ñ ×ÖÅ ÎÅ ×É×ÏÄÉÔØ §È �Ú �ØÏÇÏ ËÌÁÓÕ.�ÁËÉÊ ×ÉÈ�Ä ÎÁ ÎÁÓÉÞÅÎÎÑ �Ï×'ÑÚÁÎÉÊ Ú ÔÉÍ, ÝÏ ÁÌÇÏÒÉÔÍ ÈÁÏÔÉÚÁ��§�ÅÒÅÓÔÁ×ÌÑ¤ ÂÕÄØ-ÑË� Ò�ÚÎ� ÅÌÅÍÅÎÔÉ × ÔÏÍÕ ÞÉÓÌ� � ×ÖÅ �ÅÒÅÓÔÁ×ÌÅ-Î�. ÷�ÄÚÎÁÞÉÍÏ, ÝÏ × �ØÏÍÕ �ÒÏ�ÅÓ� ÚÂÅÒ�ÇÁ¤ÔØÓÑ ÚÎÁÞÅÎÎÑ �ÁÒÁÍÅÔ-ÒÁ r. ëÒ�Í ÔÏÇÏ, ÏÔÒÉÍÁÎ� ÍÁÔÒÉ�� ÎÁ �ÒÏÔÑÚ� ÚÎÁÞÎÏÇÏ ÞÉÓÌÁ ËÒÏË�×"�ÁÍ'ÑÔÁÀÔØ" Ó×ÏÀ �ÏÞÁÔËÏ×Õ ÓÔÒÕËÔÕÒÕ � "ÚÁÂÕ×ÁÀÔØ" §§ Ô�ÌØËÉ ��Ó-ÌÑ ×ÈÏÄÕ Õ ×É�ÁÄËÏ×Õ ÏÂÌÁÓÔØ. æ�ÚÉÞÎÏ �Å ÏÚÎÁÞÁ¤, ÝÏ ÆÁÚÏ×Á ÍÁÓ-ËÁ Í�ÓÔÉÔØ ×ÅÌÉË� Ú×'ÑÚÁÎ� ËÌÁÓÔÅÒÉ �ÏÞÁÔËÏ×Ï§ ÓÔÒÕËÔÕÒÉ, ÒÏÚÍ�ÒÉÑËÉÈ ÚÍÅÎÛÕÀÔØÓÑ Ú ÎÁÂÌÉÖÅÎÎÑÍ �ÁÒÁÍÅÔÒÁ ÎÅÏÒÔÏÇÏÎÁÌØÎÏÓÔ� ÄÏÚÎÁÞÅÎÎÑ �ÒÉÂÌÉÚÎÏ Ò�×ÎÏÇÏ N .5.5. ëÌÁÓ Ë×ÁÚ�ÏÒÔÏÇÏÎÁÌØÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�×ï�ÉÓÁÎÉÊ ÁÌÇÏÒÉÔÍ �ÒÏ�ÌÀÓÔÒÏ×ÁÎÉÊ òÉÓ. 9, ÎÁ ÑËÏÍÕ ÚÏÂÒÁÖÅÎ�ÔÒÉ ÍÁÓËÉ, ÏÔÒÉÍÁÎ� Ú ÍÁÓËÉ, ÝÏ Ï�ÉÓÕ¤ÔØÓÑ ËÁÎÏÎ�ÞÎÏÀ ÍÁÔÒÉ�ÅÀáÄÁÍÁÒÁ (òÉÓ. 3 b), ��ÓÌÑ k = 16 (a), k = 70 (b), k = 2000 () ËÒÏË�×ÈÁÏÔÉÚÁ��§.ñË ×ÉÄÎÏ Ú ÒÉÓÕÎË�×, ÎÁ×�ÔØ �ÒÉ ×ÉÓÏËÉÈ ÓÔÕ�ÅÎÑÈ ÈÁÏÔÉÚÁ��§ ×Ë×ÁÚ�ÏÒÔÏÇÏÎÁÌØÎÉÈ ÍÁÓËÁÈ ÍÏÖÎÁ ×��ÚÎÁÔÉ §ÈÎÀ ×ÉÈ�ÄÎÕ ÓÔÒÕËÔÕÒÕ,ÔÅ Ö Ó�ÏÓÔÅÒ�ÇÁ¤ÔØÓÑ � Õ Ë×ÁÚ�ÏÒÔÏÇÏÎÁÌØÎÉÈ ÍÁÓËÁÈ.ï�ÉÛÅÍÏ ÚÍ�ÎÕ �ÁÒÁÍÅÔÒ�× ÒÏÚ�ÏÄ�ÌÕ (72) × �ÒÏ�ÅÓ� ÈÁÏÔÉÚÁ��§ÏÒÔÏÇÏÎÁÌØÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�×.ïÔÒÉÍÁ¤ÍÏ ÓÅÒÅÄÎ¤ ÞÉÓÌÏ �ÅÒÅÓÔÁ×ÌÅÎÉÈ ÅÌÅÍÅÎÔ�× Nh ÄÏ×�ÌØ-ÎÏ§ Â�ÎÁÒÎÏ§ ÍÁÔÒÉ�� ×�Ä ÎÏÍÅÒÁ ËÒÏËÕ ÈÁÏÔÉÚÁ��§ k. îÅÈÁÊ ÎÁ ËÒÏ�� k�ÅÒÅÓÔÁ×ÌÅÎÏ N+h ÅÌÅÍÅÎÔ�×, ÑË� �ÏÞÁÔËÏ×Ï ÍÁÌÉ ÚÎÁÞÅÎÎÑ +1 � N�hÅÌÅÍÅÎÔ�×, ÑË� �ÏÞÁÔËÏ×Ï ÍÁÌÉ ÚÎÁÞÅÎÎÑ �1, ÔÏÄ� ÎÁ ÎÁÓÔÕ�ÎÏÍÕ ËÒÏ-�� �ÅÒÛÅ ÞÉÓÌÏ ÚÒÏÓÔÅ ÎÁ (N+ � N+h)=N+ � ÚÍÅÎÛÉÔØÓÑ ÎÁ N+h=N�
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òÉÓ. 9. â�ÎÁÒÎ� ÆÁÚÏ×� ÅÌÅÍÅÎÔÉ, ÏÔÒÉÍÁÎ� × ÒÅÚÕÌØÔÁÔ� ÈÁÏÔÉÚÁ��§ÓÔÒÕËÔÕÒÉ, ÚÏÂÒÁÖÅÎÏ§ ÎÁ òÉÓ. 3 b: a) { ��ÓÌÑ 16 ËÒÏË�× ÈÁÏÔÉÚÁ��§(dA � 4); b) { ��ÓÌÑ 70 ËÒÏË�× (dA � 16); ) { ��ÓÌÑ 2000 ËÒÏË�×(dA � 64)(× ÓÅÒÅÄÎØÏÍÕ), ÁÎÁÌÏÇ�ÞÎÏ ÚÍ�ÎÉÔØÓÑ � ÞÉÓÌÏ N�h, ÔÏÂÔÏ,�N+h = (1�N+h=N+)�k � (N+h=N�)�k;�N�h = (1�N�h=N�)�k � (N�h=N+)�k: (85)äÏÄÁÍÏ �� Ä×Á ×ÉÒÁÚÉ � �ÅÒÅ�ÉÛÅÍÏ ÒÅÚÕÌØÔÁÔ Õ ×ÉÇÌÑÄ� ÄÉÆÅÒÅÎ��-ÁÌØÎÏÇÏ Ò�×ÎÑÎÎÑ dNhdk = 2� NN�N+Nh: (86)òÏÚ×'ÑÚÁ×ÛÉ ÊÏÇÏ Ú �ÏÞÁÔËÏ×ÏÀ ÕÍÏ×ÏÀ Nh(0) = 0 , ÏÔÒÉÍÁ¤ÍÏNh = 2N+N�N2 �1� exp�� N2N+N� k��= N2 � r22 �1� exp�� 4kN2 � r2�� : (87)þÉÓÅÌØÎ� ÒÏÚÒÁÈÕÎËÉ �ÏËÁÚÕÀÔØ, ÝÏ ÈÁÏÔÉÚÏ×ÁÎ� ÏÒÔÏÇÏÎÁÌØÎ� ÍÁÔ-ÒÉ�� ×ÏÌÏÄ�ÀÔØ ÒÏÚ�ÏÄ�ÌÁÍÉ (72), ÑË� ÄÏÓÉÔØ ÔÏÞÎÏ Ï�ÉÓÕÀÔØÓÑ ×ÉÒÁ-ÚÏÍ (81) Ú ×�Ä�Ï×�ÄÎÉÍÉ �ÁÒÁÍÅÔÒÁÍÉ (òÉÓ.10), ËÏÌÉ pN . dA . N ,ÄÅ �ÁÒÁÍÅÔÒ dA ÏÂÞÉÓÌÀ¤ÔØÓÑ ÚÁ ÆÏÒÍÕÌÏÀ (83).îÁ òÉÓ. 10 Ò�ÚÎÉÍÉ ÓÉÍ×ÏÌÁÍÉ �ÏËÁÚÁÎ� ÒÏÚ�ÏÄ�ÌÉ (72), ÚÎÁÊÄÅ-Î� ÛÌÑÈÏÍ �ÒÑÍÏÇÏ ÞÉÓÅÌØÎÏÇÏ ÒÏÚÒÁÈÕÎËÕ �ÒÉ ÈÁÏÔÉÚÁ��§ ÏÒÔÏÇÏ-ÎÁÌØÎÏ§ ÍÁÔÒÉ�� ÒÏÚÍ�ÒÎÏÓÔ� N = 256 Ú r = 1 ÄÌÑ �Å×ÎÉÈ ÚÎÁÞÅÎØ�ÁÒÁÍÅÔÒÁ ÎÅÏÒÔÏÇÏÎÁÌØÎÏÓÔ� dA.óÕ��ÌØÎÉÍÉ ËÒÉ×ÉÍÉ ÚÏÂÒÁÖÅÎ� �� Ö ÒÏÚ�ÏÄ�ÌÉ, ÏÂÞÉÓÌÅÎ� Ú ×É-ËÏÒÉÓÔÁÎÎÑÍ ×ÉÒÁÚÕ (81). ðÒÉÞÏÍÕ, ÔÕÔ ×ÉËÏÒÉÓÔÁÎ� �ÁÒÁÍÅÔÒÉ, ÒÏÚ-
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sòÉÓ. 10. òÏÚ�ÏÄ�Ì p(s) ÎÅÄ�ÁÇÏÎÁÌØÎÉÈ ÅÌÅÍÅÎÔ�× ÍÁÔÒÉ�� S ÄÌÑ Ò�Ú-ÎÉÈ ÚÎÁÞÅÎØ �ÁÒÁÍÅÔÒÁ ÎÅÏÒÔÏÇÏÎÁÌØÎÏÓÔ� dA �ÒÉ ÈÁÏÔÉÚÁ��§ ÏÒÔÏÇÏ-ÎÁÌØÎÏ§ ÍÁÔÒÉ�� ÒÏÚÍ�ÒÎÏÓÔ� N = 256.

ICMP{99{28U 30ÒÁÈÏ×ÁÎ� ÚÁ ÆÏÒÍÕÌÁÍÉ (89) ÄÌÑ ×�Ä�Ï×�ÄÎÏÇÏ k. úÁÌÅÖÎ�ÓÔØ �ÁÒÁ-ÍÅÔÒ�× ÒÏÚ�ÏÄ�ÌÕ (81) hsi i �2 ×�Ä ËÒÏËÕ ÈÁÏÔÉÚÁ��§ ÏÒÔÏÇÏÎÁÌØÎÉÈÍÁÔÒÉ�Ø Ï�ÉÓÕ¤ÔØÓÑ ÆÏÒÍÕÌÁÍÉhsi = r2N �1� exp�� 8kN2 � r2�� : (88)�2 = N �1� r4N4��1� exp�� 16kN2 � r2�� ; (89)Ú×�ÄËÉ ×É�ÌÉ×Á¤ ÚÁÌÅÖÎ�ÓÔØ ÓÅÒÅÄÎØÏÇÏ ÚÎÁÞÅÎÎÑ �ÁÒÁÍÅÔÒÁ ÎÅÏÒÔÏ-ÇÏÎÁÌØÎÏÓÔ� ×�Ä ËÒÏËÕ ÈÁÏÔÉÚÁ��§dA = N �1 + r4N3 � r4N4��1� exp�� 16kN2 � r2�� : (90)óËÏÒÉÓÔÁ×ÛÉÓØ ×ÉÒÁÚÏÍ (87) ÍÏÖÎÁ ÏÔÒÉÍÁÔÉ ÚÁÌÅÖÎ�ÓÔØ �ÉÈ �ÁÒÁ-ÍÅÔÒ�× ×�Ä ÞÉÓÌÁ �ÅÒÅÓÔÁ×ÌÅÎÉÈ ÅÌÅÍÅÎÔ�× Nhhsi = r2N "1��1� 2NhN2 � r2�2# ;�2 = N �1� r4N4�"1��1� 2NhN2 � r2�4# ;dA = N �1 + r4N3 � r4N4�"1��1� 2NhN2 � r2�4# : (91)òÅÚÕÌØÔÁÔÉ �ÒÑÍÏÇÏ ÞÉÓÅÌØÎÏÇÏ ÒÏÚÒÁÈÕÎËÕ �ÒÁËÔÉÞÎÏ Ó��×�ÁÄÁ-ÀÔØ Ú ËÒÉ×ÉÍÉ (ÓÕ��ÌØÎ� Ì�Î�§), ÏÔÒÉÍÁÎÉÍÉ �Ú ÁÎÁÌ�ÔÉÞÎÉÈ ÆÏÒÍÕÌ.óÔÕ��ÎØ ÔÁËÏÇÏ Ó��×�ÁÄÁÎÎÑ ÚÁÌÅÖÉÔØ ×�Ä ÒÏÚÍ�ÒÎÏÓÔ� ÍÁÔÒÉ�� N �ÚÂ�ÌØÛÕ¤ÔØÓÑ �ÒÉ ÚÒÏÓÔÁÎÎ� N . îÁ òÉÓ. 11 �ÒÉ×ÅÄÅÎ� ÚÁÌÅÖÎÏÓÔ� �Á-ÒÁÍÅÔÒÁ dA ×�Ä ÞÉÓÌÁ �ÅÒÅÓÔÁ×ÌÅÎÉÈ ÅÌÅÍÅÎÔ�× Nh, ÓÕ��ÌØÎ� ËÒÉ×�| ÓÅÒÅÄÎ� ÚÎÁÞÅÎÎÑ (91). èÁÒÁËÔÅÒÎÉÊ ÏÂÒÉ× ÞÉÓÅÌØÎÉÈ ÒÅÚÕÌØÔÁÔ�×�ÏÂÌÉÚÕ Nh � N2=2 (�ÏÚÎÁÞÅÎÉÈ ÛÔÒÉÈÏ×ÉÍÉ ×ÅÒÔÉËÁÌØÎÉÍÉ Ì�Î�Ñ-ÍÉ) �Ï×'ÑÚÁÎÉÊ Ú ÔÉÍ, ÝÏ ÁÌÇÏÒÉÔÍ ÈÁÏÔÉÚÁ��§ ÎÅ ÍÏÖÅ �ÅÒÅÓÔÁ×ÉÔÉÂ�ÌØÛÅ Î�Ö � �N2 � r2� =2 ÅÌÅÍÅÎÔ�×, ÑË ÂÉÄÏ×ÇÏ ×�Î ÎÅ �ÒÁ�À×Á×(ÄÉ×. ×ÉÒÁÚ (90)). ñËÂÉ ÍÉ �ÅÒÅÓÔÁ×ÌÑÌÉ Ô�ÌØËÉ ÎÅ�ÅÒÅÓÔÁ×ÌÅÎ� ÅÌÅ-ÍÅÎÔÉ, ÔÏ �ÒÉÊÛÌÉ Â ÎÁÒÅÛÔ� ÄÏ ÍÁÔÒÉ��, × ÑË�Ê ×Ó� ÅÌÅÍÅÎÔÉ �Ï-Í�ÎÑÌÉ ÚÎÁË, ÔÏÂÔÏ, ÏÔÒÉÍÁÌÉ Â ×ÉÈ�ÄÎÕ ÍÁÔÒÉ�À Ú �ÒÏÔÉÌÅÖÎÉÍÚÎÁËÏÍ, ÝÏ Ê Ï�ÉÓÕÀÔØ (× ÓÅÒÅÄÎØÏÍÕ) ÓÕ��ÌØÎ� ËÒÉ×�.
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/2òÉÓ. 11. úÁÌÅÖÎ�ÓÔØ �ÁÒÁÍÅÔÒÁ ÎÅÏÒÔÏÇÏÎÁÌØÎÏÓÔ� ÄÌÑ ËÌÁÓÕ Ë×ÁÚ�-ÏÒÔÏÇÏÎÁÌØÎÉÈ ÍÁÔÒÉ�Ø ×�Ä ÞÉÓÌÁ �ÅÒÅÓÔÁ×ÌÅÎÉÈ ÅÌÅÍÅÎÔ�× (ËÒÉ×Á 1×�Ä�Ï×�ÄÁ¤ ÒÏÚÍ�ÒÎÏÓÔ� ÍÁÔÒÉ�� 64; ËÒÉ×Á 2 - 128; ËÒÉ×Á 3 - 192; ËÒÉ×Á4 - 256).

ICMP{99{28U 325.6. ëÌÁÓ Ë×ÁÚ�ËÏÌ�ÎÅÁÒÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�×ó��××�ÄÎÏÛÅÎÎÑ, ÁÎÁÌÏÇ�ÞÎ� ÄÏ (89) { (91), ÍÏÖÎÁ ÏÔÒÉÍÁÔÉ � ÄÌÑËÏÌ�ÎÅÁÒÎÉÈ ÍÁÔÒÉ�Ø (pÉÓ. 12), ÚÏËÒÅÍÁ �ÒÉ nX+ = nX� = nY+ = nY� ,ÄÌÑ ÒÏÚ�ÏÄ�ÌÕ
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òÉÓ. 12. â�ÎÁÒÎ� ÆÁÚÏ×� ÅÌÅÍÅÎÔÉ, ÏÔÒÉÍÁÎ� × ÒÅÚÕÌØÔÁÔ� ÈÁÏÔÉÚÁ��§ÓÔÒÕËÔÕÒÉ, ÚÏÂÒÁÖÅÎÏ§ ÎÁ ÒÉÓ. 5 b: a) { ��ÓÌÑ 16 ËÒÏË�× ÈÁÏÔÉÚÁ��§(dA � 3850); b) { ��ÓÌÑ 70 ËÒÏË�× (dA � 3118); ) { ��ÓÌÑ 2000 ËÒÏË�×(dA � 68)p(s) = 1p2��2 (�1 + 1N � 1� exp � (s+ hsi)22�2 !+�1� 1N � 1� exp � (s� hsi)22�2 !) ; (92)ÚÁÌÅÖÎÏÓÔ� �ÁÒÁÍÅÔÒ�× ×�Ä ËÒÏËÕ ÈÁÏÔÉÚÁ��§ ÔÁË�hsi = N exp�� 8kN2� ; �2 = N �1� exp��16kN2 �� ; (93)Á ×�Ä ÞÉÓÌÁ �ÅÒÅÓÔÁ×ÌÅÎÉÈ ÅÌÅÍÅÎÔ�× {hsi = N �1� 2NhN2 �2 ; �2 = N "1��1� 2NhN2 �4# : (94)îÁ òÉÓ. 13 ÓÉÍ×ÏÌÁÍÉ �ÏËÁÚÁÎ� ÞÉÓÅÌØÎÏ ÚÎÁÊÄÅÎ� ÒÏÚ�ÏÄ�ÌÉ ËÏÌ�ÎÅ-ÁÒÎÏ§ ÍÁÔÒÉ�� (ÔÉ�Õ "ÛÁÈ�×ÎÉ��") ÒÏÚÍ�ÒÎÏÓÔ� N = 256 ��ÓÌÑ �Å×ÎÏÇÏÞÉÓÌÁ ËÒÏË�× ÈÁÏÔÉÚÁ��§, Á ÓÕ��ÌØÎÉÍÉ ËÒÉ×ÉÍÉ �ÒÅÄÓÔÁ×ÌÅÎ� ÁÎÁÌ�-ÔÉÞÎ� ÚÁÌÅÖÎÏÓÔ� (92) Ú �ÁÒÁÍÅÔÒÁÍÉ, ÏÂÞÉÓÌÅÎÉÍÉ ÚÁ ÆÏÒÍÕÌÁÍÉ(93).
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sòÉÓ. 13. å×ÏÌÀ��Ñ ÒÏÚ�ÏÄ�ÌÕ ÎÅÄ�ÁÇÏÎÁÌØÎÉÈ ÅÌÅÍÅÎÔ�× ÍÁÔÒÉ�� S ×�ÒÏ�ÅÓ� ÈÁÏÔÉÚÁ��§ ËÏÌ�ÎÅÁÒÎÏ§ ÍÁÔÒÉ�� ÒÏÚÍ�ÒÎÏÓÔ� N = 256.
ICMP{99{28U 34ú ×ÉÒÁÚ�× (93) i (94) ÚÎÁÈÏÄÉÍÏ ×�Ä�Ï×�ÄÎ� ÚÁÌÅÖÎÏÓÔ� ÄÌÑ ÓÅÒÅÄ-ÎØÏÇÏ ÚÎÁÞÅÎÎÑ �ÁÒÁÍÅÔÒÁ ÎÅÏÒÔÏÇÏÎÁÌØÎÏÓÔ�dA = �2 + hsi2 = N +N (N � 1) exp��16kN2 � ;dA = N +N (N � 1)�1� 2NhN2 �4 : (95)
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/2òÉÓ. 14. úÁÌÅÖÎ�ÓÔØ �ÁÒÁÍÅÔÒÁ ÎÅÏÒÔÏÇÏÎÁÌØÎÏÓÔ� ÄÌÑ ËÌÁÓÕ Ë×Á-Ú�ËÏÌ�ÎÅÁÒÎÉÈ ÍÁÔÒÉ�Ø ×�Ä ÞÉÓÌÁ �ÅÒÅÓÔÁ×ÌÅÎÉÈ ÅÌÅÍÅÎÔ�× (ËÒÉ×Á 1×�Ä�Ï×�ÄÁ¤ ÒÏÚÍ�ÒÎÏÓÔ� ÍÁÔÒÉ�� 64; ËÒÉ×Á 2 - 128; ËÒÉ×Á 3 - 192; ËÒÉ×Á4 - 256).îÁ òÉÓ. 14 �ÒÉ×ÅÄÅÎ� ÚÁÌÅÖÎÏÓÔ� �ÁÒÁÍÅÔÒÁ ÎÅÏÒÔÏÇÏÎÁÌØÎÏÓÔ�×�Ä ÞÉÓÌÁ �ÅÒÅÓÔÁ×ÌÅÎÉÈ ÅÌÅÍÅÎÔ�× Nh ËÏÌ�ÎÅÁÒÎÉÈ ÍÁÔÒÉ�Ø ÔÉ�Õ"ÛÁÈ�×ÎÉ�Ø" Ë�ÌØËÏÈ ÒÏÚÍ�ÒÎÏÓÔÅÊ. óÕ��ÌØÎÉÍÉ ËÒÉ×ÉÍÉ ÎÁÎÅÓÅÎ�×�Ä�Ï×�ÄÎ� ÁÎÁÌ�ÔÉÞÎ� ÚÁÌÅÖÎÏÓÔ� (95).ú ×ÉÒÁÚ�× (94) ÁÂÏ (95) ÍÏÖÎÁ ÚÎÁÊÔÉ ��ËÁ×Õ ÚÁÌÅÖÎ�ÓÔØ, ÑËÁ �Ï-×'ÑÚÕ¤ �ÏÌÏÖÅÎÎÑ ��ËÁ ÒÏÚ�ÏÄ�ÌÕ Ú ÊÏÇÏ ÛÉÒÉÎÏÀhsi = Nr1� �2N ; �2 = N � hsi2N ; (96)



35 ðÒÅ�ÒÉÎÔÁ ÔÁËÏÖ ×ÉÒÁÚÉÔÉ �� �ÁÒÁÍÅÔÒÉ ÞÅÒÅÚ �ÁÒÁÍÅÔÒ ÎÅÏÒÔÏÇÏÎÁÌØÎÏÓÔ�hsi = Ns dA �NN (N � 1) ; �2 = N2 � dAN � 1 : (97)ð�ÄËÒÅÓÌÉÍÏ, ÝÏ ÆÏÒÍÕÌÉ (92) { (97) ×�ÒÎ� Ô�ÌØËÉ ÄÌÑ ËÏÌ�ÎÅÁÒÎÉÈÍÁÔÒÉ�Ø Ú �ÁÒÁÍÅÔÒÏÍ r = 0, ÈÏÞÁ ×ÏÎÉ �ÒÉÄÁÔÎ� � ÄÌÑ ÎÁÂÌÉÖÅÎÏÇÏÏ�ÉÓÕ ÔÁËÉÈ ÍÁÔÒÉ�Ø Ú ÍÁÌÉÍÉ ÚÎÁÞÅÎÎÑÍÉ �ÁÒÁÍÅÔÒÁ r.÷�ÄÚÎÁÞÉÍÏ, ÝÏ �ÁÒÁÍÅÔÒ dA ÈÁÒÁËÔÅÒÉÚÕ¤ × ÚÁÇÁÌØÎÏÍÕ ×�ÄÈÉ-ÌÅÎÎÑ ÍÁÔÒÉ�� ×�Ä ÏÒÔÏÇÏÎÁÌØÎÏÓÔ�, Á �ÁÒÁÍÅÔÒ �2 | Í�ÒÕ ÈÁÏÔÉÞ-ÎÏÓÔ� ÍÁÔÒÉ�Ø, ÄÌÑ ×�ÏÒÑÄËÏ×ÁÎÉÈ ÍÁÔÒÉ�Ø { ÏÒÔÏÇÏÎÁÌØÎÉÈ � ËÏ-Ì�ÎÅÁÒÎÉÈ { �2 = 0, Á ÄÌÑ ×É�ÁÄËÏ×ÉÈ | �2 � N . ÷ ÏÂÌÁÓÔ� Ë×Á-Ú�ÏÒÔÏÇÏÎÁÌØÎÉÈ ÍÁÔÒÉ�Ø (0 � dA . N) ×ÏÎÉ ÍÁÊÖÅ Ò�×Î�, ÔÏÂÔÏ,ÎÅÏÒÔÏÇÏÎÁÌØÎ�ÓÔØ ¤ �Å×ÎÏÀ Í�ÒÏÀ ÈÁÏÔÉÞÎÏÓÔ�.óÌ�Ä ×�ÄÚÎÁÞÉÔÉ ÈÁÒÁËÔÅÒÎÕ ÏÓÏÂÌÉ×�ÓÔØ ÒÏÚ�ÏÄ�Ì�× ÎÅÄ�ÁÇÏÎÁÌØ-ÎÉÈ ÅÌÅÍÅÎÔ�× ÍÁÔÒÉ�Ø S �ÏÂÕÄÏ×ÁÎÉÈ �Ú Ë×ÁÚ�ËÏÌ�ÎÅÁÒÎÉÈ ÍÁÔÒÉ�ØA. ÷ �ÒÏ�ÅÓ� ÈÁÏÔÉÚÁ��§ ËÏÌ�ÎÅÁÒÎÏ§ ÍÁÔÒÉ�� A ÒÏÚ�ÏÄ�ÌÉ (ÄÉ×.òÉÓ. 13) ÍÁÀÔØ Ä×Á Þ�ÔËÏ ×ÉÒÁÖÅÎ� ��ËÉ, ÑË� ÚÂÌÉÖÁÀÔØÓÑ × Í�ÒÕÚÍÅÎÛÅÎÎÑ �ÁÒÁÍÅÔÒÁ ÎÅÏÒÔÏÇÏÎÁÌØÎÏÓÔ� dA (ÒÏÓÔÕ ÞÉÓÌÁ ËÒÏË�× ÈÁ-ÏÔÉÚÁ��§ k). ðÒÉ ÎÁÂÌÉÖÅÎÎ� ÄÏ ÏÂÌÁÓÔ� ÈÁÏÔÉÞÎÏÓÔ� ÏÔÒÉÍÕ¤ÍÏ ÄÌÑÒÏÚ�ÏÄ�ÌÕ Ä×ÏÇÏÒÂÕ ËÒÉ×Õ �ÏÄ�ÂÎÕ ÚÁ Ó×Ï¤À ÆÏÒÍÏÀ ÄÏ ÒÏÚ�ÏÄ�ÌÕÚÎÁÞÅÎØ �ÁÒÁÍÅÔÒÁ �ÏÒÑÄËÕ × ÔÅÏÒ�§ ÆÁÚÏ×ÉÈ �ÅÒÅÈÏÄ�×. ðÒÉ �ØÏÍÕÏÂÌÁÓÔØ Ë×ÁÚ�ËÏÌ�ÎÅÁÒÎÏÓÔ� ×�Ä�Ï×�ÄÁ¤ ÎÉÚØËÏÔÅÍ�ÅÒÁÔÕÒÎ�Ê ÏÂÌÁÓÔ�ÍÁÇÎÅÔÉËÁ, ÄÅ �ÁÒÁÍÅÔÒ �ÏÒÑÄËÕ �ÒÉÊÍÁ¤ ×�ÄÍ�ÎÎ� ×�Ä ÎÕÌÑ ÚÎÁÞÅÎ-ÎÑ. ïÂÌÁÓÔØ Ë×ÁÚ�ÏÒÔÏÇÏÎÁÌØÎÏÓÔ� ×�Ä�Ï×�ÄÁ¤ ×ÉÓÏËÏÔÅÍ�ÅÒÁÔÕÒÎ�ÊÏÂÌÁÓÔ� ÍÁÇÎÅÔÉËÁ, ÄÅ ÎÁÊÂ�ÌØÛ ÊÍÏ×�ÒÎÅ ÚÎÁÞÅÎÎÑ ÎÁÍÁÇÎ�ÞÅÎÏÓÔ�¤ ÎÕÌØ. ïÂÌÁÓÔØ ÈÁÏÔÉÞÎÏÓÔ� ¤ �ÏÄ�ÂÎÁ ÄÏ ËÒÉÔÉÞÎÏ§ ÏÂÌÁÓÔ� ÍÁÇÎÅ-ÔÉËÁ � �ÏÄ�ÂÎÏ ÄÏ ÏÓÔÁÎÎØÏ§ ÍÁ¤ �Å×Î� ÒÏÚÍ�ÒÉ. ÷ÁÖÌÉ×ÉÍ �ÁÒÁÍÅÔ-ÒÏÍ ÔÅÏÒ�§ ÍÁÇÎÅÔÉÚÍÕ ¤ ÚÁÌÅÖÎ�ÓÔØ ×ÅÌÉÞÉÎÉ �ÁÒÁÍÅÔÒÕ �ÏÒÑÄËÕ×�Ä ÔÅÍ�ÅÒÁÔÕÒÉ. ðÏÄ�ÂÎÏ ÄÏ �ØÏÇÏ ÍÏÖÅÍÏ ×ÓÔÁÎÏ×ÉÔÉ ÚÁÌÅÖÎ�ÓÔØ�ÏÌÏÖÅÎÎÑ ��ËÕ ÒÏÚ�ÏÄ�ÌÕ Ë×ÁÚ�ËÏÌ�ÎÅÁÒÎÉÈ ÍÁÔÒÉ�Ø (ÄÉ×. òÉÓ. 13)×�Ä �ÁÒÁÍÅÔÒÁ ÎÅÏÒÔÏÇÏÎÁÌØÎÏÓÔ�. ú ÆÏÒÍÕÌÉ (97) ÏÔÒÉÍÕ¤ÍÏhsi =r NN � 1 �d� � d(ÈÁÏÔ)A �� ; (98)ÄÅ d(ÈÁÏÔ)A = N - ÚÎÁÞÅÎÎÑ �ÁÒÁÍÅÔÒÁ ÎÅÏÒÔÏÇÏÎÁÌØÎÏÓÔ� ÄÌÑ ÈÁÏÔÉÞ-ÎÏ§ ÍÁÔÒÉ��.÷ÉËÏÒÉÓÔÏ×ÕÀÞÉ ÔÅÒÍ�ÎÏÌÏÇ�À ÔÅÏÒ�§ ÆÁÚÏ×ÉÈ �ÅÒÅÈÏÄ�× [25,26℄,ÚÎÁÈÏÄÉÍÏ ÚÎÁÞÅÎÎÑ ËÒÉÔÉÞÎÏÇÏ �ÏËÁÚÎÉËÁ � ×ÅÌÉÞÉÎÉ hsi� = 12 (99)
ICMP{99{28U 36ðÒÉÞÏÍÕ, ÑË � × ÔÅÏÒ�§ ÍÁÇÎÅÔÉÚÍÕhsi = 8<: 0; �ÒÉ dA � d(ÈÁÏÔ)A�1=2; �ÒÉ dA > d(ÈÁÏÔ)A (100)ÄÅ � = dA � d(ÈÁÏÔ)A - ×ÅÌÉÞÉÎÁ ×�ÄÈÉÌÅÎÎÑ �ÁÒÁÍÅÔÒÁ ÎÅÏÒÔÏÇÏÎÁÌØ-ÎÏÓÔ� ×�Ä ÊÏÇÏ ÚÎÁÞÅÎÎÑ ÄÌÑ ×É�ÁÄËÏ×Ï§ ÍÁÔÒÉ��.5.7. ú×'ÑÚÏË Í�Ö ËÌÁÓÁÍÉ Ë×ÁÚ�ÏÒÔÏÇÏÎÁÌØÎÉÈÔÁ Ë×ÁÚ�ËÏÌ�ÎÅÁÒÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�×òÁÎ�ÛÅ ×�ÄÚÎÁÞÁÌÏÓÑ, ÝÏ ÄÏÂÕÔÏË áÄÁÍÁÒÁ-ûÕÒÁ ÄÅÑËÉÈ ÏÒÔÏÇÏ-ÎÁÌØÎÉÈ ÍÁÔÒÉ�Ø H ÎÁ §ÈÎÀ �Î×ÅÒÓÎÕ Hinv ÄÁ¤ ËÏÌ�ÎÅÁÒÎÕ ÍÁÔÒÉ�ÀC. úÏËÒÅÍÁ, ÄÌÑ ËÁÎÏÎ�ÞÎÏ§ ÍÁÔÒÉ�� (ÒÉÓ. 3 b)Han ÆHinvan = C; (101)ÄÅ C - ËÏÌ�ÎÅÁÒÎÁ ÍÁÔÒÉ�Ñ Õ ×ÉÇÌÑÄ� "ÛÁÈÏ×Ï§ ÓÔÒÕËÔÕÒÉ" (ÄÉ×.ÒÉÓ 5 b). ïÞÅ×ÉÄÎÏ, ÝÏ ÄÏÂÕÔËÉ ÔÉ�Õ (101) ÍÏÖÎÁ ÕÚÁÇÁÌØÎÉÔÉ ÄÌÑÄÏ×�ÌØÎÏ§ Ë×ÁÚ�ÏÒÔÏÇÏÎÁÌØÎÏ§ ÍÁÔÒÉ�� A, ÏÔÒÉÍÁÎÏ§ × �ÒÏ�ÅÓ� ÈÁÏ-ÔÉÚÁ��§ ËÁÎÏÎ�ÞÎÏ§ ÍÁÔÒÉÉ�� áÄÁÍÁÒÁ Han. îÁÍÉ ×ÓÔÁÎÏ×ÌÅÎÏ, ÝÏÝÏ, ×ÉÈÏÄÑÞÉ Ú ÆÏÒÍÕÌ (90) � (95), ËÏÌÉ ×�ÄÏÍÉÊ �ÁÒÁÍÅÔÒ ÎÅÏÒ-ÔÏÇÏÎÁÌØÎÏÓÔ� ÍÁÔÒÉ�� A, ÔÏ �ÁÒÁÍÅÔÒ ÎÅÏÒÔÏÇÏÎÁÌØÎÏÓÔ� ÍÁÔÒÉ��ÁÄÁÍÁÒÏ×ÏÇÏ ÍÎÏÖÅÎÎÑ C ÏÄÎÏÚÎÁÞÎÏ ÒÏÚÒÁÈÏ×Õ¤ÔØÓÑ × ÚÁÌÅÖÎÏÓÔ�×�Ä ÓÈÅÍÉ ÍÎÏÖÅÎÎÑ áÄÁÍÁÒÁ-ûÕÒÁ (101):C(1) = A ÆHinvan; dC(1) = N +N (N � 1)�1� dAN � ; (102)C(2) = A ÆAinv ; dC(2) = N +N (N � 1)�1� dAN �2 ; (103)óÌ�Ä ×�ÄÍ�ÔÉÔÉ, ÝÏ ÚÁ ÁÎÁÌÏÇ�¤À (101) × ÏÂÏÈ ×É�ÁÄËÁÈ ÍÁÔÒÉ�� C(1)i C(2) ×�ÄÎÏÓÑÔØÓÑ ÄÏ ËÌÁÓÕ Ë×ÁÚ�ËÏÌ�ÎÅÁÒÎÉÈ.òÉÓ. 15 �ÌÀÓÔÒÕ¤ �À ÚÁÌÅÖÎ�ÓÔØ (ÓÕ��ÌØÎ� Ì�Î�§) × �ÏÒ�×ÎÑÎÎ� ÚÒÅÚÕÌØÔÁÔÁÍÉ ÞÉÓÅÌØÎÉÈ ÒÏÚÒÁÈÕÎË�× (ÓÉÍ×ÏÌÉ 0Æ0 i 0�0).ñË ×ÉÄÎÏ, �ÒÑÍÉÍÉ ÞÉÓÅÌØÎÉÍÉ ÒÏÚÒÁÈÕÎËÁÍÉ ��ÄÔ×ÅÒÄÖÕ¤ÔØÓÑÌ�Î�ÊÎÁ (102) ÔÁ Ë×ÁÄÒÁÔÉÞÎÁ (103) ÚÁÌÅÖÎÏÓÔ� �ÁÒÁÍÅÔÒÁ ÎÅÏÒÔÏ-ÇÏÎÁÌØÎÏÓÔ� ÒÅÚÕÌØÔÕÀÞÏ§ ÍÁÔÒÉ�� ÁÄÁÍÁÒÏ×ÏÇÏ ÍÎÏÖÅÎÎÑ C. ïÔÒÉ-ÍÁÎ� ÒÅÚÕÌØÔÁÔÉ ��ÄÔ×ÅÒÄÖÕÀÔØ, ÝÏ Í�Ö ××ÅÄÅÎÉÍÉ ×ÉÝÅ ÎÏ×ÉÍÉ
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AòÉÓ. 15. ì�Î�ÊÎÁ (1) ÔÁ Ë×ÁÄÒÁÔÉÞÎÁ (2) ÚÁÌÅÖÎÏÓÔ� Í�Ö �ÁÒÁÍÅÔ-ÒÁÍÉ ÎÅÏÒÔÏÇÏÎÁÌØÎÏÓÔ� dA Ë×ÁÚ�ÏÒÔÏÇÏÎÁÌØÎÉÈ � Ë×ÁÚ�ËÏÌ�ÎÅÁÒÎÉÈÍÁÔÒÉ�Ø

ICMP{99{28U 38ËÌÁÓÁÍÉ Ë×ÁÚ�ÏÒÔÏÇÏÎÁÌØÎÉÈ ÔÁ Ë×ÁÚ�ËÏÌ�ÎÅÁÒÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎ-Ô�× �ÓÎÕ¤ ×ÚÁ¤ÍÏÚÁÌÅÖÎ�ÓÔØ.îÁÇÏÌÏÓÉÍÏ ÎÁ ÔÏÍÕ, ÝÏ �ÏÂÕÄÏ×Á ÍÁÔÒÉ�Ø Ú �ÒÏÍ�ÖÎÉÍÉ ÚÎÁÞÅÎ-ÎÑÍÉ �ÁÒÁÍÅÔÒÁ ÎÅÏÒÔÏÇÏÎÁÌØÎÏÓÔ� ÛÌÑÈÏÍ ÈÁÏÔÉÚÁ��§ ×�ÏÒÑÄËÏ×Á-ÎÉÈ ÎÅ ×ÉÞÅÒ�Õ¤ ×Ó�¤§ ÍÎÏÖÉÎÉ ÍÁÔÒÉ�Ø �Ú ÚÁÄÁÎÉÍ �ÁÒÁÍÅÔÒÏÍ dA,ÏÓË�ÌØËÉ ÍÏÖÎÁ �ÏÂÕÄÕ×ÁÔÉ ÍÁÔÒÉ�� Ú ÔÁËÉÍ ÖÅ dA, ÁÌÅ Ú ÒÏÚ�ÏÄ�ÌÏÍ×�ÄÍ�ÎÎÉÍ ×�Ä ×ÉÇÌÑÄÕ (81) ÞÉ (92).6. õúáçáìøîåîéê ïð�éþîéêðáòáíå�ò6.1. þÁÓÔÏÔÎÁ �ÎÔÅÒ�ÒÅÔÁ��ÑîÁ ÏÓÎÏ×� ÏÔÒÉÍÁÎÏ§ ÆÏÒÍÕÌÉ (14) ÍÏÖÎÁ ÚÒÏÂÉÔÉ ×ÉÓÎÏ×ÏË, ÝÏÄÌÑ ×Ó�ÈÔÉ��× Â�ÎÁÒÎÉÈ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�× ÆÏÒÍÕ×ÁÎÎÑ ×�ÎÅÒ�×ÓØËÏ-ÇÏ Ó�ÅËÔÒÕ �ÒÏÓÔÏÒÏ×ÉÈ ÞÁÓÔÏÔ ×�ÄÂÕ×Á¤ÔØÓÑ × ÒÅÚÕÌØÔÁÔ� ÍÏÄÕÌÑ��§Ó�ÅËÔÒÕ ÅÌÅÍÅÎÔÁÒÎÏ§ ËÏÍ�ÒËÉ jF0(!x)F0(!y)j2 ÍÏÄÕÌÀÀÞÏÀ ÄÏÄÁÔ-ÎØÏ×ÉÚÎÁÞÅÎÏÀ ÆÕÎË��¤À (53).ïÓË�ÌØËÉ ËÏÒÅÌÑ��ÊÎ� ËÏÅÆ���¤ÎÔÉ, ÑË� ÏÄÎÏÚÎÁÞÎÏ ×ÉÚÎÁÞÁÀÔØÓÑÂ�ÎÁÒÎÉÍ ÒÏÚ�ÏÄ�ÌÏÍ ÆÁÚÉ, ÎÅ ÍÏÖÕÔØ ÏÄÎÏÞÁÓÎÏ �ÒÉÊÍÁÔÉ ÎÕÌØÏ-×� ÚÎÁÞÅÎÎÑ, ÔÏ ÚÁÇÁÌØÎÏÀ ÈÁÒÁËÔÅÒÉÓÔÉËÏÀ ×�ÎÅÒ�×ÓØËÏÇÏ Ó�ÅËÔÒÕÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁ ¤ �ÏÑ×Á ÔÏÎËÏ§ ÓÔÒÕËÔÕÒÉ �ÎÔÅÒÆÅÒÅÎ��ÊÎÉÈ ÍÁË-ÓÉÍÕÍ�×/Í�Î�ÍÕÍ�× �ÎÔÅÎÓÉ×ÎÏÓÔ�.÷ �ØÏÍÕ ×É�ÁÄËÕ ÄÌÑ Ï��ÎËÉ ÔÏÎËÏ§ ÓÔÒÕËÔÕÒÉ ××ÅÄÅÍÏ Ò�ÚÎÉ�Å×ÕÆÕÎË��À�(!x; !y) = jF (!x; !y)j2 �NM jF0(!x)F0(!y)j2= [M(!x; !y)�NM ℄ jF0(!x)F0(!y)j2; (104)ÑËÁ Ï�ÉÓÕ¤ × ÞÁÓÔÏÔÎ�Ê �ÌÏÝÉÎ� ×�ÄÈÉÌÅÎÎÑ �ÎÔÅÎÓÉ×ÎÏÓÔ� ×�ÎÅÒ�×-ÓØËÏÇÏ Ó�ÅËÔÒÕ ÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÕ ×�Ä �ÎÔÅÎÓÉ×ÎÏÓÔ� ÂÁÚÏ×ÏÇÏ ×�ÎÅ-Ò�×ÓØËÏÇÏ Ó�ÅËÔÒÕ ÅÌÅÍÅÎÔÁÒÎÏ§ ËÏÍ�ÒËÉ.ò�ÚÎÉ�Å×Á ÆÕÎË��Ñ (104) ÎÁÂÕ×Á¤ ÑË ÄÏÄÁÔÎ�, ÔÁË � ×�Ä'¤ÍÎ� ÚÎÁ-ÞÅÎÑ, �ÒÉÞÏÍÕ ÄÌÑ ×Ó�È �ÒÏÓÔÏÒÏ×ÉÈ ÞÁÓÔÏÔ ×ÅÌÉÞÉÎÁ:NM jF0(!x)F0(!y)j2 �M(!x; !x) � 0. ÷ �ØÏÍÕ ×É�ÁÄËÕ ×ÁÖÌÉ×ÉÍ ¤×ÅÌÉÞÉÎÁ Ò�ÚÎÉ�Å×Ï§ ÆÕÎË��§, Ñ ÎÅ §§ ÚÎÁË. �ÏÍÕ �ÏÂÕÄÕ¤ÍÏ ÎÏÒÍÏ×Á-ÎÕ ÆÕÎË��À j�(!x; !y)j2=Q(2)0 0 jF0(!x)F0(!y)j4 � �ÒÏ×ÅÄÅÍÏ ÕÓÅÒÅÄÎÅÎ-ÎÑ ��¤§ ÆÕÎË��§ ÚÁ ×Ó�ÍÁ �ÒÏÓÔÏÒÏ×ÉÍÉ ÞÁÓÔÏÔÁÍÉ × 0-ÏÍÕ ÔÁ �1-ÏÍÕ



39 ðÒÅ�ÒÉÎÔ�ÏÒÑÄËÁÈ ÄÉÆÒÁË��§Dj�(!x; !y)j2E = 1(2�NM)2 �=TxZ��=Tx �=TyZ��=Ty jM(!x; !y)�NM j2 d!xd!y:(105)òÏÚÒÁÈÕÎÏË �ØÏÇÏ �ÎÔÅÇÒÁÌÕ (ÚÁ d!x, ÞÉ ÚÁ d!y) Ú×ÏÄÉÔØÓÑ ÄÏ ÒÏÚÒÁ-ÈÕÎËÕ �ÎÔÅÇÒÁÌ�× ×ÉÇÌÑÄÕTx2� �=TxZ��=Tx os!xkTx os!xk0Txd!x = 12 [sin(k � k0) + sin(k + k0)℄ : (106)÷ ÒÅÚÕÌØÔÁÔ� ÏÔÒÉÍÕ¤ÍÏ ×ÁÖÌÉ×Å Ó��××�ÄÎÏÛÅÎÎÑ:Dj�(!x; !y)j2E = 2N2M2 (N�1Xk=1 Q(1)2k 0 +M�1Xl=1 Q(1)20 l+ N�1Xk=1 M�1Xl=1 hQ(1)2k l +Q(2)2k l i) (107)äÁÎÅ Ó��××�ÄÎÏÛÅÎÎÑ ×ÉÂÅÒÅÍÏ ÚÁ ÏÚÎÁÞÅÎÎÑ ÕÚÁÇÁÌØÎÅÎÏÇÏ Ï�ÔÉ-ÞÎÏÇÏ �ÁÒÁÍÅÔÒÁ, ÑËÉÊ ÈÁÒÁËÔÅÒÉÚÕ¤ ÕÓÅÒÅÄÎÅÎÉÊ Ò�×ÅÎØ ÆÌÀËÔÕÁ-��Ê �ÎÔÅÎÓÉ×ÎÏÓÔ� ×�ÎÅÒ�×ÓØËÏÇÏ Ó�ÅËÔÒÕ ÞÁÓÔÏÔ ÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÕ.�ÁËÉÊ �ÁÒÁÍÅÔÒ ×ÉÚÎÁÞÁ¤ÔØÓÑ ×ÉËÌÀÞÎÏ Â�ÎÁÒÎÉÍ ÒÏÚ�ÏÄ�ÌÏÍ ÆÁÚÉ.6.2. ï��ÎËÁ Ó��××�ÄÎÏÛÅÎÎÑ ÓÉÇÎÁÌ/ÛÕÍ.úÇ�ÄÎÏ ÆÏÒÍÕÌÉ (27) ËÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÉÊ ÒÏÚ�ÏÄ�Ì ÏÄÎÏÚÎÁÞÎÏÚÁÄÁ¤ Á×ÔÏËÏÒÅÌÑ��ÊÎÕ ÆÕÎË��À '(x0; y0) ÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁ. îÅÚÁ-ÌÅÖÎÏ ×�Ä ÈÁÒÁËÔÅÒÕ Â�ÎÁÒÎÏÇÏ ÒÏÚ�ÏÄ�ÌÕ ÆÁÚÉ × ÔÏÞ�� x0 = y0 = 0ÍÁËÓÉÍÕÍ �ÎÔÅÎÓÉ×ÎÏÓÔ� Á×ÔÏËÏÒÅÌ���ÊÎÏ§ ÆÕÎË��§j'(0; 0)j2 = Q(1)20 0 = (NM)4: (108)�ÏÄ� ÕÓÅÒÅÄÎÅÎÁ ÚÁ ×Ó�ÍÁ ËÏÍ�ÒËÁÍÉ ÆÁÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁ ×ÅÌÉÞÉÎÁ< j'(k; l)j2 >= 1N(M � 1) +M(N � 1) (N�1Xk=1 Q(1)2k 0+M�1Xl=1 Q(1)20 l + N�1Xk=1 M�1Xl=1 hQ(1)2k l +Q(2)2k l i) (109)
ICMP{99{28U 40ÈÁÒÁËÔÅÒÉÚÕ¤ ÓÅÒÅÄÎ¤ ÚÎÁÞÅÎÎÑ �ÎÔÅÎÓÉ×ÎÏÓÔ� Á×ÔÏËÏÒÅÌÑ��ÊÎÏ§ ÆÕÎ-Ë��Ñ. ÷�Ä�Ï×�ÄÎÏ, Ó��××�ÄÎÏÛÅÎÎÑ ÓÉÇÎÁÌ/ÛÕÍ (SNR) Â�ÎÁÒÎÏÇÏ ÆÁ-ÚÏ×ÏÇÏ ÅÌÅÍÅÎÔÁ ÍÏÖÎÁ ÚÁ�ÉÓÁÔÉSNR = (NM)2< j'(k; l)j2 > (110)÷ÉÈÏÄÑÞÉ �Ú ÄÁÎÏ§ ÆÏÒÍÕÌÉ, �ÁÒÁÍÅÔÒ < j'(k; l)j2 > ÈÁÒÁËÔÅÒÉÚÕ¤Ò�×ÅÎØ Ï�ÔÉÞÎÏÇÏ ÛÕÍÕ ÅÌÅÍÅÎÔÁ, ÑËÉÊ ÚÁÄÁ¤ÔØÓÑ Â�ÎÁÒÎÉÍ ÒÏÚ�Ï-Ä�ÌÏÍ ÆÁÚÉ ��(n;m). äÌÑ ÈÁÒÁËÔÅÒÉÓÔÉËÉ ÆÁÚÏ×ÉÈ ÅÌÅÍÅÎÔ�× �Ñ×ÅÌÉÞÉÎÁ ¤ �ÒÉÎ�É�Ï×Ï ×ÁÖÌÉ×ÉÍ Ï�ÔÉÞÎÉÍ �ÁÒÁÍÅÔÒÏÍ.7. ïâçï÷ïòåîîñ òåúõìø�á�¶÷7.1. ÷�ÎÅÒ�×ÓØËÉÊ Ó�ÅËÔÒ ËÌÁÓÕ Ë×ÁÚ�ÏÒÔÏÇÏÎÁÌØÎÉÈ ÆÁÚÏ×ÉÈÅÌÅÍÅÎÔ�×.áÎÁÌ�Ú ÏÄÎÏ×ÉÍ�ÒÎÏÇÏ ÒÏÚ�ÏÄ�ÌÕ ×�ÎÅÒ�×ÓØËÏÇÏ Ó�ÅËÔÒÕ ×ÁÖÌÉ×ÉÊÔÉÍ, ÝÏ × ÎÁ�ÒÑÍ� ÏÒÔÏÇÏÎÁÌØÎÏÓÔ� (ËÌÁÓ ÏÒÔÏÇÏÎÁÌØÎÉÈ ÅÌÅÍÅÎÔ�×)� × ÎÁ�ÒÑÍ� ÂÁÚÉÓÎÉÈ ×ÅËÔÏÒ�× (ËÌÁÓ ËÏÌ�ÎÅÁÒÎÉÈ ÅÌÅÍÅÎÔ�×) Ó�ÏÓÔÅ-Ò�ÇÁÀÔØÓÑ ��ËÁ×� ×ÌÁÓÔÉ×ÏÓÔ�. ÷ÉÈÏÄÑÞÉ �Ú ÆÏÒÍÕÌÉ (53) �ÒÉ !y = 0ÄÌÑ ×�ÎÅÒ�×ÓØËÏÇÏ Ó�ÅËÔÒÕ ÏÔÒÉÍÕ¤ÍÏ ÆÏÒÍÕÌÕjF (!x)j2 = jF0(!x)j2(NM + 2"N�1Xk=1 Q(1)k 0 os!xkTx+M�1Xl=1 Q(1)0 l + N�1Xk=1 M�1Xl=1 hQ(1)k l +Q(2)k l i os!xkTx#): (111)ñËÝÏ �ÒÏ×ÅÓÔÉ ÚÁ ÆÏÒÍÕÌÏÀ (105) ÕÓÅÒÅÄÎÅÎÎÑ, ÔÏ ÏÔÒÉÍÕ¤ÍÏÄÒÕÇÉÊ Ï�ÔÉÞÎÉÊ �ÁÒÁÍÅÔÒDj�x(!x)j2E = 2N2M2 8<:"M�1Xl=1 Q(1)0 l #2+ N�1Xk=1 "Q(1)k 0 +M�1Xl=1 hQ(1)k l +Q(2)k l i#29=; (112)ÑËÉÊ ÈÁÒÁËÔÅÒÉÚÕ¤ ÔÏÎËÕ ÓÔÒÕËÔÕÒÕ ×�ÎÅÒ�×ÓØËÏÇÏ Ó�ÅËÔÒÕ × ÎÁ�ÒÑÍ�ÏÒÔÏÇÏÎÁÌØÎÏÓÔ� ÞÉ ËÏÌ�ÎÅÁÒÎÏÓÔ� ÓÔÏ×���× ÅÌÅÍÅÎÔÁÒÎÉÈ ËÏÍ�ÒÏË.úÁÕ×ÁÖÉÍÏ, ÝÏ ×É×ÅÄÅÎÉÊ �ÁÒÁÍÅÔÒ ÓÕÔÔ¤×Ï ×�ÄÍ�ÎÎÉÊ ×�Ä (107).
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ICMP{99{28U 42òÏÂÏÔÁ ×ÉËÏÎÁÎÁ × ¶ÎÓÔÉÔÕÔ� Æ�ÚÉËÉ ËÏÎÄÅÎÓÏ×ÁÎÉÈ ÓÉÓÔÅÍîáî õËÒÁ§ÎÉ �ÒÉ Æ�ÎÁÎÓÏ×�Ê ��ÄÔÒÉÍ�� õî�ã (ðÒÏÅËÔ # 559).á×ÔÏÒÉ ×ÄÑÞÎ� ¶.ò.àÈÎÏ×ÓØËÏÍÕ ÚÁ �ÏÓÔ�ÊÎ� ËÏÎÓÕÌØÔÁ��§ ÔÁ æ�ÔØÏ÷.í. � íÕÒÁ×ÓØËÏÍÕ ì.¶. ÚÁ ÏÂÇÏ×ÏÒÅÎÎÑ ÒÅÚÕÌØÔÁÔ�× ÒÏÂÏÔÉ.ì�ÔÅÒÁÔÕÒÁ1. Burkhardt C. B. Use of a Random Phase Mask for the Reording ofFourierTransform Holograms of Data Masks // Appl.Opt. 9, P.695-700 (1970).2. Javidi B., Horner J. L. Optial pattern reognition for validationand seurity veri�ation // Opt. Eng. 33, P.1752-1756 (1994).3. Fitio V. M., Muravsky L. I., Stefansky A. I. Using of random phasemasks forimage reognition in optial orrelations // Pro. SPIE2747, P.224-234 (1995).4. Kallman R. R., Goldstein D. H. Phase-enoding input images foroptial pattern reognition // Opt. Eng. 33, P.1806-1812 (1994).5. Weaver C.S., Goodman J.W. A tehnique for optially onvolvingtwo funtions // Appl. Opt. 5, P.1248-1249 (1966).6. Takeda Y., Oshida Y., Miyamura Y. Random Phase Shifters forFourier Transformed Holograms // Appl. Opt. 11, P.818-822 (1972).7. Nakayama Y., Kato M. Di�user with Pseudorandom Phase Sequene// JOSA 69, P.1367-1372 (1979).8. Gao G., Kostuk R. Improvement to Holographi Digital Data-Storange Systemswith Random and Pseudorandom Phase Masks //Appl. Opt. 36, P.4853-4861 (1997).9. Hall M. Combinatorial Theory (Braisdel Publishing Company,Waltham (Massahusetts), Toronto, London, 1967).10. Harmuth H. F. Transmission of Information by Orthogonal Funtion(Springer-Verlag, New York, 1969).11. ðÒÜÔÔ õ. ãÉÆÒÏ×ÁÑ ÏÂÒÁÂÏÔËÁ ÉÚÏÂÒÁÖÅÎÉÊ. �ÏÍ 1.: í.: íÉÒ,1982, 310 Ó.12. ûÏ×ÇÅÎÀË í.÷., ëÒÏÈÍÁÌØÓØËÉÊ �.´., ëÏÚÌÏ×ÓØËÉÊ í.ð. óÔÁ-ÔÉÓÔÉÞÎÉÊ Ï�ÉÓ Ï�ÔÉÞÎÉÈ ×ÌÁÓÔÉ×ÏÓÔÅÊ Ë×ÁÚ�ÏÒÔÏÇÏÎÁÌØÎÉÈ ÆÁ-ÚÏ×ÉÈ ÅÌÅÍÅÎÔ�× // õËÒ.Æ�Ú.ÖÕÒÎ., ÔÏÍ 43, No 12, C.1613-1624(1998). T.Ye.Krokhmalskii, M.P.Kozlovskii Properties of Quasi-ortogonal No 12, 1613-1624 (1998)13. Gaskill J. D. Linear Systems, Fourier Transforms, and Optis (JohnWiley & Sons, New York/ Chihester/ Brisbane/ Toronto, 1978).14. Bellman R. Introdution to Matrix Analysis (MGraw-Hill, NewYork, Toronto, London, 1960).



43 ðÒÅ�ÒÉÎÔ15. ûÏ×ÇÅÎÀË M. ÷. ëÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÉÊ ÒÏÚ�ÏÄ�Ì ÓÉÇÎÁÌ�×: ÎÏ-×ÉÊ ��ÄÈ�Ä × ÔÅÏÒ�§ Ï�ÔÉÞÎÏ§ ÄÉÆÒÁË��§ // ¶ÎÓÔÉÔÕÔ Æ�ÚÉËÉ ËÏÎ-ÄÅÎÓÏ×ÁÎÉÈ ÓÉÓÔÅÍ îáî õËÒÁ§ÎÉ, ðÒÅ�ÒÉÎÔ ¶�æ-92-25U,ìØ×�×,1992, 40 Ó.16. ûÏ×ÇÅÎÀË M. ÷. ëÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÉÊ ÒÏÚ�ÏÄ�Ì ÓÉÇÎÁÌ�×: ×É-×ÅÄÅÎÎÑ ÆÏÒÍÕÌÉ ÄÉÆÒÁË��§ æÒÅÎÅÌÑ ÎÁ �ÚÏÌØÏ×ÁÎ�Ê Ý�ÌÉÎ� //¶ÎÓÔÉÔÕÔ Æ�ÚÉËÉ ËÏÎÄÅÎÓÏ×ÁÎÉÈ ÓÉÓÔÅÍ îáî õËÒÁ§ÎÉ, ðÒÅ-�ÒÉÎÔ ¶�æ-92-21U, ìØ×�×, 1992, 28 Ó.17. ûÏ×ÇÅÎÀË M. ÷. ëÏÏÒÄÉÎÁÔÎÏ-ÞÁÓÔÏÔÎÉÊ ÒÏÚ�ÏÄ�Ì �ÅÒ�ÏÄÉÞÎÉÈÓÉÇÎÁÌ�×: ÁÎÁÌ�Ú ×�ÎÅÒ�×ÓØËÏÇÏ Ó�ÅËÔÒÕ ÞÁÓÔÏÔ ÆÁÚÏ×ÉÈ ÒÁÓÔÒÏ-×ÉÈ ÓÔÒÕËÔÕÒ //¶ÎÓÔÉÔÕÔ Æ�ÚÉËÉ ËÏÎÄÅÎÓÏ×ÁÎÉÈ ÓÉÓÔÅÍ îáîõËÒÁ§ÎÉ,ðÒÅ�ÒÉÎÔ ¶�æ-93-22U, ìØ×�×, 1994, 32 Ó.18. Shovgenyuk M. V., Hlushak P. A. The alulation of di�ration ef-�ienyof periodi phase elements // Pro. SPIE, 2747, P.468-474(1995).19. Paley R. E. A. C. On Orthogonal Matries // J. Math. and Physis12, 311-320 (1933).20. Drouin N. Building Hadamard Matries in Step 4 to Order 200 (U.S.Department of Commere, NISTIR 5121, April 1993).21. Sylvester J. J. Thoughts on Inverse Orthogonal Matries, Simul-taneous Signsuessions, and Teseland Pavements in Two or moreColours, with Appliatins to Newton's Rule, Ornamental Tile-work,and the Theory of Numbers // Phil. Mag. (4) 34, P.461-475 (1867).22. Kovalenko I. M., Hnedenko B. V. Probability Theory (Vyshhashkola, Kyiv,1990) (in Russian).23. Feller W. An Introdution to Probability Theory and its Applia-tions. vol. 1 (John Wiley & Sons, Chapman & Hall, New York, Lon-don, 1957).24. èÏÒÎ ò., äÖÏÎÓÏÎ þ.íÁÔÒÉÞÎÙÊ ÁÎÁÌÉÚ.íÏÓË×Á.íÉÒ 1989. 655Ó.25. H. Stanley. Introdution to Phase Transitions and Critial Phenom-ena. Clarendor Press. Oxford, 1971,26. íÁ û. óÏ×ÒÅÍÅÎÎÁÑ ÔÅÏÒÉÑ ËÒÉÔÉÞÅÓËÉÈ Ñ×ÌÅÎÉÊ.- í.: íÉÒ,1980.- 295 .
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