
îÁ��ÏÎÁÌØÎÁ ÁËÁÄÅÍ�Ñ ÎÁÕË õËÒÁ§ÎÉ

���������	
� ¶îó�é�õ�æ¶úéëéëïîäåîóï÷áîéèóéó�åí

'
&

$
%

A. Trokhymhuk, D. Henderson�, E. Sovyak, D.T. WasanyThe apparent attration between like harges near a harged surfae

�Department of Chemistry and Biohemistry, Brigham Young University,Provo, UT 84602yDepartment of Chemial Engineering, Illinois Institute of Tehnology,Chiago, IL 60616
ICMP{02{05E

ìø÷¶÷
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1 ðÒÅ�ÒÉÎÔThe fores ating between like-harged objets are important to bothapplied and basi siene sine these fores play a ruial role in deter-mining the physial properties of a variety of systems, ranging frombiologial DNA solutions to industrial olloidal suspensions. Reently,attention to this subjet has arisen beause of speulations on the sur-prising possibility of a hange in the sign (repulsion/attration) of thee�etive eletrostati interation between a pair of like-harged objets(olloidal partiles, ioni mielles, DNA aggregates, et.) when they areimmersed in a on�ned eletrolyte. Although reent experiments on-viningly demonstrate an attration between like-harged olloids boundby a harged glass wall [1{5℄, suh an apparently illogial interation hasnot been reognized as a ommon phenomenon yet sine a satisfatorytheoretial explanation has proven elusive and remains an unresolvedproblem urrently [6{11℄.Several mehanisms leading to a like harge attration have beenproposed [12{15℄. Sine attrative fores between olloids have been re-ported for on�ned solutions in the presene of ounterions and salt ions,all aforementioned theories (as well as some other studies) exploit theidea that the proesses arried out in on�ned eletrolytes (harge u-tuations of ondensed ounterions, strong ounterion orrelations, olloidoverharging due to ounterions et.) are responsible for this observedphenomenon. Although the attrative fores disussed in previous theo-retial approahes ould still exist for harged partiles in the preseneof an eletrolyte, the behavior of like-harged metal balls at the air/glassboundary revealed reently by Tata et al. [16℄ represents a novel experi-mental evidene that, in our opinion, rules out existing explanations asa general mehanism and highlights the governing role of the on�ningsurfaes itself to ontrol an e�etive interation between nearby hargedpartiles.Partially inspired by this observation, we will show that the phe-nomenon of attration between like-harged partiles an be easily un-derstood and interpreted within the framework of text-book lassialeletrodynamis [17℄ if the e�et of the �nite longitudinal extension ofa harged surfae is taken into aount. Our approah to the problemis straightforward and is based on the important onstraints imposedon theoretial attempts by existing experimental evidene [18℄: (i) theobserved phenomenon of like-harge attration is of eletrostati origin;(ii) the attration takes plae next to a harged on�ning surfaes butis absent in the bulk; (iii) the disrete natures of the solvent or simpleions do not play a role in mediating the attration, i.e. even ontinuummodels should suÆe. Then we suggest that an extra eletri �eld exists
ICMP{02{05E 2next to the surfae and that suh an eletri �eld is exlusively due tothe array of harges spread over the surfae. As with any �eld around anassembly of harges, the �eld near a harged plane is three-dimensionalwith three omponents de�ned by three gradients of the salar eletripotential. This means, that if there is the eletrostati fore parallel tothe surfae, it requires that the eletri potential at the points near thesurfae should depend not only on the normal distane from the surfaebut on the tangential position along the surfaes as well.In general, the determination of the eletri potential (and hene the�eld, by di�erentiation) due to a given surfae distribution of harges isextremely ompliated, if not impossible, exept for surfaes of simplegeometrial shapes (ylindrial, spherial or planar). Even in these asessome assumptions are usually applied. The most ommon requirementis that the eletri potential due to the harged surfae possesses ree-tion symmetry about the midplane of the pair of nearby partiles [6{8℄.In the ase of a harged planar surfae, suh a requirement is equiva-lent to assuming that the on�ning surfae is of an in�nite longitudinalextension. However, in pratie, one always is onerned with hargedon�ning surfaes of �nite size irrespetive of the shape. To our knowl-edge, the surfae size e�et has not been aounted for properly whenfores next to a harged on�nement were analyzed. Reently, Triza andRaimbault [10℄ have drawn attention to this issue. These authors studiedone speial ase of a �nite surfae where the eletri potential possessesreetion symmetry with respet to the surfae midplane. They foundtheir results were the same as those obtained by Neu [7℄ and Sader andChan [8℄ for the in�nite surfae: the e�etive pair interation betweenlike-harged partiles in the viinity of a harged surfae is always re-pulsive. We would like to mention that Mateesu [11℄ has reently om-mented regarding the alulation performed by Triza and Raimbault[10℄ onluding that, in general, like-harged partiles next to a �niteon�nement do not always repel.To shed more light on the role played by the �nite size of a on�ningsurfae, let us onsider the simplest non-trivial eletrostati problem.The domain V of the �nite dimensions 2a� 2a� h in the XYZ dire-tions ontains two like-harged partiles. Sine we are interested in thee�ets of eletrostati origin, it will be enough to identify both partilesas point harges q1 = q2 � q (assumed to be positive for onveniene).The harges are onstrained to be above the oppositely harged hori-zontal plane Z = 0 , and are related with the positions R1 and R2,respetively, in the retangular oordinate system with the origin at theenter of a plane Z = 0 . The plane Z = 0 is a perfetly smooth impen-



3 ðÒÅ�ÒÉÎÔetrable square area, S = f�a � X � a; �a � Y � ag , and arries anegative harge spread uniformly over the surfae with density � thatexatly ompensates the total harge of nearby partiles. The dieletripermittivities of media behind (Z < 0 ) and above the plane Z = 0 arethe same and equal unity. Additionally, we require that both harges aresituated at any, but always the same, altitude, i.e., Z1 = Z2 = h , sothat vetor R12 � s12 is (horizontal) parallel to the surfae.To study the eletrostati fore experiened by harge qi (i=1,2) werequire the eletri potential � at this harge in the loalized �eld dueto other harge qj (j6=i) plus the �eld due to the harges distributedover the surfae area S . It should be noted that although the hargesq1 and q2 are onstrained to move only in two dimensions (within thehorizontal plane Z = h), the Coulomb interation that is ating betweenthem is three-dimensional and requires a full 3D solution of the governingPoisson's equation: r 2 �(R) = �4��(R) ; (1)whih relates the eletri potential of interest, �(R) , to the loal hargedensity, �(R) . All soures of harges within domain V , inluding hargesspread over the surfae S , ontribute to �(R) .Poisson's equation (1) has been solved subjet to the (onstant sur-fae harge) eletrostati boundary onditions. The general result for theeletri potential � at harge qi is as follows:�(Ri) = �Coul(Rij) + �sur(Ri) =qjRi �Rjj + ZSfRig �dsps2 + h2 ; for i 6= j ; (2)where s2 = X2 + Y 2 is the horizontal oordinate parallel to the surfaeS and ds is an element of the surfae area. The �rst term, �Coul , isthe eletri potential at the harge qi due to the other harge qj (j6=i)(diret Coulomb ontribution). The seond term, �sur , is the eletripotential at harge qi due to the harges spread over the surfae S(surfae-indued ontribution).Qualitatively, result (2) is quite evident and is expeted. The fea-ture that makes this result novel are the limits in the surfae integral:SfRig � f�a+Xi � X � a +Xi; �a+ Yi � Y � a + Yig. The latterindiates that the surfae-indued potential at the harge qi dependsnot only on the vertial distane h from the surfae but also on thehorizontal position (Xi ;Yi) of the harge qi with respet to the surfae.
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 X axisFigure 1. Eletri potential due to a uniformly-harged planar surfae of�nite dimensions at a point harge plaed along the X axis at di�erentaltitudes h shown on the �gure.This dependene (an be expressed analytially [19℄ as well) is illustratedon Fig. 1 for the ase when harge qi , for simpliity, is plaed along theX axis (Yi = 0 ). Three urves shown in Fig. 1 represent the potential�sur(Ri) (normalized with respet to its value �sur(0; 0; h) � �sur0 (h)above the enter of the surfae S ) alulated for three redued dis-tanes above the surfae, h? = h=2a , ranging from 0.01 to 1 (all dis-tanes throughout the paper are saled by the side length of the surfaesquare 2a ). Indeed, we observe that �sur varies in the diretion alongthe surfae. The graph of �sur vs X is symmetri with respet to thesurfae midplane, exhibiting a non-zero positive slope that inreases go-ing from the enter of the surfae to its boundary. As the normal distaneh inreases, �sur gradually approahes the onstant value at the enterof the surfae; �sur roughly is kept onstant only in a narrow viinity ofthe enter of the surfae.From this it follows that the tangential omponent of the surfae-
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Figure 2. Surfae-indued fore experiened by point harge in the lateraldiretion near a uniformly-harged plane for the setup shown in Fig. 1.indued eletri �eld, �rRi�sur , is non-zero next to a surfae, exeptfor a region above the enter of the surfae. Hene, the �nite plane withuniformly harged surfae indues the fore f sur = �qrRi�sur atingon harge qi in all three diretions (not just only the onstant normalfore, f sur1 = 2�q� , as in the ase of an in�nite plane). This surfae-indued fore ould be evaluated analytially by di�erentiation of thesurfae integral in expression (2). In a partiular ase when harge qi isplaed along X axis (i.e., Yi = 0 , same as in Fig. 1), the result for thehorizontal omponent of the surfae-indued fore reads:f sur(Xi; 0; h) = 2�q� ln (X�i + a)(X+i � a)(X�i � a)(X+i + a) ; (3)where we used notation: X�i = pa2 + (Xi � a)2 + h2 (the general ex-pression for the lateral fore if the harge is not on the X axis only ismore omplex [19℄).

ICMP{02{05E 6The fore alulated aording to Eq. (3) is plotted in Fig. 2. For on-veniene, we also plot the Coulomb fore, 4�q2=X2i , on harge qi due toanother harge qj ( j6=i ) at the enter of the surfae, i.e. at Xj = 0 . Bothfores are saled by the onstant f sur1 that is the fore experiened by apoint harge near an in�nite at surfae of the uniform harge density� . The surfae-indued fore, f sur , is always direted to the enter ofthe surfae area. The magnitude of this fore depends on the normal dis-tane from the surfae and on the horizontal position with respet to theenter of the surfae. The attration to the enter is stronger if the hargeis plaed far from the enter; attration ontinuously vanishes when theharge approahes the position at the enter of the surfae. There is areetion symmetry of the surfae-indued fore with respet to the sur-fae midplane. The hange of sign reets the hange of diretion of thesurfae-indued fore rossing the enter.Figure 3 shows a vertial view of the surfae area, S , with a hargeqi at the horizontal position (Xi; Yi ). One always an onstrut the(dashed) area around harge qi suh that point (Xi; Yi ) will be at theenter of this area. Obviously, the fore due to the dashed area on hargeqi is equal to zero. The resulting fore experiened by harge qi due tothe harged surfae is determined then by the rest of the surfae area S ,i.e. the white part in Fig. 3. There will be only the dashed area (whihis equal to the whole area S ) for the harge plaed in the enter of thesurfae area: the longitudinal omponent of the surfae-indued foreon the harge qi plaed at the enter of the uniformly-harged planarsurfae is absent.So far we analyzed one harge near a harged surfae. The totalfore on eah of two harges, q1 and q2 , omprises the surfae-induedfore, f sur , that pushes the harges to the enter of the surfae, plus theCoulomb repulsion between harges, fCoul , in the diretion of the lineR12 onneting these harges. In general, the diretions of both fores,f sur and fCoul , are di�erent, and the resulting fore on eah hargeould be di�erent and does not neessary oinide with the diretion ofline R12 . When f sur vanishes, i.e. far from the surfae, the resultingfore is always dominated by Coulomb repulsion. However, this is not soobvious when the harges are next to the surfae. We now onsider thease when both harges are plaed along the X axis, i.e. we assume thatY1 = Y2 = 0. In this geometry, all fores presented in the problem lie onone line that oinides with R12 . It is quite evident from Fig. 2 that,at an appropriate distane from the surfae, the resulting fore on eahharge will depend on whether the diretion to the enter (of the surfae)for eah harge would oinide with that of the Coulomb repulsion or be
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Figure 3. Shemati interpretation of the surfae-indued fore ating ona point harge due to the �nite size of the harged surfaedireted against it. The latter ould happen when harges are positionedsymmetrially with respet to the enter of the surfae. This disussionis summarized in Fig. (4) where the results for the potential distributionfor two harges along the line Y = 0 are shown in the form of twoontour plots appropriate to the on�ned and isolated (bulk) systems.There are losed ontours when harges are next to the surfae indiatingthe existene of potential depth with an absolute minima at the enterof the ontours. The potential lines never lose when the harges are farfrom the surfae.We have presented the qualitative and quantitative theoretial proofsthat there exist what we all the \apparent attration" between a pair
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