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The contact values of the radial distribution function are investigated for an equimolar
mixture of hard-sphere trimers and monomers. The effects of trimer flexibility and size
asymmetry are analysed and systematically compared with predictions of the polymer
Percus–Yevick (PPY) approximation. It is shown that PPY provides an accurate de-
scription for rigid trimers when contributions from next-nearest segments are negligible,
but discrepancies become apparent when their effects become significant. We propose a
geometrically motivated approach that explicitly accounts for the influence of all trimer
segments on the contact values in the limit of infinite dilution. The resulting analytical
expressions for flexible trimers yield substantially improved agreement with Monte Carlo
simulations and numerical calculations at low packing fractions of a mixture and provide
a clear physical interpretation of deviations from the standard PPY theory.
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1. Introduction

The contact values of the radial distribution function are key quantities in the theory of associating
fluids, as they determine the degree of bonding between particles interacting via strong pairwise at-
tractive forces. Wertheim’s thermodynamic perturbation theory (TPT) provides a rigorous statistical-
mechanical approach for the description of associating fluids, in which bond formation arises from
short-range, strong and highly directional interactions between particles [1–4]. The simplest models of
such fluids are the so-called patchy particles, which in their most basic representation are hard spheres
carrying interaction sites (or sticky patches) on their surfaces that promote bonding between parti-
cles [5, 6]. Within perturbation theory, the hard-sphere system serves as the reference system, while
the associative contribution accounting for bonding is treated as a perturbation [1,2]. In the first-order
thermodynamic perturbation theory (TPT1), the structure of the reference system enters the associa-
tive contribution through the contact value of the radial distribution function, which determines the
relative probability of finding two spherical particles at contact, i.e. at a separation equal to the sum of
their radii. This contact value explicitly appears in the mass-action law (MAL) equations, from which
the degree of bonding and the associative contribution to the Helmholtz free energy are obtained [1,2].
This approach enables one to account for local packing and excluded-volume effects, thereby linking
the microscopic structure of an associating system to its thermodynamic properties. It follows that
the accuracy of TPT1 critically depends on the accuracy of the contact value of the radial distribution
function of the reference system as a function of density. For hard sphere systems, the most widely used
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description is the Carnahan–Starling equation of state [7], or, in the case of multicomponent mixtures,
the Boublik–Mansoori–Carnahan–Starling–Leland (BMCSL) equation [8, 9]. These semi-empirical ex-
pressions provide a quantitatively reliable description of the contact value, as confirmed by comparison
with computer simulations [10–12]. A less accurate, though fully analytically derived alternative is the
solution obtained within the Percus–Yevick (PY) theory [13–16]. While PY becomes less reliable at
high densities, it remains satisfactory at low and moderate densities and is frequently employed due
to its rigorous analytical foundation, which allows systematic extensions to more complex systems.
Within the PY approximation, an approach for describing systems of hard-sphere chain molecules was
proposed, known as the polymer Percus–Yevick (PPY) approximation [17, 18]. Analytical treatments
of fused hard-sphere chain models have also been developed within related theoretical frameworks [19].
Also this approach was later extended to various polymer architectures, including star polymers and
other complex chain structures [20–23]. This was an important step toward an improved reference sys-
tem for TPT1 applied to polymer systems, as it allows one to distinguish between the contact values
of terminal and internal segments of a molecule, which cannot be identical. In contrast to a system
of isolated hard spheres, spheres connected into chains experience permanent steric blocking by their
nearest neighbours within the molecule, reducing the probability of contact with spheres belonging
to other molecules. In polymers containing associative sites, this effect directly influences the degree
of bonding depending on the position of segments within the chain. The PPY approximation has
been widely used within the method of Ornstein–Zernike integral equations to study chain-molecule
systems, enabling numerical evaluation of radial distribution functions between segments [18, 24–26].
A significant advantage of PPY, however, is that it allows one to derive a fully analytical expression —
if not for the entire radial distribution function, then at least for its contact value in a relatively simple
closed form [22]. This feature makes it possible to improve the accuracy of TPT1 without significantly
increasing computational complexity. A recent application of PPY in combination with TPT1 demon-
strated the importance of accounting for this effect when describing degree of bonding in mixtures of
associating polymers and monomers of patchy particles [27]. In that study, the reference system was
taken as a mixture of hard-sphere chains and monomers within the PPY approximation, which yielded
substantially better agreement with simulation results than when the PY approximation was used.
A similar approach was employed in [28], where the patchy star-like molecules were investigated in a
medium of patchy obstacles.

Despite the advantages of the PPY approach, the corresponding expression is derived under as-
sumptions that, under certain conditions, may significantly affect the accuracy of the calculated contact
value. In particular, it is assumed that when a segment of one chain is in contact with a segment of
another chain, it experiences only the influence of its nearest bonded neighbour, while the next-nearest
neighbour is neglected. This can lead to discrepancies between TPT1 predictions of the degree of
bonding in systems of patchy chain molecules and computer simulation results, particularly at low
densities [28].

In the present work, we perform a detailed analysis of the PPY expression for the contact value
by comparing it with numerical calculations, including Monte Carlo simulations. As a test model, we
consider the simplest chain structure — a hard-sphere trimer — and study its mixture with hard-sphere
monomers. We identify the regimes in which the PPY approximation provides good agreement and
those in which significant deviations are observed. The origin of these deviations is analysed, and we
propose a modified approach that substantially improves the accuracy of predicting the contact value
between trimer segments and monomers, at least in the low-density regime of the mixture.

2. Model and Theoretical Approach

We investigate an equimolar binary mixture of trimers and monomers. Each trimer consists of three
segments modelled as hard spheres, tangentially bonded to form a linear chain. Monomers are repre-
sented as individual hard spheres. We examine two limiting cases: (i) fully flexible trimers and (ii) fully
rigid trimers. The latter have a straight, linear (rod-like) geometry and are characterised by fixed
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centre-to-centre distances between all pairs of segments. In contrast, flexible trimers allow variations
in the distances between non-neighbouring segments, provided that chain connectivity is maintained
and hard-sphere overlap is excluded. The distances between neighbouring segments remain constant

a b

Figure 1. Schematic representation of the considered mod-
els: (a) rigid trimer (green) and monomer (gray). (b) flexible
trimer (blue) and monomer (gray). The trimer segments are

denoted by A,B,C, while the monomer is denoted by M.

and are equal to the sum of their radii.
In the general notation, the segments of a
trimer are denoted by A, B, and C, while
the monomer is denoted by M. To differen-
tiate between flexible and rigid trimers, we
introduce superscripts “F” (flexible) and
“R” (rigid). The diameter of a segment
or a monomer is denoted by σx, where
x ∈ A,B,C,M. Examples of the studied
systems are shown in Figure 1.

The contact values of the radial dis-
tribution function (RDF), gaibj(σaibj) for
a binary mixture of heteronuclear hard-
sphere chain fluids can be expressed in the
PPY approximation as follows [27]:
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Here, a and b denote the components of the system for which the contact value between their segments,
gaibj is calculated, σai (σbj ) represents the diameter of segment i (j) in chain a (b), while σaibj is the
center-to-center distance between segments belonging to different chains, η denotes the total packing
fraction, ρa (ρb) is the number density of component a (b), and ρ is the total number density of the
mixture.

In this work, we focus on the analysis of the contact values between trimer segments and monomers.
These are denoted as gAM = g(σAM) and gBM = g(σBM). For an equimolar binary mixture of trimers
and monomers the corresponding expressions (1) for these contact values can be simplified to
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,

where ρT = ρM, with ρT and ρM denoting the number densities of trimers and monomers, respectively.
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3. Monte Carlo Simulations and Structural Properties

The determination of the contact values between system components requires the calculation of the ra-
dial distribution functions (RDFs). For this purpose, Monte Carlo (MC) simulations for two-component
system were carried out in the canonical (NVT) ensemble using the conventional algorithm [30]. The
simulation box had a cubic shape with side length Lbox = 24σ and volume Vbox = L3

box, where σ is
the unit of length. Periodic boundary conditions in all directions were applied to minimize finite-size
effects. Random trial translational and rotational displacements were applied for trimer species. For
flexible trimers, a bending move was also employed, consisting of a random rotation of the terminal
segments around the central one, allowing the trimer to explore different conformations while preserv-
ing strict segment connectivity. For monomer species, only translational displacements were used. The
simulations were performed in two consecutive stages: (i) an equilibration run of 104 MC simulation
steps, followed by (ii) a production run for statistical sampling, consisting of 2× 105 to 109 steps, de-
pending on the number of particles in the simulation box. RDFs were calculated during the production
stage. All trimer segments and monomers were modelled as hard spheres.

a b

Figure 2. Monte Carlo simulation results for the radial distribution functions between monomers M and the
terminal segments A of trimers at various packing fractions η: (a) rigid trimers (ARM); (b) flexible trimers

(AFM).

a b

Figure 3. Monte Carlo simulation results for the radial distribution functions between monomers M and the
central segments A of trimers at various packing fractions η: (a) rigid trimers (BRM); (b) flexible trimers

(BFM).

We analyse the obtained RDFs corresponding to the case of equal segment and monomer diameters:
σA = σB = σC = σM = σ. As shown in Figure 2, the RDFs of monomers relative to the terminal
trimer segments exhibit substantial qualitative and quantitative differences between rigid and flexible
trimers. For rigid trimers, two well-defined maxima are observed. The first peak, located at r ≈ 1.73σ,
corresponds to a configuration in which the monomer is simultaneously in contact with segments BR
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and CR. The second maximum at r ≈ 3σ is associated with a configuration where rigid trimer segments
and the monomer are aligned along a straight line. As the number density increases, both peaks become
more pronounced.

For flexible trimers, the peak at r ≈ 1.73σ is absent. This behaviour arises because segment CF

partially blocks the corresponding spatial region accessible to the monomer. Instead, a broad maximum
develops in the range 2.0σ < r < 2.5σ. For rigid trimers, this maximum appears only at the highest
packing fraction studied. Hence, trimer flexibility significantly alters the local structure compared to
that of rigid trimers, leading to a smoother RDF. On the other hand, the RDFs of monomers relative to
the central trimer segments exhibit a similar overall shape and differ only quantitatively (see Figure 3).

a b

Figure 4. Contact values between monomers M and different segments of rigid and flexible trimers depending
on packing fractions η: (a) terminal segment (A); (b) central segment (B). Monte Carlo (MC) results are shown
as symbols, while the PPY theory predictions are presented by lines. Filled and open symbols correspond to

rigid and flexible trimers, respectively.

From the RDFs the corresponding contact values are obtained. As shown in Figure 4, the contact
values for flexible trimers (open circles) differ systematically from those for rigid trimers (filled circles)
in the entire range of packing fractions. In particular, for the terminal segment, the contact value in
the case of flexible trimers is somewhat lower than for rigid trimers, while for the central segment it
is higher. The lines in Figure 4 show the PPY predictions obtained from equations (2) and (3), which
for σA = σB = σC = σM = σ, reduce to:
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4

Snσ

(1− η)2
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In general, one can notice in Figure 4 a rather good overall agreement of the PPY approximation the
simulation results for different packing fractions. However, one can notice that it does not properly
capture peculiarities related to a flexibility of trimers. Especially, it is clearly seen at small packing
fractions η, where the theory should provide the best accuracy. This is indeed the case for rigid
trimers, but not for flexible ones. This can be explained by the fact that the PPY approximation,
as formulated in (1), accounts only for the local excluded volume of two segments of a trimer, while
neglects the position of its third segment. At higher packing fractions, this discrepancy is compensated
by contributions from higher-order terms. However, at low packing fractions, or in the limit η → 0,
this effect becomes important and determines the principal difference between flexible and rigid chains.

Below, we consider simultaneous interactions between a monomer and all three segments of a trimer
in order to correct the above-mentioned PPY formulation. We focus on the limit η → 0 (the infinite-
dilution limit), where only the leading terms of equations (1)–(5) contribute. This should improve the
description of the contact values between monomers and segments of flexible trimers at low packing
fractions.
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4. Contact Values in the Infinite Dilution Limit

Within the PPY approximation, the low-density behaviour is determined by the leading terms of
equations (2) and (3). These terms contain the prefactors 3/4 for the contact value between monomers
M and the terminal segment A, and 1/2 for that with the central segment B. In the limit of infinite
dilution, these prefactors coincide with the relative probability of contact between a monomer and the
corresponding segments. Here, the relative probability denotes the probability of finding a monomer
in contact with a given segment relative to the corresponding probability in an ideal gas at the same
density. From a geometrical point of view, this corresponds to the ratio of the segment surface area
accessible for contact with the monomer to the total segment surface area. For a chain of tangentially
bonded spherical segments, the total segment surface area is equal to that accessible for contact with
an ideal gas. Therefore, the problem consists in calculating the average surface area of a segment
accessible for contact with a monomer. Following this idea, we first reproduce the prefactors 3/4 and
1/2 for the case σA = σB = σC = σM = σ.

We introduce the relative probability in the infinite-dilution limit, αxM, which directly determines
the prefactors of interest and is defined as the ratio of the surface area accessible for contact with a
monomer to the total segment surface area:

αxM =
Sx − Sxd

Sx
, x = A, B, (6)

where Sx = πσ2 denotes the total surface area of the segment, and Sxd represents the surface area
excluded from contact. With this consideration, equations (2) and (3) can be rewritten as:

gPPY1
xM = αxM

1

1− η
+

1

4

Snσ

(1− η)2
, x = A, B, (7)

where we denote by PPY1 the improved version of the PPY approximation, and αxM is equivalent to
the contact value between a monomer M and the corresponding trimer segment in the infinite dilution
limit within the PPY1 approximation.

a b

Figure 5. Contact geometry between ridgid trimer segments
and a monomer: (a) terminal segment and monomer, (b) cen-
tral segment and monomer. The surface area excluded from

contact, Sxd, is indicated in gray.

To find αxM for the case of rigid
trimers, we need to calculate the surface
area excluded from contact, which is shown
as spherical caps in Figure 5 (shaded in
grey). The area of one cap is given by

Sc =
πσ2

4
.

For the terminal segment, one cap should
be excluded, thus the ratio of the surface
area available for contact to the total sur-
face area of the segment is αAM = 3/4.
For the central segment, two caps should
be excluded, thus αBM = 1/2. These val-
ues precisely correspond to the prefactors
appearing in equations (4) and (5). It can
be easily shown that, for arbitrary segment sizes, the quantity αxM defined in (6) coincides with the
prefactors in equations (2) and (3). This result is consistent with the observation that the PPY ap-
proximation accurately describes the contact values between rigid trimer segments and monomers at
low packing fractions (see Figure 4).

We now estimate αxM the flexible trimers. As illustrated in Figures 6a and 7a, segment C partially
obstructs the surface area of segment A available for contact by excluding a spherical cap, the size
of which depends on the trimer bending angle ψ as well as on the segment and monomer diameters.
Depending on the bending angle, this cap may intersect with the cap formed by segment B. An increase
in the excluded surface area leads to reduction of the contact value between flexible trimer segments
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and the monomer. For the central segment (Figures 6b and 7b), the spherical caps formed by the
neighbouring segments A and C may intersect at specific bending angles. Such an intersection increases
the surface area accessible for contact and, consequently, enhances the corresponding contact value. In
both cases, this geometric interpretation offers a qualitative explanation of the results obtained from
Monte Carlo simulations (see Figure 4).

a b

Figure 6. Contact geometry between segments of a flexi-
ble trimer and a monomer: (a) terminal segment AF and
monomer M, (b) central segment BF and monomer M.
The surface area excluded from contact, Sxd, is indicated
in gray and dark gray. The dark gray region, Sc1c2 , corre-
sponds to the intersection of the spherical caps. ψ denotes

the trimer bending angle.

a b

Figure 7. Contact geometry between a monomer and the
segments of a flexible trimer for selected cases: (a) a suf-
ficiently small monomer can enter the interior region be-
tween the segments of a fully bent trimer; (b) a sufficiently
small central segment may be blocked by the terminal seg-

ments.

Since the surface area accessible for con-
tact depends on the bending angle ψ, and
all bending angles are assumed to be equally
probable, a proper evaluation of the contact
values requires averaging Sxd over ψ. Under
these conditions, equation (6) can be written
as

αxM =
Sx − Sxd

Sx
,

where

Sxd =

∫ π

ψmin
sinψ Sxd(ψ) dψ

N (ψmin, π)
, (8)

Sxd(ψ) = Sc1(ψ) + Sc2(ψ) − Sc1c2(ψ), (9)

N (ψ1, ψ2) =

∫ ψ2

ψ1

sinψ dψ. (10)

The parameter ψmin denotes the minimum
bending angle of the trimer. Sc1(ψ) and
Sc2(ψ) represent the surface areas of the corre-
sponding spherical caps, whereas Sc1c2(ψ) de-
notes the area of their intersection. A method
for calculating the intersection area of spher-
ical caps was proposed in [29]:

Sc1c2 =
σ2x
4

[Ω(θ1, γ1) + Ω(θ2, γ2)] , (11)

Ω(θi, γi) = 2 (βi − ϕi cos θi),

cosϕi =
tan γi
tan θi

, cosβi =
sin γi
sin θi

,

tan γi =
cos θj − cosα cos θi

sinα cos θi
,

where α denotes the angle between the spherical caps, and θi is the polar angle defining each cap, with
i, j = 1, 2 and i 6= j. Equation (11) is valid for 0 < α < π and 0 < θi < π/2. All remaining cases can
be reduced to this formulation.

As illustrated in Figure 7, for certain ratios of the trimer segment and monomer diameters, the
angles θi may lie outside the validity range of equation (11), which complicates the derivation of an
analytical solution. The corresponding expressions become more complex and inherit the mentioned
above restrictions. For illustration, the analytical expression for the contact value between the central
trimer segment and the monomer is presented in the Appendix. In the special case σA = σB = σC = σM,
the calculated values show good agreement with the Monte Carlo simulation results:
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Using the present approach, we significantly simplify the original problem. In its complete form, the
evaluation of contact values would require integration over all possible configurations of the monomer
and trimer segments, leading to a four-dimensional integral that accounts for chain connectivity con-
straints. We reduce this formulation to a one-dimensional integral over the trimer bending angle.
Although the general analytical solution remains rather complex due to the presence of different in-
teraction regimes, which must be considered in the case of size asymmetry (see Figure 7), partial
solutions for fixed parameter sets can be obtained straightforwardly. Importantly, this approach nat-
urally captures regimes in which PPY fails, i.e., when next-nearest-neighbour effects become crucial
(see Figure 10).

Alternatively, the quantity αxM can be defined as the ratio of the number of allowed monomer
positions on the surface of segment x to the total number of possible positions in the absence of
constraints imposed by the other trimer segments. This approach can be easily implemented via
a Monte Carlo sampling procedure, involving the random generation of a trial monomer position
combined with a random bending of the trimer. A configuration is accepted if no overlap occurs
between the trimer segments and the monomer. The ratio of accepted configurations to the total
number of trials then yields the value of αxM. This method is equivalent to the well-known Monte
Carlo numerical integration. We used this algorithm as an additional validation of the analytical
results.

5. Results and Discussion

To validate the proposed approach, we present the calculated contact values between monomers and
trimer segments for different parameter sets. As shown in Figure 8, for the case σA = σB = σC = σM =
σ, the proposed expression (7), combined with (12) and (13), accurately describes the contact values
for flexible trimers at the low packing fractions η, significantly outperforming the PPY approximation
in this region. However, at higher packing fractions, the accuracy of the PPY1 approximation becomes
worse than that of PPY, leading to a slight but noticeable underestimation of the contact value for
the terminal segment and an overestimation for the central segment. This indicates that further
improvement of PPY1 is required by correcting the second term in Figure 8, which is responsible for
the contact value behaviour at higher packing fractions.

a b

Figure 8. Contact values between monomers M and different segments of rigid and flexible trimers depending
on packing fractions η: (a) terminal segment (A); (b) central segment (B). Monte Carlo (MC) results are shown
as symbols, where filled and open symbols correspond to rigid and flexible trimers, respectively. Theoretical
predictions are shown as lines, where the solid blue line corresponds to the PPY1 approximation and the dashed

red line to the PPY approximation.

Next, we analyse the contact values between a monomer and the segments of rigid and flexible
trimers under conditions of size asymmetry. Specifically, we examine cases in which only one of the
diameters σA, σB, σC, σM is varied, while the remaining diameters are fixed at σ. Each case is
considered individually below.
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a b

Figure 9. Contact values between a monomer M and segments of rigid or flexible trimers in the infinite-
dilution limit, αxM, as a function of the size of the terminal segment A: (a) monomer M – terminal segment A;
(b) monomer M – central segment B. Numerical integration results (MC) are shown as symbols, where filled
and open symbols correspond to rigid and flexible trimers, respectively. Theoretical predictions are shown as
lines, where the blue solid line corresponds to the PPY1 approximation and the red dashed line to the PPY

approximation.

In Figure 9a, one observes that for both small and large σA, the AM contact values for rigid and
flexible trimers converge to the same limits, i.e. to zero as σA → 0, and to unity as σA → ∞ (see
Table 1). The maximum difference between rigid and flexible trimers is observed near σA ≈ σ. On
the other hand, Figure 9b shows that the difference between the BM contact values for flexible and
rigid trimers increases with increasing σA and vanishes only as σA → 0, where both cases approach the
same value αBM = 1.0. For sufficiently large sizes of the terminal segment A, the contact values αBM

differ significantly and, in the limit σA → ∞, approach 0.25 and 0.359 for rigid and flexible trimers,
respectively (see Table 1).

Table 1. Contact values between trimer segments and a monomer in the infinite
dilution limit when one of the segments or the monomer is infinitely large.

σA σB σC σM ARM AFM BRM BFM
∞ σ σ σ 1.0 1.0 0.25 0.3590
σ ∞ σ σ 0.5 0.5 1.0 1.0
σ σ σ ∞ 0.5 0.3985 0.0 0.2030
σ σ ∞ σ 0.75 0.5978 0.25 0.3590
0 σ σ σ 0.0 0.0 0.75 0.75
σ 0 σ σ 0.75 0.75 0.0 0.0
σ σ σ 0 1.0 1.0 1.0 1.0
σ σ 0 σ 0.75 0.75 0.75 0.75

The general dependence of the contact value on the size of the central segment, σB, shown in
Figure 10, demonstrates a decrease of αAM and an increase of αBM with increasing σB for both rigid
and flexible trimers, while the difference between them diminishes at large σB, approaching limiting
values of 0.5 and 1.0 for rigid and flexible trimers, respectively, as σB → ∞ (see Table 1). However,
when the central segment is small (σB ≪ σ), the contact value exhibits specific behaviour in this region.
In particular, for sufficiently small σB, the segments A and C can significantly reduce the access of a
monomer M to the central segment B or even block it completely (see Figure 7b). This behaviour is
clearly seen in Figure 10b, where, for flexible trimers, a singularity appears at σB = 0.1547σ, beyond
which the contact value between the central segment and the monomer, αBM vanishes and remains
zero down to σB = 0. A similar behaviour is observed for rigid trimers, but the corresponding point
occurs at a larger σB = 0.4141σ.
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a b

Figure 10. The same as in Figure 9, but depending on the size of central segment B.

The behaviour of contact value between a monomer and the terminal segment A becomes more
complex at small σB, since αAM becomes non-monotonic in this region. We demonstrate this by
the numerical integration results in Figure 10a, where one can observe a maximum of αAM at σB ≈
0.4141σ for rigid trimers and at σB ≈ 0.1547σ for flexible trimers. It should be point out that
the PPY approximation fails to capture this behaviour, as it accounts only for nearest-neighbour
contributions. Consequently, the region σB . 0.4141σ requires an additional treatment for rigid
trimers. To incorporate this effect, it is sufficient to include the blocked surface area generated by
segment C. Specifically, the blocked surface area expressed in (9) should be substituted into (6),
noting that the intersection area Sc1c2 corresponds to the area of the smaller cap. The corrected
contact values of αAM for rigid trimers in the region σB . 0.4141σ are shown in Figure 10a as a green
line. It can find that in the limit σB → ∞, αAM for rigid trimers coincides with that for flexible
trimers, i.e. αAM = 0.5. Furthermore, one can see that the PPY1 approximation perfectly reproduces
the simulation results for flexible trimers over the entire range of σB. This is expected, since the central
idea of our approach is the explicit inclusion of the influence of segment C in the flexible trimer, which
consequently improves the description of rigid trimers as well.

a b

Figure 11. The same as in Figure 9, but depending on the size of monomer M.

We now consider the contact values between a monomer and trimer segments as a function of the
monomer size, σM. As shown in Figure 11, both αAM and αBM decrease monotonically with increasing
σM for both rigid and flexible trimers. However, for flexible trimers, αAM decreases more rapidly than
for rigid trimers, and the two approach different limiting values as σM → ∞ (see Table 1). By contrast,
αBM for flexible trimers decreases more slowly with increasing σM than for rigid trimers. Moreover, in
the limit σM → ∞, it approaches a finite value, αBM = 0.203, whereas for rigid trimers the contact
value equals to zero in this limit (see Table 1). In the limit σM → 0, the contact value approaches
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unity in all cases. It is also worth noting that the difference between the contact values for rigid and
flexible trimers increases significantly with increasing monomer size, as a larger monomer more strongly
experiences the influence of the terminal segments. Another interesting feature is that a sufficiently
small monomer can enter the interior region of a fully bent trimer (see Figure 7a). This occurs for
σM . 0.1547, which coincides with the value obtained in the analogous analysis for a small central
segment.
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Figure 12. Contact values between a monomer M
and the terminal segment A of rigid or flexible trimers
in the infinite dilution limit, αxM, as a function of the
size of the another terminal segment C. Numerical
integration results (MC) are shown as symbols, where
filled and open symbols correspond to rigid and flex-
ible trimers, respectively. Theoretical predictions are
shown as lines, where the blue solid line corresponds
to the PPY1 approximation and the red dashed line

to the PPY approximation.

Within the PPY approximation, the influence
of segment C does not appear for rigid trimers,
as only nearest-neighbour contributions are in-
cluded. As shown in Figure 12, in this case no
dependence of the contact value ARM on the size
of segment C is observed, since the monomer is not
sufficiently large to probe the presence of a large C
segment. And this behaviour is consistently cap-
tured by the PPY approximation. By contrast, for
flexible trimers the presence of segment C becomes
significant at large σC, and the PPY1 approxima-
tion accurately reproduces the numerical integra-
tion results in this case. In the limit σC → ∞, the
contact value between the terminal segment and
a monomer approaches αAM = 0.5978.

The results presented in this section demon-
strate that the proposed approach provides a con-
sistent and accurate description of the contact val-
ues between a monomer and the segments of a
trimer over a wide range of parameters, including
different regimes of size asymmetry. In particular,
it successfully captures non-trivial geometrical ef-

fects and limiting behaviours that are not described within the PPY approximation. At the same time,
the approach shows excellent agreement with simulation and numerical integration results for flexible
trimers, for which PPY1 was introduced as an improvement over PPY.

6. Conclusions

We performed a systematic analysis of the contact values between segments of hard-sphere trimers
and monomers in an equimolar binary mixture, investigating the influence of chain flexibility and size
asymmetry in the limit of infinite dilution. We demonstrated that flexibility substantially modified
the contact values and that, for specific size ratios, the deviations became pronounced. Accounting for
these effects significantly improved the description of contact values. The proposed approach allowed
us to identify the physical origin of the deviations observed in Monte Carlo simulations and to construct
corrected analytical expressions.

A comparison between simulation data and PPY predictions showed that the PPY approximation
accurately described the contact values for completely rigid trimers, provided that its underlying
assumptions remained valid, namely when the contribution from next-nearest segments was negligible.

For fully flexible trimers, exact contact values were obtained in the infinite-dilution limit by ex-
pressing the contact probability as the ratio of the surface area accessible for contact to the total
segment surface area. This formulation explicitly incorporated steric blocking by all trimer segments.
Depending on the bending angle and segment diameters, flexibility could either reduce the contact
value for terminal segments due to mutual blocking or increase it for the central segment due to partial
compensation of excluded regions. Essentially, we introduced a modification of the PPY approach that
enables a consistent inclusion of contributions from all trimer segments at low packing fractions.
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An explicit treatment of many-body correlations would likely improve agreement with simulations
at intermediate and high densities, where collective packing effects become significant. Increasing the
chain length or considering systems in which both components are chains significantly complicates the
interaction geometry. In such cases, averaging must be performed over all segment configurations of
both chains. While a fully analytical treatment is generally intractable, the numerical method proposed
in Section 4 provides a viable route for investigating such complex systems.

This study clarifies the limitations of the PPY approximation and establishes a physically trans-
parent and systematically extendable framework for improving the prediction of contact values in
chain–monomer mixtures correctly accounting for chain flexibility. These findings are directly relevant
for improving the description of the reference system within Wertheim’s thermodynamic perturbation
theory and for the theoretical modelling of associating polymer and patchy particle systems.
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A. Appendix

We consider the angular averaging of the blocked surface area for the BFM case. Here, the size of
the spherical caps is independent of the bending angle ψ. Consequently, the principal task reduces to
averaging the overlap area of the spherical caps with respect to ψ. Under these conditions, Equation (8)
can be written in the following form:

Sxd = Sc(θ1) + Sc(θ2)−
Sc1c2(θ1, θ2, ψ)

N (ψmin, π)
.

The sizes of the spherical caps depend on the diameters of the trimer segments and the monomer.
Depending on their sizes and on the bending angle ψ, the caps may partially overlap, completely
overlap, or not intersect at all (see Figures 6 and 7). Since no universal analytical expression applicable
to all regimes exists (see [29]), it is necessary to distinguish between different geometric configurations.
To this end, we introduce the following notation: ψmin denotes the minimum bending angle; ψmid the
intermediate angle separating complete and partial overlap regimes; ψmax the maximum angle at which
the caps intersect. We further define θ′i = π − θi and ψ′ = π − ψ.

ψmin = arccos

(

σ2ab + σ2bc − σ2ac
2σabσbc

)

,

ψmid =







|θ2 − θ1|, |θ2 − θ1| > ψmin,

ψmin, |θ2 − θ1| < ψmin,

ψmax = min

[

arccos

(

σ2ab + σ2bm − σ2am
2σabσbm

)

+ arccos

(

σ2bm + σ2bc − σ2cm)

2σbmσbc

)

, π

]

.
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In the general case, the angularly averaged intersection area of the spherical caps can be written as:

Sc1c2(θ1, θ2, ψ) = A1(θ1, θ2, ψ) +A2(θ1, θ2, ψ).

Here, the first term accounts for the regime of partial overlap, whereas the second term corresponds to
complete overlap. If a particular regime is not realized, the corresponding contribution is set to zero.
We begin by analyzing the second term,

A2 = N (ψmin, ψmid)min(Sc(θ1), Sc(θ2)),

which is equal to the area of the smaller cap. If this regime is not realized, the corresponding term
vanishes because N (ψmin, ψmid) = 0, since ψmin = ψmid.

The explicit form of the first term depends on the relative magnitudes of the cap angles,

A1 =































Sa(θ1, θ2, ψmid, ψmax), θ1 <
π
2 , θ2 <

π
2 ,

N (ψmid, ψmax)Sc(θ2)− Sa(θ
′
1, θ2, ψ

′
max, ψ

′
mid), θ1 >

π
2 ,

N (ψmid, ψmax)Sc(θ1)− Sa(θ1, θ
′
2, ψ

′
max, ψ

′
mid), θ2 >

π
2 ,

N (ψmid, ψmax)
[

σ2xπ − Sc(θ
′
1)− Sc(θ

′
2)
]

+ Sa(θ
′
1, θ

′
2, ψmid, ψmax), θ1 >

π
2 , θ2 >

π
2 ,

where

Sa(θ1, θ2, ψ1, ψ2) =
σ2x
4

[

Ω̄(θ1, θ2, ψ2)− Ω̄(θ1, θ2, ψ1)
]

,

Ω̄(θ1, θ2, ψ) = Ω̄1(θ1, θ2, ψ) + Ω̄2(θ2, θ1, ψ),

this result follows from the integration of Equation (11), whereas N (ψ1, ψ2) is defined according to
Equation (10).

Ω̄1(θ1, θ2, ψ) = 2 [B(θ1, θ2, ψ) − cos θ1Φ(θ1, θ2, ψ)] ,

Ω̄2(θ2, θ1, ψ) = 2 [B(θ2, θ1, ψ) − cos θ2Φ(θ2, θ1, ψ)] ,

Φ(θ1, θ2, ψ) = −Φ1 − Φ2 +Φ3 +Φ4,

Φ1 = cosψ arccos

(

cos θ2 − cos θ1 cosψ

sin θ1 sinψ

)

,

Φ2 = cos θ2 t,

Φ3 = sgn(cos θ2 − cos θ1) arctan





sin
(

θ1+θ2
2

)

tan
(

t
2

)

∣

∣

∣sin
(

θ1−θ2
2

)∣

∣

∣



 ,

Φ4 = sgn(cos θ2 + cos θ1) arctan





cos
(

θ1+θ2
2

)

tan
(

t
2

)

∣

∣

∣
cos
(

θ1−θ2
2

)∣

∣

∣



 ,

B(θ1, θ2, ψ) = −1

2
sgn(tan θ1) (B1 +B2 +B3)−B4,

B1 = sin θ1 sin θ2 sin t,

B2 =
cos2 θ2(1 + 2 cos2 θ1)− cos2 θ1

2 cos θ1 cos θ2
t,

B3 =
cos2 θ1 + cos2 θ2
2 cos θ1 cos θ2

sgn(cos2 θ1 − cos2 θ2) arctan

(

sin(θ1 + θ2) tan
(

t
2

)

| sin(θ2 − θ1)|

)

,
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B4 = cosψ arccos

(

cos θ2 − cos θ1 cosψ

sin θ1
√

cos2 θ1 + cos2 θ2 − 2 cos θ1 cos θ2 cosψ

)

,

cos t =
cosψ − cos θ1 cos θ2

sin θ1 sin θ2
.

An analogous solution can be derived for the terminal segment. In this case, the overall structure
of the solution is similar to that obtained for the central segment. Different analytical expressions arise
for distinct ranges of the angles θ1 and θ2, together with an additional contribution corresponding
to the bending-angle interval in which the spherical caps completely overlap. It should be noted,
however, that the size of the spherical caps depends explicitly on the trimer bending angle, which
further complicates the analytical derivation.

Контактнi значення мiж сегментами тримерiв та мономерами
в еквiмолярнiй бiнарнiй сумiшi
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2Нацiональний унiверситет “Львiвська полiтехнiка”,
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Контактнi значення радiальної функцiї розподiлу дослiджено для еквiмолярної сумi-
шi тримерiв i мономерiв твердосферного типу. Вплив гнучкостi тримерiв та асиметрiї
розмiрiв проаналiзовано i систематично порiвняно з передбаченнями полiмерного на-
ближення Перкуса–Євiка (PPY). Показано, що наближення PPY забезпечує добрий
опис для жорстких тримерiв у випадку, коли внесок вiд наступних сусiдiв найближ-
чих сегментiв є незначним, однак втрачає точнiсть, коли ефекти вiд цих сегментiв ста-
ють суттєвими. Запропоновано геометричний пiдхiд, який явно враховує вплив усiх
сегментiв тримера на контактнi значення в границi безмежного розведення. Отриманi
аналiтичнi вирази для гнучких тримерiв демонструють iстотно кращу узгодженiсть iз
результатами моделювання Монте-Карло та чисельних розрахункiв при малих зна-
ченнях упаковки сумiшi i забезпечують чiтку фiзичну iнтерпретацiю вiдхилень вiд
стандартної теорiї PPY.

Ключовi слова: ланцюговi молекули твердосфердих сфер; наближення полiмерного

Перкуса–Євiка; контактнi значення; моделювання Монте-Карло.
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