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Iymax T.1. Tepmogunamika ppycTpoBaHIX KBAHTOBUX CIIIHOBUX CHCTeM. — KBa-
JMidikariitHa HayKoBa Ipallsd Ha [paBaxX PYKOIIKCY.

Juceprarist Ha 3/100yTTs HAYKOBOT'O CTYIIEHSI JIOKTOpa ¢ijocodil 3a creriaib-
nictio 104 — @isuka Ta acrpoHoMmis. — [HeTuTyT disukn KonjeHcoBanux cucrem HAH
Ykpaian, JIsBiB, 2021.

Huceprariitna poboTa TpUCBAYEHa JOCTIKEHHIO TEPMOJINHAMIKI KBaHTOBUX
dpycTpoBaHUX CIIHOBUX cHCcTeM. Po3yMiHHS CIIOCTEpEXKYBAHUX BJIACTUBOCTEH MarHi-
TOAKTUBHUX JIIEJEKTPUIHIX KPUCTAJIIB MOTPedYyE PO3YMIHHA I'PATKOBUX CIIIHOBUX MO-
nesteit. AKImo oOMiHHI B3a€MOIIT MiK CyCITHIMI MarHiTHUMU HOHAMU KOHKYPYIOTH TaK,
10 JIy»Ke 0araTo CIiHOBUX KOHMIrypariii MaroTh OJHAKOBY €HEPIrilo i He BUHUKAE KO-
JIHOI'O MarHiTHOTO MOPSIIKY, TO MAaEMO clpaBy i3 ¢gpycrparismu. Opycrpariii pa3om 3
KBaHTOBUMHU (QIYKTYaIIIMU, & TAKOXK 3 TEIJIOBUMU (DJIYKTYAIIAMI MOYKYTH OyTH MpHU-
YUHOIO ITOSBU HECIOAIBAaHUX MaKPOCKOIIYHUX BJIACTHUBOCTEH. 3 Jpyroro 60Ky, aHaJIi3
TaKUX BJIACTUBOCTEIl CTAHOBUTH TPY/IHOIIII Yepe3 HecTady MeTOJIiB 00UNC/IeHb (aHa i TH-
YHUX 1 YUCTIOBUX ), sIKI HAJIEZKHO BPAXOBYBaJIl 6 0COOIMBOCTI (DPYCTPOBAHIX KBAHTOBIX

CITIHOBUX CHCTEM.

Hesiki omHOoBUMIpHI JekopoBaHi (dpycrpoBani) mMozesi [3uHra npn neBHUX 3HA-
YEeHHsIX MOJICIbHUX TapaMeTpiB (OOMIHHIX B3a€MO/Iiii 1 MATHITHUX IOJIB) BUSIBJISIIOTDH
HE3BUYHI JIJTs1 OJHOBUMIDHHUX CHUCTeM HEU3bKoTemileparTyphi Biactusocti L. Gélisova
and J. Strecka, Phys. Rev. E 91, 022134 (2015)]. IIpu neBnomy ckindeHnoMy 3HaUeH-
HI TeMmIlepaTypu Ieplll MOX1JIHI BLJ BLJIbHOI €Heprii, Takl $K BHYTPIIIHS €Heprisd 4u
EHTPOIIisl, Mal0Th CTPUOKONIO/IIOHY 3ajeyKHiCTh. BojaHovyac Apyri MOXigHi Bij BLIBHOI
eHepril — TEJIOEMHICTL Y1 MarHiTHa CIIPUNHATINBICTD, & TaKOXK KOPeJIdIiiina JOBXKN-
Ha CATalOTh aHOMAaJbHO BEJIMKUX 3HaudeHb. [Ipu 1mboMy BibHa eHeprisd i BUIe3ra aHi
TEPMOJIMHAMIUHI BEJTMYUHU 3AJIUIMAIOTHC aHAJITHIHIMEI (DPYHKIIAMEI TEMIIEPATyPH.
i Hu3BKOTEMIIEpATYPHI OCOOJIMBOCTI OJHOBUMIDHUX JIEKOPOBAHUX CUCTEM B JIiTEpaTy-
pl HA3UBAIOTH IICEBJIONIEPEXOJIAMU, & TEMIIEPATYPY, IIPU SIKiil BOHU CIIOCTEPIraloThCs —

MICEBAOKPUTUYIHOIO TeMIlepaTyporo. Bigomo, 1o y nmeBHOMY iHTepBaJsi TeMIeparyp IMo-
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O3y TICEBJOKPUTHYHOT TeMIlepaTypi (ajie He y MCeBIOKPUTHYHIN TOUIl) Taki Mo
BHUSIBJISIIOTH CTEIIEHEBY ITOBEIIHKY KOPEJISIIITHOI JJOBKIHHU, TEILJIOEMHOCTI 91 MarHiTHOI
CHPURHATIMBOCTI 13 MOKA3HUKAMHU, SIKi HE IOTOKYIOThCA 3 J100pe BiIOMUMU CIIiBBijI-
HOIIIEHHAMU CKEMJIHTY. ¥ Jucepralliiiniii poboTi MOsICHEHO IIPUPOJLY TICEBIIONIEPEXO/IIB.
st Toro, mo6 BUSBUTHU NPUYNHY UX HU3HKOTEMIIEPATYPHUX OCOOJIMBOCTEH PO3TJILA-
HYTO JIEKIJIbKa J€KOPOBAHUX CHCTEM: JIBOHOTA JpabuHKa [3MHIa i3 TPUMEPHUMH IIa-
OJIIME Yy HYJIbOBOMY MartiTHomy moJi, crii—1/2 [3uar—XY Z pombGidnumii JaHII0KOK,
CIIIH—€JIEKTPOHHUIT JIAHITIOXKOK TIOIBIHHIX TeTpaepis i cria—1 /2 JaHI0KOK MoiBiitHIX
TeTpae/ipiB I3unra—laitzendepra.

BacTocyBaBIIN JeKopalliiiHo—iTepaliiiiHe mepeTBOPeHHsI JJIsi JBOHOT'Ol APAOUHKI
[3uHra i3 TpUMEPHUMHE IA0JISIMU, T00YI0BAHO ePEeKTUBHUI raMiJibTOHIaH Ha 3BUYali-
Hiil JIBOHOTII JpadbuHIl [3MHTa 13 3a/1e2KHOI0 Bijl TeMIIepaTypy B3a€MO/II€I0 Ha 1abJIdx.
[Ipu meBHOMY 3HAYEHHI TeMIlepaTypu (sike BIJIIOBIJIAE MCEBIOKPUTUYHII TeMIepary-
pi) obMmiHHA B3aeMOis Ha MAb/IAX JOPIBHIOE HYJEBI, 10 MPUBOIUTD 10 e(EeKTUBHOTO
PO3IIeIIeHHA JpaOMHKI Ha JIBa HEB3aE€MO/III0Ui JIAHIIOXKKY [3uHra. SKIIo 1ceBIoKpu-
THYHA TeMIIepaTypa € JOCTATHbO MaJjiol (y OAMHUIAX OOMIHHOI B3a€MOJT B3/0BK
JIAHITIOZKKIB), TOMI CIOCTEPIrATUMYTbCSA CJIIH KPUTHYHOI MOBEIHKN POCTOrO JIaH-
II0XKKa, [31HTa, Ipu HY/IbOBIM TemiepaTypi Ta Hy/aboBOMY moJi. IlokazaHo, 1110 B OKO-
JIi TICeBJOKPUTUIHOI TeMIepaTypu (aje He y TCeBIOKPUTHIHIN TOYI) MOJe/Ib BHUsIB-
JIsI€ KBa3IKPUTUYHY TOBEJIIHKY: KOpeJIsIiiiHa JOBXKIUHA Ma€ KBa3IKPUTUYHNI TTOKA3HUK
a =o' =1, a remoemuicrs y = v = 3.

JlekoparmiitHo-iTepariiiine mepeTBOpeHHs I KLIbKOX JIEKOPOBAHUX KJIACHIHO—
KBAHTOBUX JIAHIIOZKKIB IIPUBOIUTD /10 €(PeKTUBHOI'O IaMiJIbTOHIaHY JIAHIIO}KKa, [31HTa,
13 3aJ12KHOIO BiJI TeMIepaTypu OOMIHHOIO B3a€MOJIIEI0 1 MArHITHIM TIOJIeM. Y TICEBJI0-
KPUTHUYHIN TOUIll epeKTUBHE MarHiTHe 110JIe JIOPIBHIOE HYJIEBl 1 MOJIeJIb BiJIIIOBI A€ MIPO-
CTOMY JIAHIIOZKKY [31MHTa y HYJILOBOMY 1OJH. | ¥ IbOMY BHIIAJAKY HU3bKOTEMIIepaTyPHI
0COOJIMBOCTI TOB’g3aH] 13 KPUTUIHOIO MOBEIIHKOIO MPOCTOrO JIAHIIOXKKa, [3uHTa Tpu
HYJIbOBIIT TeMIlepaTypi Ta HYJLOBOMY IOJI. KBasiKpuTu4ni MOKa3HUKN JIEKOPOBAHNX
KJIACMIHO-KBAHTOBUX JIAHIIOXKKIB CIIIBIIQIal0Th 13 OTPUMaHUMU JIJI JBOHOIOI JIpa-

ounkn Isunra. Takmm YMHOM, BCTaHOBJICHO IIPDUYMHY BHHMKHEHH:A HCGB,ILOKpI/ITI/I‘{HOI
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MOBE/IIHKH JIJTsT HU3KU OJIHOBUMIPHUX JleKopoBaHuX ((bpycTpoBanux) Mojeseit [3uHra.

JlociizKenHs BIJINBY TeOMeTPUYHOI (ppycTpallil Ha TepMOJNHAMIUHY [TOBEIIHKY
KBAHTOBUX TPUBUMIPHUX CIIIHOBUX CHUCTEM IIPOBOJIMJIOCA Ha INPUKJAIl I'PATKHA Iipo-
XJIOpY, dKa € HafOLIbIT (PpycTPOBaHOIO TPATKOIO Y TPHhOX BUMipax. [l 1boro posriis-
naeThest pepomartiTHa i antudepomartitaa kBantosa S = 1/2 mojens laiizentepra
Ha TPUBUMIDHIH rparii mipox/opy. s obugBox BUIIAIKIB OTPUMAaHI pe3yJIbTaTh I10-
pIBHIOBaJINCS 13 BIJIMMOBLIHUMHI pe3yJibTaTaMi Jjisd HedpyCTPOBAHOI MOJIEJI Ha MPOCTIii
KyOiuHiit rpari. B Hab/mkerHi cepelHboro moJist OOK/IBl 'paTKN eKBiBAJEHTHI (MatOTh
OJIHAKOBE YMCJI0 HAfO/mzKanx cyciiB z = 6). Tomy npu mopiBHSIHHI TepMOJANHAMITHIX
BEJIMIUH BJAETHCS MPOLTIOCTPYBATH BILINB NeOMETPUIHOI (ppycTpallil Mpu CKiHYeHHIX
TemIiepaTypax.

TepmoguHamivni Ta quHAMITHI BIacTHBOCTI KBaHTOBOrO S = 1/2 depomarte-
TnKa [afizendepra posriisgmaancsd MeToIoM JBoYacOoBUX QYHKIN ['pina B nadmmmKenni
Tab6mikoBa (Habmmkentsa xaotnanux das). B 1ipoMy HabmKen i JAHIIo0KOK PIBHAHD
pyXy Ui JBovYacoBuX (QpyHKIi ['piHa oOpuBaeThCcs Ha IepiioMy Kpolli 1 Bijpasy K
MPUXOJIUMO JI0 ONHCY, IKUl BUXOJIUTHL 3a MeXKi Teopil cepeaHboro mojs. B paMkax
TaKOr'0 OIKCY CIEKTP CIIHOBUX XBUJIb MOJIE/] IIEPEHOPMOBYEThHCS TIapaMeTPOM I10PsI/I-
Ky (HAMATHIYEHICTIO), JIJIsT sIKOTO OTPUMYETHCST CAMOY3TOJZKeHe DIBHSHH:A. 3 aHAJI3Y
CaMOY3T'OJ[?KEHOT'O PIBHSHHS JIJISI HAMAIHIYEHOCT] 3HAllIeHO 3HAYeHHT KPUTUIHOI TeM-
nepatypu 1. i TeMIiepaTypHy 3aJle;KHICTb HaMarHiYeHOCTI y depoMarHiTHiil dasi i
OJIHOPI/THOT MArHITHOI CIPUIHSATINBOCTI Y apaMartiTHiit ¢gpaszi. Ob4unciieni pe3yabTaTu
st HAMATHIYEHOCT] Ta, TEIJIOEMHOCTI (JIIT TeMIepaTyp HIKIe KPUTHIHOL) 1 OTHOPI-
JTHOT MarHiTHOI CHPUITHITINBOCTI (/1T TeMIIepaTyp BHUIE KPUTHIHOI) TOPIBHIOBAJINCS
i3 pesysbTaraMu cuMyJisiiii MerogoM KBantoBoro Monte Kapso. O6uncienuit juna-
MIYHHII CTPYKTYpHUIT (paKTOp MOPIBHIOBABCA 3 €KCIIEPUMEHTOM 13 HEIpPYrKHIM pPO3Ci-
sIHHSIM HefTpoHiB jiutd criotyKn LusMosOsNs. Orpumanuit B nabimzkenni Tsbsikosa
JUHAMIYHUI CTPYKTYpHUI (haKTOp SKICHO MPABUIBLHO OINCYE eKCIIepUMEHTAIbHI JTaHi.

Tepmonamika kBanToBoro S = 1/2 antudepomarueruka [aiizenbepra Ha rpa-
TIi MPOXJIOPY PO3nsAianach B pamkax metoiay errporil [B. Bernu and C. Lhuillier,

Phys. Rev. Lett. 114, 057201 (2015)]. Ha ocHOBi BuCOKOTEMIIEpATYPHUX PO3BUHEHb
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JIO TPUHAJIIIATOTO MOPSIAKY 3a 00EPHEHOI0 TeMIIePaTyPOIO JJIst TEILJIOEMHOCTI Ta MarHi-
THOI CHPUIHATINBOCTI ITPOBOJIMJIACH IHTEPIIOJIAIIA 3a NPUITYIEHHs 1IPO PI3HI ClleHa-
pil HU3bKOTEMIIepaTypHOI MoBeAiHKN. HusbkoTeMmepaTypHa MOBeIiHKaA TEILIOEMHOCTI
3aJIC2KUTh BiJI CIIEKTPY HU3bKOEHEPreTUIHUX 30Y/:KEHb CUCTEMHU. Y BUITQJIKy Oe3IIli-
JITHHOTI'O CIIEKTPY TEIIOEMHICTL Mag CTelleHeBYy aCUMITOTUKY ¢ o 1'“, a y BUHIAJKY

~A/T Y pobori

CHEKTPY 13 HIIJIMHOIO — TEePMIYHO aKTUBOBAHY ACUMIITOTUKY C X €
JIOCJIJIZKYBaJIaCh 1HTEPIOJIsIIisl METOJIOM EHTPOIil st oduaBox BumaJkis. [Ipm jo-
CTYITHOMY TPUHAIIATOMY ITOPAIKY BUCOKOTEMIIEPATYPHUX PO3BUHEHL CAMOY3ro/IzKeHa
Iporeaypa B MeTOJli eHTPOIIil, 1modygoBaHa Ha aHaJIi3l HaHOLIBIIOI KIJIBKOCTI OJIM3b-
kux Ilajie anpokcuMaHT, Ja€ IiJcTaBU BBayKaTH, IO CleHaPiil O€3IIIIMHHOIO CIIEKTPY
OLJIBIN JIOCTOBIpHMIT 3 MOXKJIUBUMHU 3HAYEHHSIMU ITIOKA3HUKIB CTEIIeHEBOI aCHUMIITOTH-
Ki TerioeMuocTi o = 3/2, 2, 5/2. Temmeparypuuit npodins Temmoemuocti ¢(T') He
MICTUTH HU3BKOTEMIIEPATYPHUX OCOOJIUBOCTEN TUITY JOAATKOBOI'O MAKCHMYMY UM ILIE-
ya. OnHaK, MAKCUMYM TEIJIOEMHOCTI 3HAYHO 3CYHYTHil B 00J1aCTh HU3bKUX TeMIIepa-
typ T =~ 0.25 (B ogunuIsx oominuol B3aemo/il J). Taka moBe/iHKa CrIocTEpiracThest
0€3BiJHOCHO JI0 HPUIIYIIEHb IIPO CIEKTP HU3bKOEHEPreTUIHUX 30V KeHb. MarxiTHa
crpuitastinsicts X (1') mae mupokuit makcumym. s suadens yo = 0.08,...,0.1 (xo
€ 3HAYEHHsI MArHiTHOI cupuitHsTinBocTi pu T = 0) pe3ysbTaTi MeTOJy eHTPOIIl J10-
Ope y3ro/KYIOIThC 13 IAHUMEI CUMYJIAIINR MeToIoM Jiarpamaruanoro Monrte KapJio.

Knaodosi cioBa: JeKOpoBaHI JIAaHIIOXKKHM [3MHTA, MCEeBIOKPUTHYHA IIOBEIIHKA,
rpaTka IipoxJopy, MeToJ JABovdacoBux (yHkIiil ['pina, BHcoKoTeMIepaTypHi PO3BU-

HEHHdA, METOJI eHTPOIIII.



ABSTRACT

Hutak T.I. Thermodynamics of frustrated quantum spin systems. — Qualify-
ing scientific work on the rights of the manuscript.

Thesis for the Degree of Doctor of Philosophy on the speciality 104 — Physics
and Astronomy. — Institute for Condensed Matter Physics of the National Academy

of Sciences of Ukraine, Lviv, 2021.

The thesis is devoted to the study of the thermodynamics of the frustrated
quantum spin systems. Understanding of the observable properties of Mott insula-
tors requires understanding of the lattice spin models. When the exchange interac-
tions between the neighboring magnetic ions compete in such a way that a lot of
spin configurations have the same energy and there is no magnetic order, one faces
frustration. Frustration together with the quantum and thermal fluctuations can
lead to appearance of new unexpected macroscopic properties. On the other hand,
analysis of such systems is a difficult task due to the absence of reliable analytical

and numerical methods for the frustrated quantum spin systems.

Some one-dimensional decorated (frustrated) Ising models show peculiar low-
temperature behavior for particular sets of model parameters (intersite exchange
interactions and magnetic fields), see e.g., L. Gélisova and J. Strecka, Phys. Rev. E
91, 022134 (2015). At some finite temperature, the values of the first derivatives of
the free energy, namely, the internal energy and the entropy, exhibit a very steep rise
and fall behavior. At the same time, the second derivatives of the free energy such
as the specific heat and the magnetic susceptibility as well as the correlation length
reach abnormally large values. However, the free energy and the above mentioned
thermodynamic functions remain continuous functions of the temperature. Such
an unexpected low-temperature behavior was coined the pseudo-transition and the
corresponding temperature was coined the pseudocritical temperature. Such sys-
tems show a power-law behavior in the vicinity of the pseudocritical temperature
(but not at the pseudocritical point) characterized by quasicritical exponents which

contradict well-known scaling relations. To reveal the reason for the emergence
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of pseudo-transitions, we consider a number of decorated one-dimensional systems.
Namely, the two-leg ladder Ising model with trimer rungs, the spin—1/2 Ising-XY Z
diamond chain, the double-tetrahedral chain of localized Ising spins and mobile
electrons, and the spin—1/2 Ising—Heisenberg double-tetrahedral chain.

After a decoration-iteration transformation, the effective Hamiltonian for the
two-leg ladder Ising model with trimer rungs becomes the simple two-leg rail-road
Ising ladder Hamiltonian with the temperature-dependent interactions J, (7') for
the interleg coupling. At some finite temperature 7, (pseudocritical temperature)
J1(T) vanishes: J,(T,) = 0. Effectively, this corresponds to a splitting of the
two-leg ladder into two independent Ising chains. For sufficiently small values of
the pseudocritical temperature (in the units of exchange coupling of the chain),
the traces of the simple Ising chain criticality at zero temperature and zero field
are clearly seen. Around the pseudocritical temperature (but not in the immediate
vicinity of the pseudocritical temperature) the model shows pseudo-critical behavior.
The correlation length follows a power law with the quasicritical exponent a =
o/ = 1 and the specific heat follows a power law with the quasicritical exponent
v=9"=3.

The decoration-iteration transformation for a number of considered deco-
rated classical-quantum chains leads to the simple Ising chain Hamiltonian with
the temperature-dependent exchange interaction and magnetic field. The effective
magnetic field vanishes at the pseudocritical temperature and, consequently, the
model corresponds to the simple Ising chain at zero magnetic field. Therefore, the
low-temperature peculiarities of the decorated Ising chains show up from the simple
Ising chain criticality at the zero temperature and field. Quasicritical exponents
of the decorated classical-quantum chains coincide with the ones obtained for the
two-leg Ising ladder. As a result, the reason for the peculiar low-temperature behav-
ior of some spin—1/2 decorated (frustrated) one-dimensional Ising models has been
revealed.

To study the influence of geometrical frustration on thermodynamics of a

three-dimensional quantum spin systems we consider a pyrochlore lattice. The py-
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rochlore lattice is the most frustrated lattice in three dimensions. The results for
the ferromagnetic and antiferromagnetic quantum S = 1/2 Heisenberg model should
be compared to the corresponding results for the unfrustrated model on a simple
cubic lattice. Both lattices are indistinguishable at the mean-field level having the
same number of nearest neighbor sites z = 6. The comparison between thermody-
namic observables allows to illustrate the effect of geometrical frustration at finite
temperatures.

Thermodynamic and dynamic properties of quantum S = 1/2 ferromagnetic
Heisenberg model were studied by the double-time temperature-dependent Green
functions method within the random phase approximation. The equations of motion
were decoupled at the first step. Such approximation yields already a description
beyond the mean-field theory level. The spin-wave spectrum is renormalized by the
order parameter (magnetization) which in turn satisfies a self-consistent equation.
The value of the critical temperature T, and the temperature dependence of the
magnetization in the ferromagnetic phase and the magnetic susceptibility in the
paramagnetic phase were found from the analysis of the self-consistent equation for
magnetization. We compare the magnetization and the specific heat (for the temper-
atures below the critical one) and the magnetic susceptibility (for the temperatures
above the critical one) with the results of quantum Monte Carlo simulations. The
dynamic structure factor was compared with inelastic neutron scattering data for
LusMooO5Ns material and a satisfactory agreement has been found.

To study the thermodynamics of the quantum S = 1/2 antiferromagnetic
Heisenberg model we used the entropy method [B. Bernu and C. Lhuillier, Phys.
Rev. Lett. 114, 057201 (2015)]. The interpolation between high temperatures
(based on the 13-th order high-temperature expansion for the specific heat and
the magnetic susceptibility) and low temperatures according to different scenarios
for the low-energy excitation spectrum has been made. The low-temperature de-
pendence of the specific heat is determined by the nature of low-energy excitation
spectrum of the system. In the case of gapless spectrum, the specific heat follows

a power-law behavior ¢ o< T, whereas for the gapped spectrum, the specific heat



8

is thermally activated, i.e., ¢ < e ®/T. The interpolation within the framework of
the entropy method was made for both cases. We apply a self-consistent procedure
within the entropy method based on the largest number of coinciding Pade approx-
imants to analyze the thermodynamic observables. For the available order of the
high-temperature expansion, the assumption of the gapless spectrum is more robust
with the best results for the exponent a = 3/2, 2, 5/2. The specific heat ¢(T")
does not have any extra low-temperature features like a peak or shoulder. However,
the location of the main maximum is significantly shifted to lower temperatures
T ~ 0.25 (in the units of the exchange coupling J). This behavior is independent
of the assumed type of low-energy excitations. The magnetic susceptibility x(7)
has a broad maximum. For the value xo = 0.08,...,0.1 (o is the susceptibility at
T = 0) the entropy method results agree well with the diagrammatic Monte Carlo
simulations data.

Keywords: decorated Ising chains, pseudo-critical transitions, pyrochlore lat-
tice, double-time Green function method, high-temperature expansion, entropy

method.
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