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A B S T R A C T

A simple model for the formation of the polymer-enzyme conjugates has been proposed and described using corresponding modification of the Wertheim’s first-

order thermodynamic perturbation theory (TPT) for the system of associating chain molecules. A set of computer simulation data for the polymer chains containing 
various number of functional groups was generated and used to testify the accuracy of the theoretical results. Predictions of the present theoretical approach are 
more accurate than that of the conventional TPT and are in a very good agreement with the computer simulation data. In particular, the theory is able to account 
for the difference in the position of the polymer functional groups along its backbone.
1. Introduction

The application of enzymes in chemical industry is of great inter-

est and is constantly developing. This is primarily because of unique 
catalytic properties of enzymes, which allow them to be considered as 
an environmentally friendly alternative to many traditional toxic and 
hazardous chemistry based technologies. One of the areas of such ap-

plication is converting cellulose biomass into biofuel. The enzymatic 
biocatalysis is pivotal in the production of first and second genera-

tion bioethanol from cellulose using a mixture of different types of 
enzymes, the so-called cellulases (endocellulases, cellobiohydrolases, 
beta-glucosidases) [1]. Such kind of enzymes are involved in the process 
of cellulose hydrolysis, where they synergistically break polysaccharide 
chains into monosaccharide and oligosaccharide molecules, from which 
ethanol is subsequently produced by fermentation. Despite the attrac-

tiveness of this approach, there is still the problem of efficiency and 
commercial viability of this technology [2]. A number of strategies ex-

ists to increase a catalytic efficiency of enzymes [3]. One of the most 
promising approaches is immobilization of enzymes on scaffolds [4–8]

like polymers [9], nanoparticles [10] and microgels. For instance, it 
was found that the synthetic enzyme-polymer conjugates mimicking 
natural cellulosomes can exhibit a sufficiently higher catalytic activ-

ity in cellulose hydrolysis when compared to the dispersions of totally 
free enzymes [5–7,9]. This, obviously, indicates a higher synergy level 
between enzymes constrained into groups. Moreover, the enzymes cap-

tured on scaffolds can be more easily retrieved for the subsequent reuse. 
It was also observed that enzymes in complexes with brush-like poly-
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mers have a higher thermal stability [11,12]. We propose the very basic 
coarse-grained model to describe a mixture of enzyme globules and 
multifunctional polymer chains and report theoretical and computer 
simulation study of the corresponding conjugation process in a system. 
Brush copolymers are mimicked by the linear flexible chains of spher-

ical beads with the side chains accounted for implicitly. It is assumed 
that some of the polymer blocks can bear functional groups specific to 
active sites (patches) located at enzyme molecule, which can bind to 
the polymer by affinity interactions [5,13]. Enzyme globules are repre-

sented by the hard spheres with one active site (patch). Although the 
model is rather simple and contains relatively small number of the po-

tential model parameters, it is still enough general to capture the key 
features enabling one to describe the immobilization process of enzymes 
on polymer scaffolds. It is also conforms to the common understanding 
of the modeling of the binding processes, which occur between proteins 
and polymers and discussed in a number of experimental [11,14–17]

and theoretical [18,19] studies. Simplicity of the model enable us to 
develop theoretical approach, which can be successfully used to de-

scribe effects due to the difference in the number and distribution of 
the functional groups along the polymer backbone. We note in passing 
that currently the theory, which is able to generate sufficiently accurate 
results for the model at hand, is not available.

In this study we are focused on the development of the model 
and its theoretical description in the context of the polymer-enzyme 
conjugation process. Keeping this goal in mind we extend and ap-

ply the first order multi-density thermodynamic perturbation theory 
(TPT) in combination with multi-density integral-equation theory of 
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Wertheim [20–22] and perform detailed computer simulation study of 
the model. Our theoretical and computer simulation results are com-

pared and the accuracy of the theoretical predictions is examined. The 
models similar to the one suggested here have been used earlier to de-

scribe effects of aggregation and association in the surfactant systems, 
alkanols, organic acids, aminoacids, etc (see [23–27] and references 
therein). In these studies the constituents of the system were mod-

eled by the associating totally flexible chains of spherical Lennard-Jones 
(LJ) monomers (beads). Association similar to the one in the currently 
study occurs due to the off-center short-ranged square-well bonding 
sites (patches) placed on the surface of certain monomers. For the theo-

retical description the authors have been using TPT with the reference 
system represented by the fluid of the LJ monomers. The theory, be-

ing relatively successful in describing the models with bonding sites 
placed on the terminal beads of the chains, appears much less accu-

rate if bonding sites were located on the intermediate beads [28–30]. 
This drawback of the theory is due to the “single bond” approxima-

tion utilized in the TPT, i.e. bonding abilities of each of the sites of 
the monomer do not depend on the bonding state of the rest of the 
sites [20–22]. There are two possibilities to improve performance of 
the theory: to apply the higher-order approximations in the framework 
of the TPT or to use the better choice for the reference system. Unfor-

tunately, the former option is not much feasible, since it requires the 
application of the higher-order reference system correlation functions, 
which restrict practical application of this scheme for the second order 
case [22]. To achieve the higher accuracy using the low-order version 
of the TPT in many cases it is more efficient to stick with the former op-

tion. This route was undertaken in [31–37] to account for the effects of 
changes in the system excluded volume upon association. In this study 
we propose to use the reference system represented by the fluid of non-

associating chain molecules. Somewhat similar approach was used to 
correct TPT predictions for the low-density behavior of the equation of 
state for the chain fluids [38,39]. However, to the best of our knowledge 
this idea has not been used for the description of the associating chains, 
in particular when association occurs at the intermediate monomers of 
the chain. In addition, in the majority of these studies, the properties 
of the reference fluid were calculated using the fit of the corresponding 
computer simulation results. Here description of the reference system 
is carried out analytically, using solution of the multi-density Ornstein-

Zernike (OZ) equation supplemented by the associative Percus-Yevick 
(APY) approximation [40–42]. We refer to this version of the TPT as to 
the modified TPT (mTPT).

The paper is organized as follows. First, in Section 2 we introduce 
the general model, which can be tackled by the developed theory and 
applied, in particular, to the problem stated above. Then, we present 
the theory itself in Section 3. Technical details of computer simulation 
performed in this study can be found in Section 4. The obtained results 
are discussed in Section 5 and concluding remarks are provided in the 
last Section 6.

2. The model

We start with the two-component mixture of flexible chain molecules 
consisting of tangentially bonded hard-sphere monomers of different 
size. Both components are, in general, polymer chains and may con-

tain both ordinary (blue in Fig. 2) and adhesive (red and green in 
Fig. 2) monomers. Adhesive monomers bear single off-center attractive 
square-well site (patch) representing a functional group, which is ran-

domly located on the surface. This site-site attractive interaction is valid 
only between the sites, which belong to the chains of different type. In 
the limiting case of the latter component represented by only one func-

tional monomer this model reduces to the model of polymer-enzyme 
mixture. In mimicking this case we would like to stress that both real 
polymeric scaffolds and enzymes are macromolecules with many con-

formational degrees of freedom, where binding sites can change their 
position in relation to other constituents due to the conformational 
2

changes (see Fig. 1). This effect is accounted for in this model in an 
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Fig. 1. Sketch of molecular brush block copolymer (top) and its coarse-grained 
representation with enzyme molecules (bottom).

Fig. 2. The models of brush block copolymer scaffolds and enzymes consid-

ered in this study. Red circles denote polymer beads bearing the functional 
group (yellow spot), blue circles – generic polymer beads, green circles – en-

zyme molecules with the functional group (orange spot).

effective way, by representing an average shape of the macromolecu-

lar groups by spheres and allowing diffusion of the active site on their 
surface. The pair potential acting between the monomers is

𝑈𝑎𝑖𝑏𝑗
(12) =𝑈

(ℎ𝑠)
𝑎𝑖𝑏𝑗

(𝑟) +𝑈
(𝑠𝑤)
𝑎𝑖𝑏𝑗

(12), (1)

where 𝑎(𝑏) denote the type of the chain and 𝑖(𝑗) denote the type of the 
monomer belonging to the chain of the type 𝑎(𝑏),

𝑈
(ℎ𝑠)
𝑎𝑖𝑏𝑗

(𝑟) =

{
∞, for 𝑟 ≤ 𝜎𝑎𝑖𝑏𝑗
0, otherwise

, (2)

𝑈
(𝑠𝑤)
𝑎𝑖𝑏𝑗

(12) ≡𝑈
(𝑠𝑤)
𝑎𝑖𝑏𝑗

(𝑧) =

{
−(1 − 𝛿𝑎𝑏)𝜖𝑎𝑖𝑏𝑗 , for 𝑧 ≤ 𝜅

0, otherwise
, (3)

𝑧 is the distance between the square-well sites, 𝜎𝑎𝑖𝑏𝑗 is the hard-sphere 
diameter, 𝜖𝑎𝑖𝑏𝑗 and 𝜅 are the square-well depth and width, respectively. 
The indices 𝑎 and 𝑏 each take the values 1 and 2, and the indices 𝑖
and 𝑗 take the values 1, … , 𝑛𝑎 and 1, … , 𝑛𝑏, respectively. Here 𝑛𝑎(𝑛𝑏) is 
the number of the monomers in the chain of the type 𝑎(𝑏). The system 
number density is 𝜌 = 𝜌1 + 𝜌2, where 𝜌1 and 𝜌2 are the number density 
of the chains of the type 1 and 2, respectively.

3. Theory

Following Wertheim [20,21] we assume that Helholtz free energy 
𝐴 of the mixture at hand can be written as a sum of Helmholtz free 
energy of the reference system 𝐴𝑟𝑒𝑓 and corresponding contribution due 
to bonding Δ𝐴𝑏𝑜𝑛𝑑 , i.e.
𝐴 =𝐴𝑟𝑒𝑓 +Δ𝐴𝑏𝑜𝑛𝑑 , (4)
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where the reference system is represented by the original two-

component mixture of hard-sphere chain molecules with 𝜖𝑎𝑖𝑏𝑗 = 0 and 
for Δ𝐴𝑏𝑜𝑛𝑑 we have

𝛽
Δ𝐴𝑏𝑜𝑛𝑑

𝑉
=

2∑
𝑎=1

𝜌𝑎

[
𝑛𝑎∑
𝑖=1

(
ln𝑋𝑎𝑖

− 1
2
𝑋𝑎𝑖

)
+ 1

2
𝑛𝑎

]
. (5)

Here 𝑛𝑎 is the number of the square-well sites located on the chain 
molecule of the type 𝑎 and 𝑋𝑎𝑖

is the fraction of the molecules of the 
type 𝑎 with nonbonded square-well site on the monomer of the type 𝑖. 
These fractions satisfy the mass action law type of the relation

𝑋𝑎𝑖

2∑
𝑏=1

𝜌𝑏

𝑛𝑏∑
𝑗=1

𝑋𝑏𝑗
𝐾𝑎𝑖𝑏𝑗

+𝑋𝑎𝑖
− 1 = 0, (6)

where 𝐾𝑎𝑖𝑏𝑗
characterizes the association between the sites 𝑖 and 𝑗 of 

the chains of the type 𝑎 and 𝑏. According to Wertheim’s TPT 𝐾𝑎𝑖𝑏𝑗
is 

represented by the integral of the product of Mayer function 𝑓 (𝑠𝑤)
𝑎𝑖𝑏𝑗

(12) =

exp (−𝛽𝑈 (𝑠𝑤)
𝑎𝑖𝑏𝑗

(12)) − 1 and corresponding pair distribution function over 
configurational space of the two particles. We assume the following 
approximation for 𝐾𝑎𝑖𝑏𝑗

:

𝐾𝑎𝑖𝑏𝑗
= 4𝜋

𝜎𝑎𝑖𝑏𝑗
+𝜅

∫
𝜎𝑎𝑖𝑏𝑗

𝑟2𝑓 (𝑠𝑤)
𝑎𝑖𝑏𝑗

(𝑟)𝑔(𝑟𝑒𝑓 )
𝑎𝑖𝑏𝑗

(𝑟)𝑑𝑟, (7)

where 𝑔(𝑟𝑒𝑓 )
𝑎𝑖𝑏𝑗

(𝑟) is the monomer-monomer pair distribution function, 

𝑓
(𝑠𝑤)
𝑎𝑖𝑏𝑗

(𝑟) is the orientationally averaged monomer-monomer Mayer func-

tion

𝑓
(𝑠𝑤)
𝑎𝑖𝑏𝑗

(𝑟) =
(1 − 𝛿𝑎𝑏)𝐹

(𝑠𝑤)
𝑎𝑖𝑏𝑗

6𝜎2
𝑎𝑖𝑏𝑗

𝑟

(
𝜅 + 𝜎𝑎𝑖𝑏𝑗

− 𝑟

)2 (
2𝜅 − 𝜎𝑎𝑖𝑏𝑗

+ 𝑟

)
(8)

and 𝐹 (𝑠𝑤)
𝑎𝑖𝑏𝑗

= 𝑒
𝛽𝜖𝑎𝑖𝑏𝑗 − 1. Our approximation is based on the observa-

tion that due to the short-range character of the square-well potential 
𝑈𝑎𝑖𝑏𝑗

(12) the only configurations, which give nonzero contribution to 
the integral 𝐾𝑎𝑖𝑏𝑗

are those when two sites (𝑖, 𝑎) and (𝑗, 𝑏) are located 
at a distance of 𝑟 ≤ 𝜅. For this distance the Mayer function takes the 
constant value, i.e. 𝑓 (𝑠𝑤)

𝑎𝑖𝑏𝑗
(12) = 𝐹

(𝑠𝑤)
𝑎𝑖𝑏𝑗

and 𝐾𝑎𝑖𝑏𝑗
can be approximated us-

ing expression (7). This approximation is verified by the comparison 
between theoretical predictions and computer simulations.

3.1. Description of the reference system

Thermodynamic properties of the reference system can be calcu-

lated using first-order thermodynamic perturbation theory (TPT) of 
Wertheim [21,22]. For the Helmholtz free energy of the reference sys-

tem we have

𝛽
𝐴𝑟𝑒𝑓

𝑉
= 𝛽

𝐴ℎ𝑠

𝑉
−

2∑
𝑎=1

𝜌𝑎

𝑛𝑎−1∑
𝑖=1

ln𝑦(ℎ𝑠)
𝑎𝑖𝑎𝑖+1

(𝜎𝑎𝑖𝑎𝑖+1 ), (9)

where 𝑦(ℎ𝑠)
𝑎𝑖𝑏𝑗

(𝑟) is the hard-sphere cavity correlation function. The frac-

tions 𝑋𝑎𝑖
can be obtained from the solution of equation (6) provided 

that the value of the integral 𝐾𝑎𝑖𝑏𝑗
(7) is known. To simplify calcula-

tion of this integral we assume that the Mayer function 𝑓 (𝑠𝑤)
𝑎𝑖𝑏𝑗

(𝑟) can be 
approximated by the Dirac delta-function, i.e.

𝑓
(𝑠𝑤)
𝑎𝑖𝑏𝑗

(𝑟) = 𝑇𝑎𝑖𝑏𝑗
𝛿(𝑟− 𝜎𝑎𝑖𝑏𝑗

), (10)

where

𝑇𝑎𝑖𝑏𝑗
= 𝜎−2

𝑎𝑖𝑏𝑗

𝜎𝑎𝑖𝑏𝑗
+𝜅

∫ 𝑟2𝑓 (𝑠𝑤)
𝑎𝑖𝑏𝑗

(𝑟)𝑑𝑟. (11)
3

𝜎𝑎𝑖𝑏𝑗
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Now for 𝐾𝑎𝑖𝑏𝑗
we have

𝐾𝑎𝑖𝑏𝑗
= 4𝜋𝜎2

𝑎𝑖𝑏𝑗
𝑇𝑎𝑖𝑏𝑗

𝑔
(𝑟𝑒𝑓 )
𝑎𝑖𝑏𝑗

(𝜎𝑎𝑖𝑏𝑗 ), (12)

where the contact values of the radial distribution functions (RDF) 
𝑔
(𝑟𝑒𝑓 )
𝑎𝑖𝑏𝑗

(𝜎𝑎𝑖𝑏𝑗 ) can be calculated using analytical solution of the polymer 
Percus-Yevick ideal chain approximation for heteronuclear hard-sphere 
chain fluids [40–42]

𝜎𝑎𝑖𝑏𝑗
𝑔
(𝑟𝑒𝑓 )
𝑎𝑖𝑏𝑗

(𝜎𝑎𝑖𝑏𝑗 ) =
𝜎𝑎𝑖𝑏𝑗

1 − 𝜂
+ 1

4

𝜌𝑠𝑛𝜎𝑎𝑖
𝜎𝑏𝑗

(1 − 𝜂)2

+ 1
4(𝜂 − 1)

𝜎𝑏𝑖

[(
1 − 𝛿𝑗1

) 𝜎𝑏𝑗−1

𝜎𝑏𝑗𝑏𝑗−1

+
(
1 − 𝛿𝑗𝑛𝑏

) 𝜎𝑏𝑗+1

𝜎𝑏𝑗𝑏𝑗+1

]

+ 1
4(𝜂 − 1)

𝜎𝑎𝑖

[(
1 − 𝛿𝑖1

) 𝜎𝑎𝑖−1

𝜎𝑎𝑖𝑎𝑖−1

+
(
1 − 𝛿𝑖𝑛𝑎

) 𝜎𝑎𝑖+1

𝜎𝑎𝑖𝑎𝑖+1

]

+
𝛿𝑎𝑏

8𝜋𝜌𝑎

[
(1 − 𝛿1𝑖)(1 − 𝛿2𝑖)
𝜎𝑎𝑖𝑎𝑖−1

𝜎𝑎𝑖−1𝑎𝑖−2

𝛿𝑖𝑗+2 +
(1 − 𝛿𝑖𝑛𝑎

)(1 − 𝛿𝑖𝑛𝑎−1)
𝜎𝑎𝑖𝑎𝑖+1

𝜎𝑎𝑖+1𝑎𝑖+2

𝛿𝑖𝑗−2

]
. (13)

Here 𝜂 = 𝜋∕6 ∑𝑎 𝜌𝑎
∑

𝑖 𝜎
3
𝑎𝑖

and 𝑠𝑛 = 𝜋∕𝜌 ∑𝑎 𝜌𝑎
∑

𝑖 𝜎
2
𝑎𝑖

.

4. Computer simulation details

Computer simulation of the model of polymer-enzyme mixture (see 
Fig. 2) was performed by the method of molecular dynamics (MD) 
at constant volume and temperature using LAMMPS software package 
(version 30Nov2020) [44]. To control the temperature during the sim-

ulations the Langevin thermostat [43] is applied by introducing friction 
𝐹𝑓 and stochastic 𝐹𝑟 force terms:

𝐹𝑓 = −𝑚∕𝛾𝑣, 𝐹𝑟 ∝

√
𝑘𝐵𝑇𝑚

𝜏𝑑𝛿𝑡
, (14)

which are mutually related through the fluctuation-dissipation theorem 
and depend on the damping time 𝜏𝑑 (relaxation time).

Since force fields in the MD simulations require continuous pair 
potentials, the square-well and hard-sphere potentials needed in our 
theoretical model are substituted by their continuous analogs. For the 
square-well interaction (3) acting between functional sites of the poly-

mer and enzyme, the original LAMMPS code was extended by imple-

menting the force field [45], which introduces the continuous square 
well (CSW) pair potential:

𝑢csw(𝑟) = −1
2
𝜖csw

[
1 − tanh

(
(𝑟− 𝑟w)

𝛼

)]
. (15)

In contrast to [45], we use more steep square well shape of 𝑢csw by 
choosing 𝛼 = 0.001𝜎. The radius of attractive well was chosen 𝑟w =
0.12𝜎, the cutoff radius was 0.17𝜎, and the attractive well depth 𝜖csw was 
defined as the energy unit. With these parameters the shape of 𝑢csw(𝑟)
closely reproduces the conventional square-well potential (3). The po-

sitions of all functional sites are restricted to the external surfaces of 
their host beads by constraining their separation from the respective 
host center using the SHAKE algorithm with the tolerance 0.0001. Sizes 
of all beads in the polymer and size of enzyme molecules were taken 
equivalent and set to 𝜎, which was used as the unit of distances in our 
simulations. The hard-sphere pair interaction between particles (2) was 
substituted with the pseudo-hard sphere pair potential (PHS) using the 
repulsive part of the cut and shifted (50,49)-Mie potential as it was sug-

gested in [46,45]:

𝑢phs(𝑟) =
⎧⎪⎨⎪⎩
50

(
50
49

)49
𝜖phs

[(
𝜎

𝑟

)50
−
(
𝜎

𝑟

)49
]
, 𝑟 <

50
49𝜎

0, 𝑟 ≥ 50
49𝜎

(16)

Since we considered two different temperatures in our study, i.e. 𝑇 ∗ =
0.12 and 𝑇 ∗ = 0.09, parameter 𝜖phs of PHS potential was rescaled respec-
tively as 𝜖phs = 𝜖csw𝑇
∗∕1.5, where 𝑇 ∗ = 𝑘𝐵𝑇 ∕𝜖csw was the temperature in 
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Table 1

Number density of polymer chains taken in each of the 
models, 𝜌𝑝 .

C2 C3 C4 C5 C7 C13

0.016 0.015 0.014 0.013 0.012 0.009

reduced units. The intramolecular interactions within polymer chains 
were modeled by the harmonic bonds 𝑢bond(𝑟) = 𝐾(𝑟 − 𝑟0)2 with the 
spring constant 𝐾 = 160.0𝜖csw∕𝜎2 and the equilibrium distance 𝑟0 = 𝜎. 
The non-bonding interactions 𝑢csw and 𝑢phs were not take into account 
between the nearest adjacent beads belonging to the same polymer 
chain.

The timestep for the velocity Verlet integration of the equations of 
motion in our simulations was chosen as 𝛿𝑡 = 0.0001𝜏 and the Langevin 
damping parameter was set to 𝜏𝑑 = 0.1𝜏 , where 𝜏 = (𝑚𝜎2𝜖−1csw)

1∕2 was 
the time unit. The small timestep guaranteed a stable binding process 
between polymer and enzyme molecules, which was noticed in our pre-

liminary runs to be vulnerable at larger timesteps due to the steep pair 
potentials and very short 𝑟w used in the model.

All simulations of polymer chains and enzyme molecules were per-

formed in the cubic box of the same size 𝐿 = 50.0𝜎 with the periodic 
boundary conditions applied. A number of particles varied depend-

ing on the number densities of polymer and enzyme molecules taken 
in our study (see Table 1). The maximum number of enzymes (about 
15000) was considered in Model C13. The maximum number of poly-

mer chains (2000) was chosen in Model C2, and the minimum of them 
was in Model C13 (1154). For each set of parameters the simulations 
were done in three stages. First stage was used to thoroughly mix en-

zymes with polymers to lose a trace of the initial system, and it was 
achieved during a short period of 106 simulation steps without patches 
activated. At the second stage the patches were activated and the sys-

tem was equilibrated during the period required to reach a saturation 
of bonds creation, which was typically 200 ⋅ 106 steps. The third stage 
contained production runs and it lasted 300 ⋅ 106 simulation steps. Dur-

ing the production runs all necessary data were collected at every 10000
steps and averaged.

5. Results and discussion

To illustrate application of the TPT developed above and to system-

atically access its accuracy we consider the model represented by the 
two-component mixture of the polymer chain molecules and enzyme 
monomers i.e. 𝑎 = 1 and 𝑎 = 2, respectively (see Fig. 2). The chains rep-

resenting polymer scaffolds consist of 13 hard-sphere beads of the size 
𝜎 with a certain number of the beads bearing functional groups. These 
beads are distributed along the chain backbone uniformly and symmet-

rically. Enzyme molecules are represented by the hard spheres of the 
same size 𝜎 and one functional site per each sphere, which can conju-

gate to the polymer functional group due to the square-well attractive 
potential. We have studied the models with 2, 3, 4, 5, 7 and 13 polymer 
beads bearing functional sites and denote them as C2, C3, C4, C5, C7 
and C13, respectively (see Fig. 2). The width and depth of the square-

well site-site interaction was chosen to be 𝜅 = 0.119𝜎 and 𝜖𝑎𝑖𝑏𝑗 = 𝜖 and 
we consider two temperatures: 𝑇 ∗ = 𝑇 ∕𝜖 = 0.09 and 𝑇 ∗ = 0.12.

In Fig. 3 (top panel) we show our results for the average number 
of bonds per number of polymer functional groups 𝜉𝑝 = 1 − 𝑋21 for 
all six types of model at the constant packing fraction of the system 
𝜂 = 𝜋∕6(𝜌𝑒 + 13𝜌𝑝)𝜎3 = 0.126 and at the fixed ratio 𝜌𝑒∕𝜌𝑝 = 𝑘𝑝, where 
𝑘𝑝 is the number of beads of the chain with functional groups, 𝜌𝑝 = 𝜌1
and 𝜌𝑒 = 𝜌2. With this choice of the densities the number of enzyme 
molecules are equal to the total number of polymer beads with the 
functional groups in the system. At higher temperature (𝑇 ∗ = 0.12) one 
can observe a slight increase of the fraction of bonded enzymes with 
increasing the number of functional beads per chain. At lower temper-
4

ature (𝑇 ∗ = 0.09) this increase is more pronounced, however only up to 
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Fig. 3. Top panel: Average number of bonds per number of enzyme molecules 
for models C2, C3, C4, C5, C7 and C13 at 𝑇 ∗ = 0.09 (red boxes), 𝑇 ∗ = 0.12 (blue 
boxes) and at the fixed packing fraction 𝜂 = 0.126 when the total number of 
polymer functional groups in the system are equal to the number of enzymes, 
i.e. 𝑛𝑒 = 𝑛𝑝𝑘𝑝 (𝑘𝑝 – number of patches per polymer chain, 𝑛𝑒 and 𝑛𝑝 – number 
of enzyme and polymer molecules, respectively). Bottom panel: Average num-

ber of bonds formed with the selected polymer functional groups per number 
of enzyme molecules (for 𝑛𝑒 = 𝑛𝑝𝑘𝑝), where each functional group index corre-

sponds to its serial number at polymer molecule (𝑇 ∗ = 0.09). (see Fig. 2). Here 
filled red circles and red crosses, connected by the red dashed line, represent 
results of the TPT, red crosses connected by the red solid line and black filled 
circles connected by the solid black line represent results of the mTPT. All the 
rest of the symbols represent computer simulation results.

7 functional beads (Model C7). With further increase of the number of 
functional beads (Model C13) the fraction of bonded enzyme particles, 
calculated using LD simulation, remains unchanged. On the other hand, 
theoretical calculations show further increase of 𝜉𝑝. Thus, while at the 
higher 𝑇 ∗ the probability of bonding does not depend much on the num-

ber of functional beads on the polymer chain, at the lower temperature 
it is seen that at large 𝑘𝑝 the enzyme molecules begin to partially block 
each other upon bonding to nearby beads.

In general, predictions of the mTPT are in a good agreement with 
computer simulation results, except that theoretical predictions for 
the model C13, where mTPT overestimate the value of 𝜉𝑝. This is to 
be expected, since neither mTPT nor TPT is able to account for the 
blocking effects mentioned above. Results of the conventional TPT are 
substantially less accurate. In the same figure (Fig. 3, bottom panel) 
we present the average number of bonds connected to the particular 
functional bead on the polymer chain per number of such beads, i.e. 
𝜉𝑝𝑖

= (1 −𝑋1𝑖 ), 𝑖 = 1, … , 13. One can observe a substantial difference in 
the fraction of enzymes bonded at the terminal (crosses) and middle 
(circles) beads of the polymer chain. The difference between fractions 
of enzymes bonded to the different beads inside the chain is minor. 
Again, mTPT results are accurate here and in particular the theory is 
able to reproduce the difference in bonding abilities of the terminal 

and middle beads of the chain. Due to the choice of the reference sys-
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Fig. 4. Number of bonds per number of polymer functional groups 𝑋𝑝 vs number density of enzyme molecules 𝜌𝑒. On the panels (a), (b), (c) and (d) we show results 
for the models C2, C4, C7 and C13, respectively. Here solid and dashed lines represent results of the mTPT and TPT, respectively and symbols stand for computer 
simulation results. Calculations were carried out at 𝑇 ∗ = 0.09 (red lines and symbols) and 𝑇 ∗ = 0.12 (black lines and symbols).
tem, represented by the hard-sphere fluid, TPT gives equal values for 
the fraction of bonded beads regardless of their position in the chain 
(red crosses and red filled circles in Fig. 3 coincide) and corresponding 
predictions are much less accurate in comparison with mTPT predic-

tions. According to the ideal chain approximation, used to calculate the 
structure properties of the reference system, the contact values of the 
RDF between the enzymes and the middle beads of the polymer chain 
are equal [47]. As a result, fraction of bonded non-terminal beads pre-

dicted by mTPT is the same regardless of their position in the chain. 
This assumption of the theory is consistent with the undertaken com-

puter simulation results.

Next we have studied the system at fixed densities of the chain 
molecules 𝜌𝑝 and different densities of the enzymes 𝜌𝑒 in the range of 
0 −0.18 and two values of the temperature, 𝑇 ∗ = 0.09 and 0.12. The den-

sity of the polymer chains were chosen to be different for each model: 
(see Table 1). Our theoretical (mTPT) and computer simulation (sym-

bols) results are shown in Fig. 4. In addition, we include results of the 
conventional TPT approach (TPT), which is based on the application of 
the hard-sphere reference system. One can observe a very good agree-

ment of our mTPT predictions with the data of computer simulations. 
On the contrary, the theoretical results of the unmodified version of the 
TPT are much less accurate.

Finally it is worth noting that the major goal of our study is to 
present and verify theoretical description of the course grained version 
of the model for the polymer-enzyme conjugates formation. Parameters 
of the model have not being suited to any specific enzyme and/or poly-

mer, we are using here certain generic values. However, in a subsequent 
papers we are planning to apply the theory developed to study forma-

tion and properties of the conjugates formed by specific polymer and 
enzyme molecules. Potential model parameters will be obtained either 
coarse-graining atomistic force-fields or adjusting theoretical results to 
5

corresponding experimental data.
6. Conclusions

We propose a theoretical description for the formation of polymer-

enzyme conjugates using a simple model of two-component mixture 
consisting of flexible hard-sphere chains of polymer bearing a num-

ber of uniformly arranged functional groups and hard-sphere enzyme 
molecules with a single specific site able to conjugate to these groups. 
Depending on the grafting density of functional groups on the polymers 
and the polymer-enzymes composition, different number of enzymes 
can bind to the polymer scaffolds at different places. The model pro-

posed is very simple and include relatively small number of the poten-

tial model parameters. The values of these parameters can be adjusted 
and the model can be used to describe specific enzymes and polymers. 
Theoretical description of the model was carried out using a corre-

sponding modification of the Wertheim’s first-order thermodynamic 
perturbation theory. To assess the accuracy of the theory we have gener-

ated a set of computer simulation data. Our analyses are focused on the 
abilities of the theory to correctly reproduce the number of the bonds 
created between enzyme molecules and polymer functional groups dif-

ferently located along the chain. We have shown that predictions of the 
present theory are in a very good agreement with corresponding com-

puter simulation and appears to be much more accurate than that of the 
conventional TPT approach. An important advantage of the developed 
theory is its simplicity and ability to provide a completely analytical 
description for the general case of any number of the functional groups 
at polymer beads and enzymes molecules as well as for different size 
ratios of them.
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