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The unified description of diffusion processes that cross over from a ballistic behavior at short times to normal
or anomalous diffusion (sub- or superdiffusion) at longer times is constructed on the basis of a non-Markovian
generalization of the Fokker-Planck equation. The necessary non-Markovian kinetic coefficients are determined
by the observable quantities (mean- and mean square displacements). Solutions of the non-Markovian equation
describing diffusive processes in the physical space are obtained. For long times, these solutions agree with the
predictions of the continuous random walk theory; they are, however, much superior at shorter times when the
effect of the ballistic behavior is crucial.
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1. Introduction

Although particle diffusion processes have been studied for about two centuries IE], there are still
some subtle issues that need to be faced at the present time. In this paper, we point out these subtle
difficulties and offer ways to overcome them.

The quantitative theory of diffusion processes begins in 1855 with the phenomenological solution
of the diffusion problem by Fick. Fick employed an empirical definition of the particle flux through the
surface of a subvolume (Fick’s first law) and the continuity equation which reflects the conservation of
particles. This combination results in the diffusion equation (the Fick’s second law) which defines the
time evolution of the probability distribution function (PDF) of particle concentration. The variance of
this PDF grows in time according to

(r’);~Dt, (1)

where D is the diffusion coefficient which in general depends on the particles and medium in which they
diffuse. The equation solved by the PDF is the classical diffusion equation

of(r,n) _8°f(r,0)
o P @

The solution of this equation with the initial condition

frt=0)=6(r), 3
where §(x) is the Dirac delta-function, reads

exp [-r?/(4D1)]

4
vaDt

frn=

© V. 1lyin, L. Procaccia, A. Zagorodny, 2013 13004-1


http://dx.doi.org/10.5488/CMP.16.13004
http://www.icmp.lviv.ua/journal

V. Ilyin, I. Procaccia, A. Zagorodny

This function is normalized to unity f;° f(r, £)dr = 1 and its variance agrees with equation (.

The first subtle difficulty that one needs to pay attention to is that this solution allows particles to
arrive at arbitrary distances from the origin in finite, and even infinitesimal time. Moreover, in many
cases, the processes that exhibit the law () for times larger than some time f., possess a different behavior
at short times, i.e.,

(r¥y; ~Dat?, for t<t. (5)

This behavior is referred to as “ballistic”. Recently, due to the development of the measuring equipment, it
has become possible to observe the ballistic motion and the transition to normal diffusion in accordance
with equation [ [B]. Therefore, the correct theory for the PDF should satisfy the two asymptotic limits
given by equation (B) and, in general, by equation (I) simultaneously.

The cure for both the infinite speed problem and for the ballistic regime in 1 dimension was proposed
by Davydov [IE], who introduced an explicit time interval ¢, of the mean free path. In his approach, the
diffusion problem is reduced to a solution of the well known telegraph equation (see, e.g., [13]). In con-
trast to the parabolic nature of Fick’s second law, the telegraph equation is of a hyperbolic type, resulting
in a propagation of the front of the PDF with finite velocity. However, we reiterate that it was stressed
in [12] that the telegraph equation is correct only in the one-dimensional case. The equivalent treatment
for 2 and 3 dimensional diffusion does not exist in the literature. One of the main results of this paper (cf.
section[5) is a way to achieve the same in dimensions higher than 1.

Another issue that needs to be discussed is that the classical diffusion law equation (@) is not univer-
sally obeyed in Nature. Since the classical work by Hurst ] on the stochastic discharge of reservoirs and
rivers, Nature has offered us a large number of examples of diffusion processes which are ‘anomalous’
in the sense that an observable X diffuses in time, so that its variance time dependence is

(AX?); ~Dgt%, £ 1, (6)

where a # 1. We expect a # 1 when the diffusion steps are correlated, with persistence for ¢ > 1 and
anti-persistence for a < 1 [B]. This law is usually valid only at long times and for ¢ < 7. we may again find
ballistic behavior. All the issues discussed above for classical diffusion reappear in the context of anoma-
lous diffusion, both in 1 and in higher dimensions. The bulk of this paper will deal with establishing the
methods to achieve a consistent theory for the PDF that is valid for all times.

As a preparation for more complex situations, in section [2l we review the telegraph equation that
regularizes all the issues raised above in 1 dimension. In section [3] we generalize the methodology of
the telegraph equation to Fokker-Planck equations with arbitrary non-local kernels in time. In the same
section we show how to relate this kernel to the observable mean square displacement of a diffusive
process. In the next section we turn to the Langevin equation for a guidance how to compute the mean
square displacement to uniquely determine the associated Fokker-Planck equation. In the next Section we
generalize the methods used in this paper to the 3-dimensional case taking into account hydrodynamic
interactions. The last section offers a summary and conclusions.

2. Review: the telegraph equation in 1 dimension.

In order to develop a diffusion model with possible finite speed of propagation, it is necessary to
simultaneously take into account the mean particle velocity ¢ and the time length . of the mean free
path 12). Then, the diffusion process is defined by the following equation

?f(r,t) af(r, 1 0% f(r, 1)
k=52 T o Pz

@)

where the diffusion coefficient D = ¢%¢..

In the limit #. — 0, the time evolution of the PDF is possible only if D # 0, e.g., the mean particle
velocity ¢ — oo. In this case, equation (2 is reduced to the classical diffusion equation (2) and the solution
of this equation with the initial condition @) is equation @). This solution is normalized to unity and its
variance agrees with equation (0.
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The delta-function initial condition can be considered as a limit of a sequence of continues functions,
for example

ox) = o}ggo o(x, ),
olx,a) = %e_“z"z. (8)
T

Comparing with equation (2) we conclude that normal diffusion is an inverted process to the limit defined
by equation (8), the initial delta-function spreads in space when time increases, keeping the center of mass
at rest at the origin.

In the limit f, — oo, equation (Z) transforms to the wave equation

62f(r, t) _ Zazf(r’ t)
o o ®

Its solution with the initial condition defined by equation (3) reads

fr,=6(ct-r). (10)

This solution looks as though the initial conditions propagate with the velocity ¢ without changing the
shape of the distribution.

For an arbitrary value of ., the solution of the telegraph equation is given by three contributions (see,
e.g., [IE] and the references cited therein)

fEn = e 8@-H+[fiED+fuEDn]0E-0). 11

Here, the two dimensionless variables are the normalized time 7 = ¢/f. and the normalized length ¢ =
r/v/Dt.. ©(x) is the Heaviside function. The variance of this distribution reads

=2[t-a-eM)]. (12)
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Figure 1. (Color online) The three contributions to the solution of the telegraph equation PDF [equa-
tion (1] for different time intervals 7 = 0.5, 1, 2, 4, 8. Propagating contribution is shown in panel
(a). The delta-function is graphically represented by narrow Gaussians [see equation (8)]. The functions
f1,11¢&,1)0(T = <) [see equations and (I4)] are shown in panels (b) and (c).
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This form clearly crosses over from ballistic to normal diffusion as 7 increases. The interpretation of the
three contributions is as follows: the first term corresponds to the damped ballistic propagation of the
kind defined by equation (I0). The next two terms exist only inside the compact region that expands with
the velocity c. The functions f7(,7) and f77(¢, 7) are given by

—1/2 1
fiten = 2B (2 e 2) (13)
and
bV
fn(f,T)=TeXp( 2 (2 ), 14

2 \/m

where I, (z) are the modified Bessel functions of the first kind. The asymptotic behavior of these functions
is defined by I, (2) ;—c ~ €xp(2)/ V27 z, therefore, in the long time limit 7 > 1, equation (TI) is reduced
to the solution of the classical diffusion equation given by equation @.

Various terms in the solution of the telegraph equation, equation (II), are shown in figure [T Phys-
ically, the first term describes the part of the initial mass of diffusers at the origin that shoots out as a
propagating solution which decreases exponentially in time, thus providing more and more mass to the
diffusive part of the transport process. The function f7(¢, 7)O(r — ¢) represents the spreading of diffusers
whose mass peaks at the origin without participating in the propagation of the first function. Note that
this solution is zero at ¢ = 0, but it is finite for any positive time. The third term f7;(£,7)©(7 —¢) is seen
to first increase in weight and in amplitude and later on to decrease. It stems from the existence of a
finitely rapid front that does not allow the unphysical infinite speed of propagation that characterizes the
solution @). Of course, the sum of the three contributions is normalized.

3. From the telegraph equation to the time-nonlocal Fokker-Planck
equation

In order to motivate the use of the Fokker-Planck equation with time non-local kernels, we rederive
the telegraph equation in the following way: let us begin with the continuity equation in the following

form:
of(r1) _ or(r, 1

15
ot or (15)
Here, I'(r, 1) is the particle flux. In its turn, this flux satisfies the equation ]
or(r,t I'(r,t)—To(rt
( ):_( ) —To( )’ (16)
ot tc
where I'y(7, t) is the same as the first Fick’s law
of(rt
rotr, 1) = —poL D A
0x
The solution of equation is given by 117,181
D f t—t'\ 0> f(r,t)
I'=—=|exp|-—— | ———=dr. 18
Ie f = ( Ic ) or? (18)
0

Substitution of this equation into equation yields the time nonlocal diffusion integro-differential
equation

t
ANy /
ortnn _ BfeXp(— ! )76 AULINY) (19)

ot I Ie or?
0

After time differentiation, this equation is reduced to the telegraph equation defined by equation (7).
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Observe now ] that equation is a particular case of the time-nonlocal Fokker-Planck equation,
of(rt 62 r, t
f( ) fW(t - )dt, 20)

where W (¢) is the kernel responsible for the non-Fickian behavior of the diffusion process. The Laplace
transform of the solution of this equation is given by ]

~ 1 ~ —
)= —— P (r,s/W(s), 21
G . (r,s/W(s)) 1)

where the function P(r, ) is the Laplace transform of the solution of the auxiliary equation with the same
initial condition

0 62

3 —P(rt= P(r, 1. (22)
which is identical with equation (). The Laplace transform of the solution corresponding to the initial
condition defined by equation (@) follows from equation @) with D =1

_ 2K
Blr,s) = \/;r(rmT(s)rl\’/f) (23)

where Kj,2(z) is the modified Bessel function of the third kind. Substitution of equation into equa-
tion @) yields the solution of equation

f( )_\/j r Kl/g(r\/s/W(s))

T ———\1/2 24)
W (r Vs1W(s))
The Laplace transform of an even moment of the distribution is defined by
(e 9)
(r*™Mys = ff(x, s)x*Mdx, m=1,2,.... (25)
Substitution of equation (24) into equation yields
W(s)™

2my  _

(ri"™ys=2mI'(2m) Rt (26)

For the moment of zero order, it is necessary to take into account that lim,,—o mI'(2m) = 1/2, therefore,
(r% =1/s, i.e., the normalization condition.
For the variance (m = 1), equation reads

W(s)
(r’ys=2——. @7
s

The kernel of the time-nonlocal Fokker-Planck equation is defined by the mean square displacement and,

therefore, [see equation (20)] the PDF is also defined by this quantity.

4. Determining the kernel from the Langevin equation

The conclusion of the last section is that in order to obtain the appropriate Fokker-Planck equation
for a given process, we need to determine the time dependence of the variance (r%);. One way to do so is
to measure this moment from experimental data. On the other hand, if this data are not available, or if
one wants to derive this information from the physics of the problem, another starting point can be the
generalized Langevin equation IB, H].
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The standard Langevin equation is Newton’s second law applied to a Brownian particle where the ran-
dom force acting on a particle is taken into account. As was shown in [@—Iﬂ], the generalized Langevin
equation is written in terms of a time non-local friction force:

t

2 !

%:—fy(t—t’)%dﬂmn, 28)
0

where R(t) is the random force component which is uncorrelated with the velocity that has a zero
mean (R(%)) = 0. The autocorrelation of the random force is related to the kernel in equation by
the fluctuation-dissipation theorem , ]:

ksT
(R(OR(1)) = B?Y(t— t'), (29)

where m is the mass of a particle. For the kernel of the kind y(#) = y¢d(¢), equation is transformed
to the standard Langevin equation. In the general case, the Fourier transform of the random force corre-
lation function is colored, for example cf. ]).

In dimensionless variables defined in the section [2] with the diffusion coefficient defined by D =
kgTt./m and 1/t. = f(;’o (t)dt, the Laplace transform of the mean square displacement follows from
equation (see, e.g., 1) and reads

(2, = (30)

s2[s+7(s)]
where the dimensionless kernel satisfies in the time domain f0°° y(r)dt = 1. One can see from this equa-
tion that if lim;_.o, 7(s)/s — 0, the function <<ff7) s ~ 1/s% and the mean square displacement exhibit the
ballistic behavior at short times @t ~ t2. The shape of the function ¥(s) at small s is responsible for
asymptotic behavior of the mean square displacement in the time domain.

Substitution of equation into equation (27) yields the kernel

W(s)

TS (31)

This equation settles the relation between the memory kernel of the time-nonlocal Fokker-Planck equa-
tion and the memory kernel of the Langevin equation.
The solution of equation given by equation (24) with the memory kernel defined by equation GI)

reads
. > Kz (&1/s[s+7(9)])
f&, 9= \/;5[S+)7(S)] - (32)
{cf s[s+)7(s)]}

Equation consists of two terms,

F&9)=¢[s+7(9)] P (Es[s+7(9)]), (33)
where
P(z) = \/% % (34)
The Taylor expansion of equation (34) is defined by
P(2) = :0 — 0:,, ¥(2) o 20)". (35)

For the modified Bessel function of the third kind

0" Ki2(vz)  (=1" Kijz4n(V2)
oz (ﬁ)l/z T on (\/2)1/2+n ’

(36)
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Equation defines that z = é25[s+7(s)] = 22 — €2 [7(s)/2]°, where zo = & {s+ [J(s)/2]}’, therefore,
equation reads

K y(s)/2 7(s) 12"
F(a) [ 1 Kiz+n €[S+V(f32+l) EF(s) 3
n= 0” E[s+7(9)/2]} 2v2
It is suitable to rewrite equation (33) in the followmg form
f&s) = r{[s+7/2] +7) /2P (r’s[s+7(9)])
= fi&9+[uEs. (38)
Taking into account that
me”?
Kij2(2) = \/g\/Z (39)
equation 37 can be written as
. - 7(s)/2]} = 1K 7(s)/2 7(s)]2"
Bz = 2P s‘[s~+y(s) Zi 1/z+n(f[8+y(f32+r]l) )" “0)
¢[s+7(9)/2] =1 P L [s+7(s)/2]} 2V2

Let lims—.o ¥(S) = yo. Under this assumption, the sum in equation asymptotically tends to zero and
the function defined by equation reads

$(2) _exp[—{(s+70/2)] 1)
sco E(s+y0/2)
and the function f; 1(&, s) from equation is given by
fins| =70 = [_Si(;:/g(’/z)] . (42)
The inverse Laplace transform of equation yields
fr1& 0=y "0 - 0. (43)

proceeding to limit lim;_.¢ f77(¢, T) = 0 shows that this contribution to the PDF has nothing to do with the
initial condition and is responsible for diffusion of injecting particles during the transport process.
The nonvanishing term in the function f;(z, s) in the limit of large s is defined by

fr(&,s) ~exp[—¢(s+7v0/2)]. (44)

Its inverse Laplace transform yields
fi&n=e125(x -0, (45)

Therefore, the part of the PDF under consideration which is responsible for the initial condition and the
further impulse propagation is contained in the first summand in equation (@8).

Now we can isolate from the PDF defined by equation the part corresponding to the diffusion
process of the particles which are lost by the propagating impulse

fae€,s) = f(&s)—exp[~E(s+7y0/2)]
D, 5)e*, (46)

where the function ®(r, s) is defined by equation and equation and reads

exp(—f{\/s[s+)7(s)]—s}) _exp(_m)‘
\/s[s+7(9)] 2

(47)

DE,s) = [s+7(9)]
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The inverse Laplace transform of equation @7) yields the diffusive part of the PDF in the time domain
faife(§, 1) = @S, T - §)O(T - &). (48)

The importance of this result is that the explicit Heaviside function takes upon itself the discontinuity in
the function fyi¢(¢, 7). The function ®(¢, 7 —¢) in the time domain is a continuous function. If it does not
have an analytical representation in a closed form, it can be evaluated numerically, for example using
the direct integration method ].

Summing together the results and (@8) in the time domain we get a general solution of the non-
Markovian problem with a short-time behavior, in the form

fEn = e M5 -+ T-HOT ). (49)

From this solution one can see that the diffusion repartition of the PDF occurs inside the spatial diffusion
domain which increases in a deterministic way. The first term in equation corresponds to the propa-
gating delta-function which is inherited from the initial conditions, and it keeps decreasing in time at the
edge of the ballistically expanding domain.

In order to estimate the PDF in the long time limit, it is necessary to suggest the form of the memory
kernel of the Langevin equation at small s. The reasonable choice is given by

Y(8)5~0 ~ s*71. (50)

One can see from equation that under condition s®*!' = s3 (i.e., @ < 2) the inverse Laplace trans-
form of equation yields the variance in the form of equation (€). Substitution of equation to
equation defines the Laplace transform of the PDF at small s

_r.al2
fie s = %. (51)

In the general case, the inverse Laplace transform of equation (51) is given by the Fox functions (see,
e.g. ]). For a =1 in the time domain, the PDF is defined by equation (@. For the special case « = 0, the
inverse Laplace transform of equation (51) is independent of time and reads

fO=e>. (52)

This result coincides with the PDF from llﬂ].
Below we demonstrate the application of the time-nonlocal approach with explicit examples.

4.1. Standard asymptotic diffusion

For ¥(s) = 1 in equation (31) the generalized Langevin equation is reduced to the standard one which
predicts the mean square displacement in the form of equation (I2). The memory kernel of the time-
nonlocal Fokker-Planck equation reads

W(s) = L. (53)
s+1

In this case, equation reads
Jaii(€, $) = D& we ™Y, (54)

where u = s+ 1/2, therefore, the inverse Laplace transform is given by
1
faie(§, 1) = €72 D&, 1~ O (1~ &), (55)

The function ®(&, u) for the particular case under consideration follows from the definition given by
equation @7)

D& w) =uVE u-1+ %‘P(E, u, (56)
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where

exp[—lfl(\/m—u)]‘

B R

(57)
From the initial value theorem, it follows that

Y(,r=0)

Jim w¥ (&, u)

exp{—|5| [u\/l—ll(4u2 —u]}
lim
u=co V1-1/(4u?)

Therefore, the inverse Laplace transform of equation is given by

=1, (58)

0 1

The inverse Laplace transform of equation (57) is given by llﬁ]

Y (¢, t)=10(%\/t2+25t), (60)

where Iy(z) is the modified Bessel function.
Substitution of equation into equation yields

1 1 Il(% LV t2+25t)
O, 1) == | (— 12+2 t)-‘r(t-i— ) ——| . (61)
an=g |5 Ve a0 =

Substitution of this equation into equation reduces the solution to the result for the telegraph equa-
tion given by equation (D).

The diffusion part of this solution [the sum of graphics shown in panels (b) and (c) in figure [ is
displayed in figure 2] As was discussed above in the long time limit, this part approaches the solution of
the classical diffusion problem given by equation (2). In order to measure how fast the convergence takes
place, it is convenient to estimate the time dependence of the kurtosis of the distribution defined by

@€h
K=——>— (62)
(¢2)?
0.25
0.2—\\
T~
= 0.151 \
b —\\ ~
ok
0.05-
% 1 2 3 4 5 6 7 8 108 102 101 1° 10 1
&
Figure 2. (Color online) The diffusion part of the PDF Figure 3. (Color online) The time dependence of the
defined by equation (1) for time intervals 7 =0.5, 1, kurtosis of the PDF corresponding to the memory
2,4,8. kernel defined by equation (G3).
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For the Gauss distribution « = 0, for the pure ballistic propagation x = —2, moments are defined by equa-
tion and for the kernel from equation (G3) the second moment is given by equation (I2). Calculation
of the fourth moment yields

(e =12[1*+6(1-e")-27(3+e77)]. (63)
The kurtosis calculated with these moments is shown in figure [3l At short times, the propagation is
ballistic with the following transition to the standard diffusion during a large time interval.
4.2. Anomalous diffusion

In order to join the short time ballistic and long time anomalous regimes [see equation (@) and equa-
tion (301, the Laplace transform of the memory kernel of the Langevin equation can be defined by

a-1
Y =Q2-a)———. 64
Y()=2-a) 1 +5ad (64)
It follows from this equation that

Yo=2—-« (65)

and, therefore, the singular part of the PDF is given by

1 32-a)

fi1(&, f=gexp|l-——1 6(¢1-1). (66)

The diffusion part of the PDF was estimated numerically and is presented in figure[4l The corresponding
kurtosis is shown in figure[5l

0.35

(@ N (b)
.4 [~ 4
0.3f b ™
03s;_|
0.25} E ™~
0.3 \
— 02 = 025~
= = o
B wp \
& &
s Ml e S
/ 0151
0.1
L1 d / 01
0.05f
LA+ 0.05f
0 0 -
(] 1 2 3 g 5 6 7 8 (] 1 2 3 g 5 6 7 8
0.8 .
(c)
0.7 1
0.6
05}
P
=
W 04
=
03
0.2f
0.1
0
0 1 2 3 g 5 6 7 8

Figure 4. (Color online) The diffusion part of the PDF defined by the memory kernel of the Langevin
equation [see equation (64)] for different values of the parameter a. Superdiffusion [a = 3/2, panel (a)],
regular diffusion [a = 1, panel (b)] and subdiffusion [@ = 1/2, panel (c)]. Time intervals from the top to
the bottom 7 =0.5, 1, 2, 4, 8.

13004-10



Fokker-Planck equation with memory

[ = o-0
— o=1/2
- oa=1
— 0=3/2
—_— =2

Figure 5. (Color online) The time dependence of the kurtosis of the PDF corresponding to the memory
kernel defined by equation (&4).

In a different way, the kernel of the time-nonlocal Fokker-Planck equation can be defined by the mean
square displacement given in the time domain. In [14] this quantity was proposed in a form interpolating
the short time ballistic and long time anomalous behavior

(t/ 1)

Ar?), =2Dgtf —————,
Brie=2Daty e

(67)

where 0 < @ < 2 and {j is the crossover characteristic time, at ¢t < fy, the law describes the ballistic
regime and at ¢ > fj the fractional diffusion.

w0l (a)t (b) |

1,0
~

|

0.7

0.6

0.5

0.4

1,

o 7

03

0.2

01F

of
~
w

Pt

Figure 6. (Color online) The diffusion part of the PDF corresponding to the mean square displacement
given by equation for different values of the parameter a. Superdiffusion [a@ = 3/2, panel (a)], regular
diffusion [a = 1, panel (b)] and subdiffusion [a = 1/2, panel (c)]. Time intervals from the top to the bottom
7=05,1,2,4,8.
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10 12
t
Figure 7. (Color online) The time dependence of the kurtosis of the PDF corresponding to the mean square
displacement defined by equation €7).

Introduce now dimensionless variables ({2)1 = (Arz)t/(ZDa t(‘)") and 1 = t/ty. With these variables,

the last equation reads

2

2
= 68
= T (68)
The Laplace transform of equation is given by
&, = (——1) [(a 1)(——2)+s]—r(a 1,5, (69)
where I'(q, s) is the incomplete gamma function. At large s equation can be written as
(&2) 2 2
20| 2 2 (70)
kT |—ow S 82

Substitution of equation into equation yields the estimation of the asymptotic value of the mem-
ory kernel y¢ = 3(2 — a) which defines the time evolution of the singular part of the PDF. The results of
numerical calculations of the diffusive part are shown in figure[g]

The time evolution of the kurtosises of these distributions is displayed in figure (@.

The reader should appreciate the tremendous role of memory. The ballistic part which is represented
by the advancing and reducing delta-function sends backwards the probability that it loses due to the
exponential decay seen in figure[T] panel (a). Thus, the diffusive part of the PDF is replenished with time
and asymptotically approaches the Markovian distribution. The speed of convergence and the evolution
of the PDF shape depends on the interim behavior of the mean square displacement (or, which is the
same, of the memory kernel of the Langevin equation).

5. Hydrodynamic theory of the time-nonlocal diffusion

5.1. Memory kernel

The friction force acting upon a spherical particle has been derived in , 30] (the modern discussion
can be found in [31]) and is given by

oo 3|31 péu(t) f Ou(r)
Fy(t)=-2nR Rzu(t) 3 a1 \/ N ) (71)

where F5(f) is the friction force, R is the particle radius, and p and 7 are the density and viscosity of
the solvent. Substitution of this force into the Langevin equation yields the fractional equation, and the
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Laplace transform of the memory kernel can be found in a straightforward way 132]. For simplicity in-
stead of this approach we will use the results obtained [@] for the mean square displacement.
A system with hydrodynamic memory has two characteristic times

9 My

Tp=——, 72
R=357 (72)
where M is the mass of a solvent particle, S = 6z7R is the Stokes friction coefficient and
M+ M/2 1 M
Tp=———=—|142—|7TR. (73)
S 9 M

One can see from equation that 7¢ > 0. Therefore, it is reasonable to introduce dimensionless vari-
ables T = t/7r and B = Tr/7Tp. Then, the projection of the mean square displacement onto one of the axis
reads

(AX*(1)) = 2Drp{r—2(ﬁr/n)1/2+(ﬁ_1)
1 | . 1 g2,
—e"erfc(a) VT) - —e® erfc(az VT) | ¢, (74)
a1 —a2 | aj a;

where D is the diffusion coefficient, erfc(z) is the complimentary error function and coefficients a; and

ay are given by
1 I P
(XLZZE(\/7+ ,6—4). (75)

The dependence of the coefficients @; and a2 on the parameter § is shown in figure 8

o= . . . : 1
~.. — % — p=0
0.8} ROV a0y | 0.9 — B=3
- e B=0 — B4
L h H
0.6 \. m p=3 O8] — p=9
0.4 \ A B=4 | 0.7f
) * PB=9
0.2 v 2 oost
3 ~ NA
0f el e s s e s e s s e s e - -* 0.5-
E <
-0.2 - 1 *’vf’ 0.4F
-0.4 ] 03r
06 1 02f
08 ] 0.1
-1 L L L L 1 0 L L
0.5 1 15 2 25 [1] 5 10 15
Re o T
Figure 8. (Color online) Dependence of coefficients Figure 9. (Color online) Time dependence of the
a1,2 on the parameter £. mean square displacement for different values of

the parameter f [(¢(1)?) = (x?(1))/ (2D7p)].

At short times 7 < 1, the mean square displacement is given by the Taylor expansion of equation (74)

2 _ 2J1_8 vz oo
(Ax*(1)) = 2Dtpt {2 15(/31/71) +6(/3 Dt
+l—6(,61/7r)1/21+i[/3(/3—3)+1]12+---}. (76)
105 24

One can see that the mean square displacement defined by equation corresponds to the ballistic
motion.
In the long time limit, the mean square displacement is given by

12[f-2 (B-1(B-3) }

77
VIT 21713 an

(sz(‘[)) = 2DTFT{1 _2(,6/7[-[)1/2 + ? 3 (ﬁ/ﬂ)
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equation (77 agrees with the standard diffusive.
On can see in figure (8) that there are a few particular points.

1. B=0, (M =0). Substitution of this value of the parameter 8 into equation yields a1 = +iand
equation (74) is reduced to equation (I2).

2. =3 (M = M;). In this case, a; » = (1/(3) Fi)/2 and the mean square displacement is defined by the
error function of complex argument.

3. B =4 (M/Ms =5/8). Substitution of § = 4 into equation yields aj(2) = 1. It follows from equa-
tion (74) that

lim (x?*(1))=2D1F

ar—az=1

1—6\/§+3+(21—3)ererf0(\/ﬂ : (78)

4. f=9(M=0).In this case, the real parameters a;» = (3F V5)/2.

The mean square displacements for different values of the parameter g listed above are shown in
figure[@ The hydrodynamic interaction results in time delay of the mean square displacement. The larger
is the value of the parameter S, the slower is the convergence to the asymptotic limit.

It is necessary to note that the predictions of equation arein a good agreement with experimental
data [E]

The Laplace transform of the mean square displacement given by equation (74) reads

—— 2
(AL2(8) = —— (79)

s2(s+1+ /Bs)

therefore, the memory kernel of the Langevin equation is given by

F(s)=1+ \/E . (80)

Substitution of equation to equation (31D yields the kernel of the time-nonlocal Fokker-Planck equa-
tion with due regard for hydrodynamics effects

W(s) = . (81)

s+1+/Bs

5.2. Probability density function

Solutions of the telegraph equation in higher than one dimension were considered in [@] and it was
shown that the result is unphysical, in some regions the PDF becomes negative. Nevertheless, a reason-
able PDF in explicit form was obtained for two-dimensional systems within the framework of a persistent
random walk model [@]. Therefore, the possibility to describe the high dimension diffusion process with
finite speed of propagation using the time-nonlocal approach is an open question.

In the general case, equation reads in dimensionless units

af (E 7)

fW(r T)Aqf (&, 1hdr, (82)

where d is the space dimension and the Laplace operator is given by

1 410 0% d-14

5 ot —F— (83)
¢-rogt ot og2 ¢ o¢
For pure ballistic propagation, the kernel in equation is defined by W(7) = 1. The time derivative of
equation with this kernel yields d-dimensional wave equation

0*f(&,7)
072

Ag =

—Adf(f, T) =0. (84)
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It is clear that the propagation of the ballistic impulse is specified by the function

6(r-¢)
5d1

where the normalization condition is defined by fg’o f& ¢ d‘ldg‘ = 1. Nevertheless, this function is the
solution of equation (84), i.e., the one-dimensional case only; for higher dimensions, the solution differs
from the function defined by equation (85), turning negative in some regions. This is the source of the
failure of the telegraph equation for d > 1. Substitution of equation into equation yields

f&,)= , (85)

(a2 Ad)(S(r—f)_d—l(a d—2)6(f-<f) (86)

— - = —+
or? rd-1 ¢ loe™ & ) g1
Therefore, we can suggest that the auxiliary equation which corresponds to equation should be given

by

af(&,1) 62f(€r) ,d-10f¢7) ([d-Dd-2)
ot o4& & aé &2

f& ). 87)

The Laplace transform of equation reads

PfEs) d-10f&s) [d-1@d-2) =
oez +2 q + 5 -s|f&,s)=0. (88)
This equation can be reduced to the Bessel equation [@] and its normalized solution is given by
~ K;
@9 = \/7 grakinlEvs) (89)

1/2
(€V5s)
The inverse Laplace transform of equation yields the PDF in the time domain
—&2/(47)
e
€ =—="""—. (90)
f¢ ﬁf 7

The PDF given by this equation differs from that of standard diffusion. Nevertheless, the second moment
of this function is in agreement with equation (@) and the kurtosis of this distribution is given by x = 3.
We suggest that the time-nonlocal Fokker-Planck equation should be given by

afif,r)

j}VU ™2f (& 1)d7, (o1

where the operator 9 is defined by

0° d-10 (d-1)(d-2)

P=——+2 —+ . 92
A A TR 2
The formal solution of equation follows from equation and equation (3T)
- Ky (f S[S+}7(S)])
f&s) = E [s+7(9)] : (93)

(5 [s+§7(s)])1/2

This equation is similar to equation to within the coefficient which depends on &. Therefore, the
nonvanishing part of the PDF for d = 3 and the memory kernel defined by equation is given [see

equation (@0) and equation (4] by
1+ /
—r(s+ T‘Bs)] . (94)

fi&,9) =

5 €xp

5
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(@) 57“““‘(b):

25 3 3.5 4
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Figure 10. (Color online) The PDF defined by equation for + =0.5,1,2,4. Panel (a): B = 3; Panel (b):
B =4;Panel (c): =9

For 8 = 0, the inverse Laplace transform of this equation yields the damped impulse propagation corre-
sponding to equation (85). In a general case, the inverse Laplace transform of equation reads

1 g | Bexp{-pE*I116(T -1}
f1¢, 1= ° \/; e . (95)

In the limit 7 — 0, the function defined by equation tends to three-dimensional delta-function,
i.e., the initial condition of the problem under consideration. In infinitesimal time, the delta-function
due to hydrodynamic interactions becomes smooth and the PDF is free from the singular contribution.
Therefore, there is no need to pull out the ballistic contribution from the full PDF, and the solution of the
problem is given by

fE1) =0, 1-¢0(T-9), (96)
where the inverse Laplace transform of the continuous function is
~ 1/2 1/2
dE,s) = [1+1/s+(/3/s)“2] exp(—|5|.s{[1+1/s+(/3/s)”2] —1}). @7

This can be estimated numerically. The results of calculations for different values of the parameter 8 are
shown in figure Note that a similar ballistic peak of the PDF was observed in simulations of the test
particle transported in pseudoturbulent fields [36]. The kurtosis of the PDF for different values of the
parameter § are compared in figure [Tl

6. Conclusion

The strategy followed in this paper is to construct a time-nonlocal Fokker-Planck equation which
reproduces the time dependence of the mean square displacement of an underlying process throughout
the time domain. It should be stressed that the same mean square displacement may correspond, in
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Figure 11. (Color online) The time dependence of the kurtosis of the PDF corresponding to the memory
kernel defined by equation (&1D.

general, to different models for the time-dependence of the PDF. Thus, the predictions of the time non-
local Fokker-Planck approach should be compared to experimental data for the PDF to assess its scope
of validity and the quality of the approximation. The advantage of the proposed model is that it can deal
with diffusion processes that cross-over from a ballistic to a fractional behavior when time increases
from short to long values, respectively.

The general one-dimensional solution demonstrates the effect of the temporal memory in the
form of a partition of the probability distribution function inside a growing spatial domain which in-
creases in a deterministic way. The approach provides a solution that exists at all times, and, in particu-
lar, is free from the instantaneous action puzzle. An extension of the employed approach to higher spatial
dimensions is used to study the implications of hydrodynamic interactions on the shape of the PDF. It is
shown that singular ballistic contribution to the PDF is smoothed out during the propagation. The expan-
sion given by equation (37 splits the Laplace transform of the PDF into two parts. One part is the ballistic
part which is the solution of an inhomogeneous differential equation in spatial variable with the initial
condition of the problem. The second one is the diffusion part, which solved the homogeneous equation
and is zero at the initial time. In its turn, the diffusion part is divided again into a few terms which cor-
respond, in general, to different auxiliary equations. Therefore, each diffusion term in s-space can be
multiplied by a coefficient C(s) so that the normalization condition and the mean square displacement
are preserved. Moreover, there is a freedom of modelling here, and this freedom has not been exhausted
in this paper. Further analysis and comparison with experimental systems are necessary to nail down
the various options of modeling different physical realizations. This research will be the subject of the
coming publications.
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PiBHAHHA PoKepa-MnaHKa 3 naM’'ATTIO: KpocoBep Bipj,
6anictuuHoro Ao AndysiiHoro npouecy B 6aratoyacTUHKOBMUX
cMcTemax i HeCTUCHUX cepefoBMLLAX

B. InbiHY, I. Mpokauuidl, A. 3aropogHiif?
1 Biggin ximiuHoi ¢izvikn, Haykosuii IHcTnTyT Baliumana, 76100 Pexosor, I3paink
2 IHCTUTYT TeopeTnyHoi ¢isnkm im. M.M. boronto6osa HAH YkpaiHu, 03680 Kuis, YkpaiHa

Ha ocHOBi HeMapkiBCbKOro y3aranbHeHHs piBHAHHA Pokepa-MaaHka 3anponoHoBaHO Miaxig 40 06'eAHaHOro
onuncy AnQysiiiHNX NPOLLeCiB, AKWIA AO3BONSE PO3rAAATH AK 6aNiCTUUHNI PeXnM Ha Manux yacax, Tak i aHo-
ManbHy (Cy6- abo cynep-) audysito Ha BeANKMX YacoBUX iHTepBanax. BcTaHOB/IEHO 3B'A30K HEMApPKIBCbKIMX Ki-
HeTUYHNX KoediLieHTIB 3i cnocTepexxyBaHUMK BeNYMHaMK (CepeAiMn Ta cepeHbOKBaAPATUYHUMU 3MilLie-
HHAMM). OTpMMaHO PO3B'A3KK, WO ONMCYOTh ANdY3iliHi npouecn y ¢GisnuyHoMy npocTopi. lna BeNnknx yacis
€BOJIIOLLIT BOHW Y3rofpKyroTbCs 3 pesy/bTaTamyi Teopii HenepepBHUX B Yaci BUNAaAKOBUX BayKaHb, a Ha Manux
Yacax onucytoTb 6aniCTUUHY ANHAMIKY.

KntouoBi cnoBa: HemapkiBcbki poyecy, 4pobosa Anysis, 6anicTudHi epektn
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