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This article gives a contemporary and to some extent pedagogi-
cal review of the current theoretical understanding of the formation
of the superconducting state in metallic systems with a variable den-
sity of carriers. We make an attempt to describe the crossover from
the Bose-Einstein condensation type (small densities) to the Bardeen-
Cooper-Schrieffer one (large densities). The functional methods are
used throughout the treatment. Most of the results are considered
in a review form for the first time. Some of them (in particular, the
possible opening of a pseudogap) are used to explain the experimental
data avaliable for high-temperature superconductors.
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1. Introduction

1.1. The general formulation of the problem

It is well known that there are two fundamental limiting descriptions which
allow us to understand the equilibrium low temperature “superphenomena”,
such as superconductivity and superfluidity, in 3D systems:

i) The Bardeen-Cooper-Schrieffer (BCS) theory [1], in which the normal
state is a degenerate Fermi liquid that undergoes a cooperative pairing
(Cooper) instability at the temperature Tp. Here two processes, the for-
mation of Cooper pairs and their condensation (macroscopic occupation of
a single quantum state), occur simultaneously at the transition temperature,
TC3D - TP.

ii) The Bose-Einstein condensation (BEC) of bosons (see [2]) in another
single quantum state at the temperature Tz. In fact, these bosons (for in-
stance, “He) are tightly bound (composite) particles made up of an even
number of fermions. The bosonic particles are formed at some high temper-
ature Tp of their binding (dissociation). However, in contrast to the BCS
case, these “pre-formed” bosons condense only at T < Tp. The above-
mentioned single quantum states as well as an intermediate case, which we
will discuss below in detail, are usually described by an order parameter
which is homogeneous in the 3D case assuming that there are no external
fields.

Most, if not all, of the real 3D systems clearly fall into either category
i) or ii). For example, *He and essentially all metallic superconductors that
we now understand are Fermi superfluids described by the first category,
whereas “He is a Bose superfluid described by the second one.

Nevertheless, the general problem of the crossover (or interpolation)
from the BCS scenario of superconductivity with cooperative Cooper pairing
to the formation of composite (separate) bosons and their BEC has remained
of great interest for a long time. It is connected primarily with a deeper
understanding of the phenomenon of superconductivity even for 3D systems
which are clearly closer to the BCS limit.

The significance of the problem increases when one tries to reduce the
dimensionality of space from 3D to 2D. In such a case the problem acquires
not only fundamental significance, but also practical importance. The lat-
ter, as we shall discuss below, is mainly related to the discovery of high-
temperature superconductors (HTSC) [3]. It is not the only reason for the
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widespread interest in the problem of the crossover. Even from the theoret-
ical point of view the 2D crossover is far more mysterious than the 3D one.
At the first glance the BCS limit with weak attraction and high fermion
density is completely different from the Bose limit with strong coupling and
low boson density. Indeed, the simplest BCS theory predicts a finite value of
T?P = T2P while the BEC is forbidden in 2D systems for massive bosons [2]

for which TAP = 0. This is the reason one might ask whether it is possible
to obtain a 2D crossover.

It is worthwhile to note here that by virtue of the Coleman-Mermin-
Wagner-Hohenberg theorem [4] a “super-behaviour” * with a homogeneous
order parameter (the latter related to breaking some continuous symmetry)
is not possible for pure 2D systems. This is due to the fluctuations of the
order parameter (in particular of its phase) destroying the long-range order
[5] (see also [6]). Therefore, the temperature TP of establishing a long-
range order has to be zero. The statement that T3P = 0 is in agreement
with this general theorem. In fact, the BCS result T2” does not contradict
these theorems if one remembers that as a rule the BCS theory presupposes
the mean field (MF) approach. Thus, it does not take into account any
fluctuations and the result only means that TMF(P) = T2D -£ (. while the
temperature T?P of actually establishing the long-range order is zero in this
case as well. Such a conclusion, however, results in a general question: how
can one study 2D models of superconductors with finite 7, values?

There are at least two ways to answer this question.

First, 2D models are only a mathematical idealization and any real system
must be at least quasi-two dimensional (quasi-2D). This immediately gives
T. # 0, although T, < TMF.

Second, there is another interesting possibility for 2D systems to pass into
the superfluid state at a temperature which is usually denoted by Tggr.
This corresponds to the so-called Berezinskii-Kosterlitz-Thouless (BKT)
phase transition. The BKT superfluid state has an inhomogeneous order
parameter and is therefore not forbidden by the above-mentioned 2D the-
orems. The formation of this state is quite different from the ordinary
superconducting transition and results in a new way of condensation (see
chapter 5).

The possibility for real systems to undergo the BKT transition crucially
depends on their spatial anisotropy. Thus, one should study both 2D and
quasi-2D cases.

Another important aspect of the crossover problem is related to the fol-
lowing unusual property of the HTSC compounds. Almost all the physical
characteristics of HTSC (T included) crucially depend on the itinerant car-
rier density. This means that the crossover in superconducting systems can-
not be studied without taking into account the changing delocalized fermion
density. We believe that many of the HTSC “anomalies” are caused by the
unusual (two-stage) formation of the superconducting state in 2D and (very
probably) quasi-2D systems with an arbitrary carrier density [9].

Hopefully, this short introduction has convinced the potential readers
that the superconducting condensate formation at different densities of in-
teracting fermions (in particular, in the BCS and Bose limiting cases) de-
serves a separate review.

L “Super-behaviour” refers to 2D ferro- or antiferromagnetism in the case of the
Mermin-Wagner theorem and to superfluid behaviour in Hohenberg’s theorem, while the
Coleman theorem is the field-theoretical generalization of the previous theorems (see [7]).
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1.2. History

The idea that composite bosons (or local pairs, as they are called) exist and
define the superconducting properties of metals is, in fact, more then 10
years older than the BCS theory. As early as 1946, a sensational communi-
cation appeared saying that the chemist-experimentator Ogg had observed
superconductivity in the solution of Na in NH; at 77K [10]. It is very in-
teresting that the researcher made an attempt to interpret his own result in
terms of the BEC of paired electrons. Unfortunately, the discovery was not
confirmed and soon both it and also his theoretical concept, were completely
forgotten (for details see [11]).

It is appropriate to note that the history of superconductivity has many
similar examples. Probably, this explains why Bednorz and Miiller named
their first paper “Possible high-7, superconductivity...” [3]. And even today
there appear many unconfirmed communications about room-temperature
superconducting transitions.

A new step, the development of the local pair concept, was taken in
1954 by Schafroth who, in fact, re-discovered the idea of electronic quasi-
molecules [12]. This idea was further developed in the Schafroth, Blatt and
Butler theory of quasi-chemical equilibrium [13], where superconductivity
was considered versus the BEC. Such a scenario, unfortunately, could not
compete with the BCS one due to some mathematical difficulties which did
not allow the authors to obtain the famous BCS results. Then the triumph
of the BCS theory replaced the far more obvious concept of local pairs and
their BEC by the Cooper ones and their instability which takes place in the
necessary presence of a Fermi surface, a finite density of states at the Fermi
level to be more precise. In contrast, for the local (i.e. separated) pairs the
formation is not in principle connected with this density of electronic states.
Also, unlike the local pairs, the Cooper ones are highly overlapping in real
space. Therefore, the Cooper pairing should be understood as a momentum
space pairing.

Later experiment reminded us of the local pairs. It was Frederikse et al.
[14] who found that the superconducting compound SrTiO; (7. ~ 0.3K) has
a relatively low density of carriers and, moreover, this density is controlled
by Zr doping. The first deep discussion of the possibility of the BCS-Bose
crossover and pairing above the superconductivity transition temperature
for a low density of carriers was carried out by Eagles [15] (see also his
relatively recent article [16]) in the context of SrTiOs.

Further history of the investigation of the BCS-Bose crossover has been
often cited in the current literature. So, we note only that the features of
3D crossover at T' = 0 were considered in [17], and its extension to finite
temperatures was first given by Nozieres and Schmitt-Rink [18].

The 2D crossover in superfluid *He was studied in [19], where very nat-
ural and convenient physical parameter ¢;, the bound pair state energy, was
first used.

The discovery of HTSC significantly stimulated the interest in the prob-
lem of the crossover and the related phenomena. There are many articles
dealing with its study and we can only mention some of them at this point
[20-31] (see also the recent excellent review [32] devoted to other aspects
of the BCS-Bose crossover, e.g. lattice models, time-dependent Ginzburg-
Landau theory, numerical study of the normal state crossover etc., which we
for this reason will not discuss here). We note only that some historical de-
bates are associated with the parallel (and generally speaking independent)
development of the macro- and microphysics of superfluidity and supercon-
ductivity, since their discoveries were touched upon by Ginzburg in his new
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extremely comprehensive survey [33].

1.3. Relevance to the high-temperature superconductors

As we have already mentioned the crossover problem appears to be relevant
to the general problem of understanding HTSC. Indeed, these supercon-
ducting compounds have some peculiarities which place them much closer
to the Bose or at least to the crossover region than the majority of low
temperature superconductors. We shall discuss the peculiarities in detail
here.

Certainly, it is necessary to point out right away that the crossover
phenomena do not (and cannnot) address the problem of the mechanism
for HTSC. The problem of HTSC itself is very difficult and controversial.
Nevertheless, the treatment of the crossover may shed light on some of the
features of HT'SC.

Almost all HTSC reveal the following common properties:

e a relatively low and easily varied density of itinerant (which appeared
owing to the doping) carriers;

e a 2D, or more exactly quasi-2D, character of conductivity and mag-
netism;

e the block structure of crystal lattices, i.e. from 1 to 6 superconducting
CuO, layers per unit cell.

Let us consider these items. The ground state of the copper-oxide based
materials forms due to the strong antiferromagnetic spin fluctuations in the
proximity of the metal-insulator transition (see review [34]). It seems plau-
sible that further doping of these materials results in the appearance of
weakly interacting (i.e. non-strongly correlated) itinerant carriers (holes).
However, the exact nature of the ground state including the strong electron-
electron correlations is, in fact, not yet established. The density n; of these
holes is not as large as in ordinary metals, so the mean distance between
them proves to be comparable with a pair size £, or a coherence length
2. This situation is significantly different from the conventional BCS the-
ory where parameter £, greatly exceeds the mean distance between carriers

which is ~ n}/ *. Experimentally the dimensionless value of k& (kp is the

Fermi momentum) which describes the ratio of the pair size and the distance
between carriers is about 5 — 20 for HTSC, while for the low-temperature
superconductors it is about 10* — 10* [20,34].

It follows from the above that the new materials are likely to be in an
intermediate regime between the Cooper pairs and composite bosons, at
least when the doping is not large and the value of T, is far from the highest
possible (optimal) one. Though there is some evidence [28] that HT'SC at
the optimal doping are closer to the BCS limit than to the Bose one.

Besides, because the coherence length is smaller than a lattice spacing in
the direction perpendicular to CuQO, planes (e-direction), the superconduc-
tivity in the copper oxides takes place mainly in the isolated CuO, layers (or
their blocks). This is the reason why pure 2D models of HTSC are commonly
accepted. Undoubtedly, these cuprate layers are connected, even if they are

2Tt is well to bear in mind that the coherence length, strictly speaking, is distinguished
from the pair size, especially at low carrier density (this question will be treated in sec-
tion 3.4).
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situated in different unit cells. The mechanisms for this connection (by co-
herent or incoherent electronic transport) are not yet known exactly. There
is no question, however, that one has to take into account the possibility
of different (for instance, direct or indirect) interlayer hoppings to develop
a full theory of HTSC. Therefore, strictly speaking, we need to consider
quasi-2D models of these superconductors. Moreover, as we have already
mentioned, it is necessary to extend the system into a third-dimension in
order to have a finite value for 7,. It can be seen from the anisotropy of
conductivity that the influence of the third-dimension varies strongly from
one family of cuprates to the other. For example, the anisotropy reaches
105 for the Bi- and Tl-based cuprates, while its value for YBaCu3Og4, s com-
pound is close to 102. Tt seems plausible that in the Bi(Tl)-compounds,
where the transport in the c-direction is incoherent, the scenario with the
BKT transition is more probable. In the Y-ones this transport is rather
coherent and the superconducting state, at least at high doping, has a 3D
character, with a homogeneous condensate which appears in the ordinary
way.

In general, it is now evident that, depending on the crystal anisotropy
(and/or the relationship between the intensity of e-transport and the doping
value) the quasi-2D systems can undergo two or even three phase transitions.
The first one is from the normal phase to another normal (with a pseudogap)
phase with a finite density of incoherent pairs. The second one is from the
latter phase to the BKT phase with an algebraic order. The third and final
one is from the BKT phase to the superconducting phase with a long-range
order. These possibilities will be discussed below.

The role of interplanar effects inevitably increases when the supercon-
ducting planes are situated in the same unit cell so that the carriers in the
adjacent layers are strongly coupled and can form interplanar pairs. This
possibility together with the concentration effects brings about the simul-
taneous existence of the Cooper and local pairs in the system [35].

1.4. Owutline

The remainder of this review is organized as follows. In chapter 2 we first
describe the model for studying the BCS-Bose crossover, especially in 3D
systems. Then, in section 2.2 we introduce in detail the functional integral
formalism which will be used throughout the paper. The rest of this chapter
is devoted to applying the methods developed to the 3D crossover.

The zero temperature 2D crossover is discussed in chapter 3. Consider-
able attention will be given to the effective potential (see also appendix A),
which allows one to obtain the main equations. The kinetic terms of the
effective action are obtained in section 3.4. This gives one the possibility
to investigate the dependencies of the coherence length and the penetration
depth on the carrier density.

In chapter 4 the quasi-2D crossover is studied.

Finally, the finite temperature 2D crossover is considered in chapter 5.
We describe how it proves necessary to modify the accepted methods in
order to consider the BKT phase formation (refer also to appendices B
and C) and its dependence on the carrier density correctly. An attempt to
explain some observable normal state anomalies of HTSC is also made.
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2. 3D crossover: critical temperature

It is most convenient for studying the crossover to start with a 3D case
where there is no problem with establishing a long-range order below T3P.
We shall mainly refer to paper [26] here (see also review [32]) in which the
corresponding results were obtained by applying the more appropriate in

this case functional integral formalism rather than to the original paper
[18].

2.1. Model

Let us introduce a continuum field model of fermions with an attractive
two-body interaction. Our goal is to consider how the critical temperature
T3P changes as a function of attraction and to establish the main factors
which determine it in the BCS and Bose regimes.

The simplest model is described by the Hamiltonian density

H= () (V—2 1) o) = Vi@l @ @@, )

2m

where z = r, 7 (r is a 3D vector); 1), (z) is the Fermi field; m is the fermion
effective mass; o =1, | is the fermion spin; V' > 0 is the attraction constant.
The chemical potential p fixes the average density n; of the free (bare)
carriers. We choose units in which 7 = kg = 1 and the system occupies
volume v.

Since we want to describe the Bose regime in terms of its constituent
fermions, we have to allow the magnitude of the attraction V to be arbitrary.
In addition, we cannot use a simple BCS-like cutoff wp < er (usually wp is
the Debye frequency) since we must allow the possibility for all the fermions
to be affected by the interaction, not just for a small fraction (~ wp/ep)
in a shell around the Fermi energy ex. We shall thus study a dilute Fermi
gas in which the range of the attractive interactions can be characterized
by a shape independent parameter, the scattering length a, in three dimen-
sions. We shall describe in section 2.3 how the “renormalized” coupling a*
replaces “bare” V.

2.2. Formalism

As it was already noted, the functional integral approach, along with the
Matsubara thermal technique, is more appropriate for the problem that is
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being studied here and in subsequent chapters. Thus, let us consider the
formalism used.
First of all, introducing Nambu spinors for fermion fields [36] (see also

1)
o= ) Y@= (ve ww) e

one has to rewrite (2.1) in a more suitable form:

H = —0t(a) (% + M) 1 0(z) — VU (2)7, (@) T @) U(z),  (2.3)

where 73, 7. = (1, £i7y)/2 are Pauli matrices.
Now the partition function is expressed through the Hamiltonian (2.3)
as:

Z(v,u,T) = /D\I/D\I/T exp {— /Oﬂ dT/dr [ (2)0, ¥ (x) + H(r)]} ,

(2.4)
where 3 = 1/T and DUDUT denotes the measure of integration over the
Grassmann variables ¥ and W', satisfying the antiperiodic boundary con-
ditions: ¥(7,7) = —U(7 + B,7) and Ui(r,r) = —Ui(7 + 3, 7).

If it was possible to calculate the partition function (2.4) one could, in
principle, obtain all thermodynamical functions from the thermodynamical

potential
Qo,p, T) =T Z(v,u, T). (2.5)

Using now the auxiliary Hubbard-Stratonovich complex scalar field in
the usual way one can represent (2.4) in an equivalent form:

t . g |2 ()]
Z (v, 1, T) :/D\I/D\Il DODD* exp —/0 dT/d'r T—i—

o (z) [aj 7 (% + M) o B(z) — 7,8 (z) \Il(:v)] } . (2.6)

The main virtue of this representation is a nonperturbative introduction of
the composite fields ®(z) = VU (z)7,.¥(z) = Vz/)l(m)z/)l(m), O*(z) =
VUi (z)T_U(z) = Vb (x)h+(z) and the possibility to develop a consistent
approach. Specifically, the expression (2.6) turns out to be rather convenient
for studying such a nonperturbative phenomenon as superconductivity, for
example. In this case the complex Hubbard-Stratonovich field naturally
describes the order parameter arising due to the formation of the Cooper or
the local pairs. The average value of |®|(= A) is proportional to the density
of pairs, on the one hand, and determines the gap in the one-particle Fermi-
spectrum, on the other.

The integration over fermion fields in (2.6) can be done formally even
though ® and ®* depend on the spatial and temporal coordinates. Thus,
one obtains (formally exactly)

Z(v, 1, T) = /D@DQ)*exp[—ﬂQ(fu,,u,T,@(m),@*(m))], 2.7)
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where

1 8
BV, u, T, ®(x),d"(z)) = v/ dT/d’f' |®(2)]* — TrLnG ™" + TrLnGy'
0

(2.8)
is a one-loop effective action. This action includes in itself a series of terms
containing derivatives with respect to ®(z) and ®*(z). In the lowest orders
it corresponds to the Ginzburg-Landau effective action.

The operation Tr in (2.8) is taken with respect to the space 7, the
imaginary time 7 and the Nambu indices. The action (2.8) is expressed
through the fermion Green function which obeys the equation:

2

[—f@T + 73 <2V_m + u) +7_®(r,r) + 7. 9*(1,7)| G(,7) = 0(1)d(r) (2.9)

with the boundary condition
G(t+ p,r) =—G(T,7). (2.10)
The free Green function
Go(7,7) = G(T,7)|8,0+ u=0 (2.11)

in (2.8) is needed to provide regularization in the calculation of

Q(v, u, T, @, P*). The representation (2.7), (2.8) is exact, although to per-
form the calculation in practice it is necessary to restrict ourselves to some
approximation. Below we shall use the assumption, generally accepted in
the 3D case (and in some quasi-2D systems), that the approximation includ-
ing only quadratic (Gauss) fluctuations of the fields ®(z) and ®*(z) (about
their equilibrium values which now will also be denoted as ®) describes the
system quite well 3.

The thermodynamical potential  as well as the partition sum Z now
depend on ® and ®* which play the role of the order parameter. The
order parameter appears due to the fact that one uses the effective potential
Q(v, u, T, @, D*) instead of the exact potential Q(v, u, T). Thus, it becomes
necessary to write down additional equations which determine the values of
® and .

Moreover, in some cases it is sufficient to use the mean field approxima-
tion as it is done in the original BCS theory. Here, however, we include the
fluctuations, too. Therefore, we obtain

Z(’U, 22 T7 (1)7 (I)*) = exp[_ﬂont (Ua 22 T7 (1)7 (I)*)] X

D(AP)D(AD")exp | — ﬁdﬁ ﬁdTQ dry [ dryx
/ Jydn ]y dm fan |

B6*Q (P, d*)
A@* T, T A(I) To, T +
< (71,71) 0" (11, 71)0P (73, 72) ®,®*=const (o)
1 B2Q(D, D)
A®(1, 1) = AP(7y,75) +
(71,71) 260(1y,71)0P(72,72) ®,&*=const (72:2)
1 B8*Q(D, D)
AD* i Ad* 2.12
(11,71) 209 (11,71)0P* (72, 72) ®,d*=const (72) { )

3We note that this Gaussian approximation does not hold in the 2D case at T # 0
and, thus, we must modify it to analyze this case (see chapter 5).



140 V.Loktev, S.Sharapov

where
ont(va s Ta @7 (I)*) =

(% / dr |&(2)[]2 — TTrLnG ' + TTanG’01> (2.13)

$=*=const

is the mean field thermodynamical potential; A®(z) = &(z) — ¢ and
Ad*(z) = &*(x) — ®* are fluctuation deviations from the equilibrium value
of the order parameter.

In the present review we restrict our consideration of the fluctuations to
the critical line (& = ®* = 0) only. So, the partition function (2.12), after
integration over A® and A®*, acquires the form

Z(’U, Hs T) = eXp[_ﬂQDOt (’U, K, T.0, 0) - TanF_l]a (214)
where now
_ p*Q(P, D*)
T ! = =
(1) = 58 (.7)95(0,0) e
1
vé(T)é('r) + Tr[G(7, 7)T_G(—T, —7) 74|30+ =0 (2.15)

is the inverse Green function of the order parameter fluctuations.

To avoid possible misunderstanding, we shall write down the formulae
for the Fourier transformations which are used throughout the paper; they
connect the coordinate and momentum representations in the usual manner:

B8
Fliwn, k) = / dr / dr F(r,7) exp(iw,7 — ikr), (2.16)
0

—+oo
Frm=T 3 / %F(iwn,k)exp(—iwnT +iker), (2.17)
where w,, = 7T (2n + 1) are the fermion (odd) Matsubara frequencies and
d is the dimensionality of the space (keep in mind that in this chapter
d = 3). In the case of bosons the frequencies should be replaced by even
ones: 2, = 27nT.

For example, the Green function (2.9) has, in the momentum represen-
tation, the following form:

_éwnf +13é(k) -7 O — 7, D"
w;, + & (k) + @[ ’

where £(k) = e(k) — p with e(k) = k*/2m, and ® and ®* are already taken
to be constants.

G(iwn, k) = (2.18)

2.3. The mean field analysis
Substituting (2.18) into (2.13), one arrives at (see appendix A)
QDOt(va Hy Ta (Da (D*) =

) {|¢>|2 - / dk llncosh—ﬁ?(’“)”‘b'? _

v (27) 2T

21 [ (;Sd

¢(k)
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where d = 3.
The stationary condition

OQpor (v, p, TME B P*)
< = 2.2
5 0 (2.20)
S=¢*=0
results in the standard gap equation
£(k)
h . 2.21
V / o) 25 tanh o rar (221)

Here we use the notation TM¥ rather than 73", because €, describes the
system in the mean field approximation only. In such a case TM¥ does not
depend significantly on the dimensionality of the space. Besides, as it will
be seen, the value of TM¥ may significantly exceed T2 (or the temperature
of real condensation) in the strong coupling regime.

Before proceeding further, we need to describe how we regulate the
ultraviolet divergence in the gap equation (2.21). The idea is to replace the
bare V by the low energy limit of the two body T-matrix (in the absence of
a medium). In the 3D case we use the formula [32]

— = 2.22
47rots V / 2m)3 26 ( )

which defines the above-mentioned s-wave scattering length a,. As a func-
tion of the bare interaction, a,' increases monotonically from —oc for a
very weak attraction to +oo for a strong attractlve interaction. Above the
two-body bound state threshold in vacuum (a; ' = 0), a, in fact is the “size”
of this bound state with energy E, = —1/ma?. The dimensionless coupling
constant in the dilute gas model is then 1/ kFas, which ranges from —oo in
the weak coupling (BCS) limit to +o0o in the strong coupling (Bose) one.
Using (2.22) and (2.21) one directly obtains the equation for the intro-

duced transition temperature M in terms of the renormalized coupling
as:
m dk [ 1 £(k) 1
— = tanh — . 2.2
4ma, / (2m)? [2§(k) MNITME T 9c(k) (223)

There are two unknown quantities in this equation, TM¥

we need another equation

and p, and thus

1 anot(Ua H, TCJMFa éa é*)
v op

=Ny, (224)
S=P*=0

which, as it was already said, fixes the chemical potential for the given
density.

Note that unlike the BCS analysis in which one usually assumes that
i = €r (the non-interacting Fermi energy), in the crossover problem y turns
out to be a strongly dependent function of the coupling as one goes into the
Bose regime where all the particles are affected by the attractive interaction.
It directly follows from (2.24) and (2.19) that the number equation is given
by

mry _ [ _dk §k) 1 _
ng(u, T )—/(2703 [l—tanh ST =ny. (2.25)
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In the weak coupling limit, 1/kras — —oo0, we find from the system
(2.23) and (2.25) the well-known BCS result

8y s
M 6F7 c 7Te26F eXp 2kF|as| ) ( )

where v ~ 1.781.

The equations can also be solved analytically in the strong coupling
limit where, however, one observes that the roles of the gap and the number
equations are reversed: the gap equation (2.23) determines p, while the
number equation determines TM¥. In this limit 1/kra; — +oc and one
finds tightly bound (separate) pairs with the energy |Fy| = 1/ma? (and
|Ey| > €r). The non-degenerate Fermi system has here y =~ —|E;|/2 and
its TMF ~ |E,|/21In(|E,|/ex)?/?. But really such a system can be hardly
recognized as a Fermi system because all the fermions are bound in the
pairs, so (at least at rather small temperatures) they, in fact, form Bose
(local pair) system.

This unbounded growth of the “transition temperature” is an artifact of
the approximation and there is, in fact, no sharp phase transition at TM*
(outside the weak coupling where TMF = T3P ignoring the small effects
of thermal fluctuations). The point is that the mean field approximation
becomes progressively worse with the coupling increase: the effective po-
tential (2.19) at & = ®* = 0 can only describe a normal state consisting of
essentially non-interacting fermions.

While this is adequate for a weak coupling, in the strong coupling limit
unbound fermions exist in the normal state only at very high tempera-
tures. In this limit, where the system is completely non-degenerate, a simple
“chemical equilibrium” analysis (boson = 2 fermions) yields a dissociation
(pairing) temperature Tyisoe = |Eb|/In(|Fy|/er)?/?(~ Tp). We thus get
convinced that for a strong coupling TM¥ is related to the pair dissociation
scale rather than T2P (< TMF) at which the coherence is established. As it
will be seen below the temperature 7 has an evident physical meaning in
the 2D case: in the region Tgxr < T < Tp (further 7,) the system does not
have a condensate (superconducting state), but its one-particle spectrum
acquires some features (in particular, the pseudogap) of superconductivity.

2.4. Beyond the mean field approximation

As we have seen, the mean field thermodynamical potential (2.13) (or its
direct form (2.19)) cannot be used to assess the strong coupling limit. There-
fore, to achieve this limit we have to include the effects of the order parame-
ter fluctuations. It was already shown in section 2.2 that treating the fluctu-
ations at the Gaussian level is done by the partition function (2.12). It allows
one to incorporate the fluctuation into both the gap (2.20) and the number
(2.24) equations by adding the fluctuation correction to Qpe (v, p, T', @, *).
As discussed in [18,32] in the 3D case, however, it is sufficient to take into
account the fluctuation effects through the number equation only. That is
why we do not need the correction 9(Q — Q,0)/0P|p—a+—0 = 0 to the gap
equation.

Consequently, we can restrict ourselves to the calculation of the parti-
tion function at the critical temperature given by (2.21) that follows from
(2.14) only. This permits us to get the fluctuation correction to the number
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equation (2.24). Thus, one finally obtains from (2.14)

Qu,p, T, =0* =0) = Qo (v, p,T 0,0) +

T
o 2 / dK InT (i, K), (2.27)
where
1
(i€, K) T3 / E(k+K/2) +&(k — K/2) —i9,
§(k+K/2) o Sk~ K/2)

Further, one has to remove the ultraviolet divergences from (2.28) by ap-
plying the same regularization procedure and using the scattering length
a, (see definition (2.22)) as in case of the gap equation (2.21). With this
substitution (2.28) transforms to the form:

1y _ 1 1
r=3iQ,,K) = 5/ (27)? [e(k) Ctk+K/2)+£(k—K/2) —iQnX

E(k+ K/2) E(k—K/2) m
<tanh a7 + tanh 5T ﬂ " Ira. (2.29)

According to [18] it is convenient to rewrite Q(v, u, T, ® = ®* = 0) in terms
of a phase shift defined by I'(w £ 40, K) = |I'(w, K)| exp(£id(w, K)). Then
the new number equation is given by the equality (“conservation law”)

(:U‘aTSD) + 2nB(/L7T3 ) =Ny, (230)
with dK >~ d 095(w, K)
* dw w,
mn(u T = [ G5 [~ S =S ea)

where np(w) = [exp(w/T) — 1] * is the Bose distribution function.

One sees from (2.30) that the system of fermions is separated into two co-
existing and dynamically bounded subsystems: Fermi particles, or unbound
fermions with the density ng(u, T2P), and local pairs, or bosons with the
density np(u, T3P). Such an interpretation is possible and natural on the
critical line only, when the finite density of condensate |®| is not included
nonperturbatively in ng(u, T). Besides, as we shall demonstrate in chapter
5, if the order parameter has a nonzero value, one can study the number
equation without taking into account the bosonic contribution.

The temperature T3 at which a homogeneous long-range order is es-
tablished is defined by the solution of (2.23) together with (2.30). At weak
coupling (large n;), the results are essentially unaffected by the inclusion of
Gaussian fluctuations in the number equation and T2 is the same as the
mean field TM¥ obtained above (see (2.26)).

In fact, the equations can be solved in the Bose limit too. From (2.23)
we find p(T3P) = —|E,|/2, which is one-half the energy required to break
a pair. Further, (2.31) can be simplified because the inequality |u|/T > 1
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is satisfied. From this inequality follows that the isolated pole of T'(w, K)
on the real axis is situated far from the branch cut. The pole and the cut
represent a two-body bound state with the center-of-mass momentum K
and the continuum of two-particle fermionic excitations, respectively. The
low energy physics for T' <« TM¥ is thus dominated by this pole, and one can
approximate the phase at the pole by §(w, K) ~ n0(w— K /4m+2u+|E,)),
so that

n(MTSD):i/dKn 52—2#—|E| (2.32)
BH; L 473 B\ 4m bl | - .
Finally, one gets
2/3
T30 — <L> T —0.218 2.33
= ~\xpmy) w M (239

which is simply the BEC result for bosons of mass 2m and density n;/2.

Summarizing the underlying physics in these limiting cases it is necessary
to stress the following [18]:

i) The value of T3” in the weak coupling limit results from thermal excita-
tions of individual particles.

ii) In the strong coupling case, T2P results from thermal excitations of
collective modes. These excitations are outside the range of the mean field
theory. That is one of the reasons why we took into account the fluctuations.
The physics is thus quite different in the two limits considered: the pair
breaking in the first case and the motion of bound pairs in the other.

The results of the numerical solution of the equations are presented in
[26] (see also [32]). It may be worth commenting that the numerical result
for T3P is a non-monotonic function of 1/kra; with a maximum value at
the intermediate coupling which is slightly larger than the BEC value. The
latter is independent of the coupling constant. The situation is completely
different for the discrete (lattice) model of the 3D crossover [18] where TP
decreases as the coupling increases. So, certainly, there is an optimal value
of the coupling for T3?P. The latter will also take place for the quasi-2D
model which is in fact discrete in the third direction. We shall discuss such
a model in chapter 4.

3. 2D crossover: T =0

As we discussed in the Introduction, the 2D case has attracted much atten-
tion partly because of its possible relevance to the layered HT'SC.

To avoid the above-mentioned problem of how to determine the T, value
correctly in the strictly 2D system it is worthwhile to start with the zero
temperature case. The problem thus becomes, due to the integration over
frequency (which replaces the summation over Matsubara frequencies), ef-
fectively a 3D one. Therefore, the 2D theorems [4] are not applicable to this
case and one can speak about a long-range order in 2D systems at 1" = 0.

We shall follow here the paper [24] (see also its extended version in
[37,38]) where the most general functional methods were used throughout.
However, it is more convenient to go to the limit 7" = 0 in the expressions
from the previous chapter rather than to use a zero temperature technique,
as it was done in [24].
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3.1. Model

The model Hamiltonian that we shall consider coincides with (2.1) with
one very important exception: the dimensionality of the space here d = 2.
This fact is crucial in the choice of the parameter which one has to change
to trace the crossover. The fact is that 3D bound states in vacuum are
known to form only if the corresponding coupling constant V exceeds some
threshold. Thus, for the real cases one cannot achieve the Bose regime even
at very low carrier densities if the attraction is not strong enough. This is
the main reason why we have studied the 3D crossover as the function of
the “renormalized” coupling a;' which corresponds to the “size” (radius)
of the bound state at a;' > 0 only.

A thresholdless bound state formation in the 2D space [39] leads us to the
important conclusion that one can reach the Bose regime by decreasing the
density n; of bare fermions at any coupling. So, to study the 2D crossover
it is convenient and quite natural to regulate the density of carriers, or
the Fermi energy ep, which is the same for 2D metals with the simplest
quadratic dispersion law: ep = mn;/m. In doing so the coupling V' should
be replaced by its renormalized value €, which is the energy of the bound
state in vacuum. We stress here once again that this parameter can be
defined in the 2D case at any bare coupling V. The dimensionless coupling
constant in the 2D case — the physical analog (see above) of 1/kpa, in 3D
— is thus given by the ratio er/|e;| which changes from 0 (in the Bose limit
ny — 0) to oo (in the BCS limit when n; — 00).

3.2. The Effective Action and Potential

As we have already noted in the general case, (2.8) is impossible for @
dependent on z. However, if one assumes the gradients of ® and ®* to be
small, the action (2.8) can be naturally divided into kinetic and potential
parts

Qv, p, @(z), 2" (7)) = Quin (v, p, (), 2*(2)) + Qpot (v, 1, €, 2*),  (3.1)

where the effective potential has been defined by (2.13) and calculated in ap-
pendix A (its final expression is given by (2.19)). The term Qu;,[® (), ®* (z)]
with derivatives in expansion (3.1) contains important physical information,
therefore we shall consider it in section 3.4.

Let us return to the effective potential. Going to the limit 7" — 0 one
obtains from (2.19)

Oy 00,0 =0 [T [ S (e +iap - )] o2

where the terms which do not depend on ®,®* and p are omitted.
It is interesting that in virtue of the invariance of the partition function
(2.6) with respect to the phase transformation of the group U(1)
U(z) — W (z), Uh(z) — Tl(z)e o™,
O(z) = e 2P (z), O* (1) — *(z)e*™, (3.3)

with a real « the potential Q0 (v, p, ®, ®*) (2.13) (see also (2.19) and (3.2))
can only be dependent on the invariant product ®*® 4.

“There is another transformation (when the sign of the phase a is defined by the
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The analytic solution to the problem for the 2D case considered here is
easier than the 3D one. Indeed, after performing the integration over k in
(3.2) one directly obtains

V  Ar
W _u + a H (3.4)

1 m lan—M+\/(W—M)2+|‘I’|Q

Q o (’U,,U,,(D,(D*) :IU|(D|2{__ -
- W H0P — p

+ ;
W—p+W—p)2+[0P /2 +[2P2—p

where the value W = k% /2m is conduction bandwidth and kp is a Brillouin
boundary momentum.

3.3. Main equations and analysis of the solution

If quantity A ® is defined as the average value of |®|, then the equation for

the extremum
8QPOt (’U, My (1)7 (I)*)
0P

=0, (3.5)

P=P*=A

yields, according to (3.4)

1 W — W —pu)? + A2
AlL_om Wont VOV -+ =0, (3.6)
V  4r Vp?+ A% —
while the condition
1 090t (v, p, @, O*
4 vot (V5 ) = ny, (3.7)
v op d=d*=A

which sets the density of particles in the system, takes the form

W — /(W — )2+ A2 + /p? + A2 = 2¢p, (3.8)

where we have made use of the relation between ey and n; in the 2D case.

Equations (3.6) and (3.8), which were obtained in the mean field ap-
proximation which is quite sufficient at 7" = 0, make up a set for finding
quantities A and p as functions of W and ep (or n;). It differs from the
similar set of [20] by the explicit dependence on W that, in principle, can
be important for the case of narrow or multi-band systems [35].

It should also be noted (see also the discussion after equation (2.24))
that the necessity to utilize the system of equations in order to find self-
consistently A and p has been known for a long time (see [1]). However, the
fermion density in real 3D metals is virtually unchanged in practice, so that,
as a rule, the equation for u is trivialized to the equation y = ex and only

fermion spin rather than the charge) under which the Hamiltonian (2.1) (or (2.3)) is also
invariant. Such a transformation proves to be important for fermion-fermion repulsion
(ie. V < 0), or for the fermion-antifermion (electron-hole) channel of pairing. Apart
from this difference the physics for the case of a repulsive interaction is identical to that
under consideration. The complete set of gauge transformations for the Hamiltonian
under consideration were originally given by Nambu [36].

5This is the parameter that is responsible for the appearance of a new (ordered, or
with lowered symmetry) phase (see section 2.2.).
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the value A is regarded as unknown. The importance of the second equation
for small particle densities was earlier pointed out in papers [15,17].

Equations (3.6) and (3.8), along with the trivial solution (A = 0, 4 = €p)
allow a nontrivial one:

2 6F(W—6F)

B sinh2(27r/mV);
2n w 2m
= h— — — h—-—-1 .
1 = € cot — "5 <c0t — ) , (3.9)

which is valid for any physically reasonable values of the relevant param-
eters It is also very interesting that for small ep, there is a region Where

< 0, and that the sign changeover occurs at the definite point e =
W/2[1 - tanh(27r/mV)]

The expressions found in [19,20] follow directly from (3.9) if, treating W
as large and attraction V' as small, we introduce the 2D two-body binding
energy

4

ey = —2W exp <——) , (3.10)
mV

which does not include any many-particle effects. Introduction of expres-
sion (3.10) enables one to take the limit W >> €p and thus justifies to a
certain degree the use of the parabolic dispersion law. Second, the fitting
parameter £, is more physically relevant. For example, it is well-defined
even for potentials with repulsion. We stress that the introduction of ¢
instead of V also allows us to regulate the ultraviolet divergence, which is
in fact present in the gap equation (3.6). So this step is quite similar to the
step from equation (2.21) to (2.23).

It should be mentioned that in a dilute gas model the existence of a
two-body bound state in vacuum is a necessary (and sufficient) condition
for the Cooper instability [19,20,32]. This statement becomes nontrivial
if one considers two-body potentials V' (r) with short-range repulsion (e.g.,
hard-core plus attraction), so that one has to cross a finite (but really very
weak [39]) threshold in the attraction before a bound state forms in vacuum.

Thus, by making use of (3.10) it is easy to simplify (3.9) [19,20,32]:

€
A= 2|€b|6p; M:—%—F €F, (311)
with ép = |&p|/2.

To understand the physical significance of these remarkably simple re-
sults we look at the two limits of this solution. For very weak attrac-
tion (or high density) the two-particle binding energy is extremely small,
i.e. |ey] < ep, and it is seen that we recover the well-known BCS results
with strongly overlapping in r-space Cooper pairs. The chemical potential
i~ ex, and the gap function A < ex.

In the opposite limit of a very strong attraction (or a very low particle
density) we have a deep two-body bound state |e;| > ep, and find that we
are in a regime in which there is the BEC of composite bosons, or “diatomic
molecules”. The chemical potential y ~ —|ey|/2 which is one half the energy
of pair dissociation for tightly bound (local) pairs.

It should also be kept in mind that in the local pair regime (u < 0) the
gap E,,, in the quasiparticle excitation spectrum equals not A (as in the

case {1 > 0), but rather /2 + A2 (see [17] and the review [32]).



148 V.Loktev, S.Sharapov

Leaving aside the analysis of €2, for arbitrary values of the parameters
(see [37]), let us consider the most interesting case W — oo, V' — 0 with
finite ¢;. Then finding from (3.10) an expression for 47/mV and substituting
it into (3.4) we obtain

VIR [P —p 1 1
=1 VIR —p 2)7

. m
Qpot (v, p, ©,0") = Q)E|®|2 <ln

(3.12)
whence we arrive at the expressions near the point ¢, ®* — 0:
ont (U, H, (I)a (‘D*)|<I>,<I>*—>O ~
2lp| , |2
v | |2 < nZBl 4 LY <0
ﬁ| | les] 8112 K (3.13)

vt || lnﬁ—1 —2u*, u>0
r 2ules] 2 ’ '
Equations (3.6) and (3.8) can be written as

VIR + A —p=lgl;  VpP+ A%+ p= 26, (3.14)

respectively; their solution, (3.11), is quoted above. As it is evident from
(3.13), the potential term €2, in the region u < 0 corresponds to particles
with repulsion, which accounts for their BEC. We note here that for the 3D
case this repulsion was obtained in [25] using a diagrammatic technique. In
the region of high n;, where i > 0, the ., cannot be represented as a
series even for small @, which reflects the specific properties of the effective
potential in 2D systems.

If, proceeding from (3.4) and (3.9), we find the thermodynamic potential
difference of the trivial and non-trivial solutions, we can easily obtain the
result that takes the form

m 2n
ont(va Ky A) - ont(va Ky 0) = _U% 6% coth W - /‘LQH(:U) ’ (315)

which demonstrates (for various p < ep < W/2) that at T' = 0 the nontrivial
solution is always more favourable than the trivial one, and the point ® =
®* = ( is unstable, since here §?€,,;/0P0P* < 0 for all allowed values of
the parameters.

As follows from (3.12), both Q. (u,A) and Q.0 (€r,0) are equal to
—vmek /2w, i.e. the potentials of the superconducting and normal phases
turn out to be equal in the limit W — oo, V' — 0. Nevertheless, it can be
shown, just as in [20], that the superconducting phase has the lowest inter-
nal energy. In addition, the relevant difference is proportional to vp(ep)A?,
(p(er) = m/2m) being the density of states, which is energy independent in
the 2D case); in other words, we arrive at the standard result of the BCS
theory [1], which is clearly valid for all the values of the ratio er/|e,;|.

3.4. The gradient terms of the effective action

Now we calculate the terms €2y;, which contain the derivatives in expansion
(3.1). As before, we shall assume the inhomogeneities of ® and ®* to be
small, having restricted ourselves only to the terms with the lowest deriva-
tives. For simplicity we shall also consider the stationary case and calculate
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the terms with the second-order spatial derivatives only, which makes it
possible to determine the coherence length ¢ and the penetration depth Ay
of the magnetic field in a 2D superconductor.

With these restrictions, taking into account the invariance of Q@,u,®,d*)
(see equation (2.8)) with respect to the phase transformations (3.3) one can
write a general form for the kinetic part of the action:

16
Qin (v, 0, T, (2), D" () = T/ d’r/d'r Tiin (9, 9", VO, VO*) =
0

B
T / dr / dr
0
where there are no items with a total derivative, since the boundary effects
are regarded as non-essential, and the coefficients T} »(|]®|?) are assumed to
be an unknown quantity. It follows from (3.16) that in the second approxi-
mation in derivatives the variations in both the direction (phase) of the field
® and its absolute value are taken into account.
To calculate the coefficients T; 5 (|®|*) we shall follow paper [40] accord-
ing to which one can determine the variation derivatives

52 Qin (B, %)
38 ()09 (0)

5 Qin (B, %)
G0

TPV + ST(a)(VIRP) |, (3.16)

8
= =T [ dr [Ti(@P) + [P T(0f) V2(r);

P ,P*=const

T/ dr (&) T,(|0)V26(r).  (3.17)

&, d*=const

Multiplying both equations (3.17) by r? and integrating them over dr one
can obtain

5 ka 5 Quin (D, %)
/d 58+ (r)0®(0) |,

/d 52(21(1,, D, O* )
00 (r)0®(0)

B
S / dr [T1(|0?) + | T (|2 )];

*=const

4T/ dr(®*VPT(0f),  (3.18)

P, d*=const

which allows one to determine the coefficients required. Indeed, let us define
the correlation functions

0% Quin (@, O*)

_— P, =0, P, = 0.
5®;(1)6®;(0) o R

$,P*=const

Kij(q) = /dr exp(—igr)

(3.19)
It is then readily seen from (3.18) and (3.19) that T} »(|®|*) are determined
from the derivatives of the correlators K;;(q) in the components of vector
qat g=20:

oy - [Pt _ 8 P
1170 T o Ul
1 9’Ky(q
%) = s | (3.20)
q:

it being apparently sufficient to know K5(q) and Ks5(q) only. Thus, the
problem has been simply reduced to calculating the correlators.
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On the other hand, the effective action for the case of imaginary time-
independent fields can be written (see (2.8)) in the following form:

Qv, p, T, D(7) T/ dT/d'r{—|<I>
T f: Tr(r|Ln [ iwn I + T3 (Z—m +u> +7_®(r )+T+¢)*(’I"):| |’r)} ,(3.21)

n=—oc

where the operation Tr refers to Pauli matrices, and the normalization term
with G is omitted. Comparing (3.19) and (3.21) and using the definition
(2.9) after the Fourier-transformation (2.17) we obtain directly:

Kislg) =T z [ G G Ry Gl e )7
Ko(q) =T Z / G (iwn, k)T G (iw,, k + q)T_], (3.22)

where G(iw,, k) is the Green’s function defined by (2.18). Calculating the
traces in (3.22) it is easy to arrive at the final expression for the correlators:

2 2
(iwn+2%—u> <iwn—(£2tni)+,u>

=1 S [ e eR
(©*)°
K (q Tn_z:oo/ 2 w2 + E2(k)][w2 + E2(k + q)]’ (3.23)

where we used the notation £%(k) = &*(k) + |®|°.
Summing over the Matsubara frequencies and then going to the limit
T = 0 one can obtain the final formulae:

2 k 2
Koty — [ 1 | Etdl el §
12(q) = — @5(k)+5(k+q) + E(k)E(k+q) ’
Knlq) = [ % 1 s 029

8m2 E(k) + E(k+q) ER)E(k +q)

A somewhat tedious but otherwise straightforward calculation (see [37,38])
now yields the following for the desired coefficients of (3.16):
2|®|? — u? u

1 W
nion) = [ AT s
1(| | ) 16,/_[_ U (U2+|¢)|2)5/2 (U+M)+ (U2+|¢)|2)3/2

1[0 = 2up]®f —up"
Tl6r B + B

=W-—u

; (3.25)

u=—p
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(07 = 1/W—udu[(5u2(u+,u)  32u+tp) }: (3.26)

167 /-, @ EBR)E T 2(u? 4 (B[
1 120)° — 4|®|*u® — 2u’p — 56| D> — Yup|@]* |~ "
167 6 D[+ (u2 + |@|2)5/2 —

Expressions (3.25) and (3.26) together with (3.4) complete the calculation
of all the terms of the effective action (3.1) for the 2D metal with attraction
between fermions.

3.5. Correlation length and penetration depth versus doping

Knowing T (|®|*) and T5(|®|*) one can find the values for different observ-
ables. For practical purposes it suffices to restrict ourselves to considering
the coefficients obtained at the point |®] = A of the effective potential
minimum. Besides, instead of (3.26) it is convenient to introduce the com-
bination T5(|®[?) = T (|®|?) + 2A?T,(|®|?) which determines the change in
the |®| value only and arises as the coefficient at (V|®|)?.

The analysis of (3.25) and (3.26) reveals that at |®| = A both these
functions are positive for ex < W/2 where they change their sign, which
simply reflects the necessity to go over the antiparticle (from the electron to
the hole or vice versa) picture for the region ep > W/2. On the other hand,
in the region ex < W/2 the positiveness of these functions demonstrates the
stability of the homogeneous ground state of the model concerned.

One can succeed in simplifying (3.25) and (3.26) if takes into account
that, as a rule, eg < W (for example, in HTSC metal-oxides er ~ 0.1W[21,
34]). Then, using (3.10) and (3.11), one can rewrite T} (A?) and T5(A?) in

a very simple form:

1 ~ 1 (26F—|€b|)2
T(AY) = ——; Ty(A?) = 2
1(A) 167h|e,|’ 2(A0) = Spre (2e + |eo])?’ (3:27)

where for completeness we have restored the Planck constant again.

The explicit form of 77 (A?) and also a =19 Q04 (P, D*)/0PID* | ¢ 2= a2
allows one to calculate the coherence length and the penetration depth.
Since (see (3.4))

2
0 = ﬂ EF(W - €F2) coth %
T W2 coth? 280 (W — 2¢p)2
o (W = 00,V = 0), (3.28)

27h? 2ep + ey

then, according to the general theory of fluctuation phenomena [41], one

gets

T (A2 1/2 9 1/2

D)™y (2etlal)” (32)
a 8m€F|Eb|

e=n|

This formula shows the dependence of £ on e (or ny). It is very interesting
and useful to compare (3.29) with the definition of the pair size [28,29] (also
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incorrectly referred to as the coherence length [20,27]), namely
ds / dr g(r)r®
2

g=—t (3.30)
/dr g(r)

where !
g(r) = H—%@Bcswur)z/ﬂ(())%cs) (3.31)

is a pair-correlation-function for opposite spins and |¥Upgcs) is a usual BCS
trial function. For the 2D model under consideration the general expression
(3.30) gives [20,28]

P1llp p?>+2A% (7 AN
o N lp o AaAT (T 1 B
50_4mAlA+N2+A2 <2+tan A) , (3.32)

where A and p were given by (3.11). So now we are ready to compare (3.29)
and (3.32).

Again to understand the underlying physics it is worthwhile to look at
two extremes of (3.29) and (3.32). For high carrier densities erp > |&]
one finds that £ ~ & ~ vp/A, i.e. the well-known Pippard’s result is
reproduced correctly. Moreover, if according to [19] we introduce the pair
size & = h(m|gy|)~*/? in vacuum, then it is clear that ¢ ~ <& when
les|Ser. Therefore, both € and &, prove to be close to the pair size which is
much larger than the interparticle spacing. One can see the latter statement
from the value of the dimensionless parameter {kp ~ Eokp ~ ep /A > 1.

In the opposite limit |¢,] > er of a very low density one can see that

& < & ~ ki while & ~ &. Consequently, the correct interpretation of
& is the pair size (in presence of the Fermi sea (3.30)) rather than the
coherence length. The former in the extreme Bose regime is much smaller
than the mean interparticle spacing, since {okr < 1, while always Ekp ~ 1.
The meaning of £ is indeed the coherence length because it remains finite
and comparable with the mean interparticle spacing even when |g;| goes
to infinity. This situation is consistent with the case of *He where the
coherence length is nonzero and comparable with the mean inter-atomic
distance, although |e,| (or the energy of nucleon-nucleon binding) is really
extremely large. Since &ykp ~ &okr and since & ky is directly related to the
dimensionless ratio ep/|e,| (which was discussed in section 3.1), it can be
inferred that &gkr is a physical parameter which can correctly determine the
type of pairing.

Calculations of the Ay value require one to introduce an external mag-
netic field H and also a usual extension of the derivatives AV — AV —
(2ie/c) A (e is an electron charge, ¢ is a light velocity, A is a vector poten-
tial). Then, adding the energy of the magnetic field

H2

/ dr / drst (3.33)
8z

to the effective action (3.1) one gets by a direct calculation

C2

1/2
3271'62T1(A2)ZA2] '

g = [ (3.34)
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Note that in (3.33) and (3.34) z is the number of superconducting layers
per unit length taking into account the 3D character of the external field
action. Hence, Ginzburg-Landau parameter (see (3.29), (3.34)) is equal to

YRRY
& B |327me2Ty(A2)zA2

Substituting here the accurate expressions (3.11), (3.27) and (3.28) for A,
T:(A?) and a it is easy to find that (3.35) takes a simple enough form

c [m  2lg)
== 3.36
& (& z 26F+|6b|’ ( )

from which the explicit dependence of this parameter versus the ratio be-
tween ep and |g;| follows immediately. So, for z ~ (107 — 10%)cm™! (as it
occurs in real cuprates) the formula (3.36) for a large range of values for ep
gives k ~ 10?. This means that 2D metals with low ep (the so-called under-
doped case) turn out to be very strongly type-II superconductors. However,
it follows from the same formula that with increasing ep the parameter k
decreases and in the limit e >> |¢;| (a strongly overdoped case) it is possible
(in principle) to obtain the value k<1 or in other words, to change the type
of the superconductor.

Finally we estimate the value of the second critical field H.,. Indeed,
equating the energy gain (see (3.15)) of the state with A # 0 and the field
energy one can show that

1/2
K

(3.35)

2
H., = geF\/mz.

For the same parameters we find that H., ~ (10° — 10°)Oe = 10 — 10°T
which also corresponds to the critical magnetic field values for HT'SC metal-
oxides [42,43]. Finally, note that the concentration dependence of 0H,.,/0T
was studied too [44].

4. Crossover in the quasi-2D systems

As we have already mentioned in the introduction there are many ways
which allow one to extend the zero-temperature analysis of the 2D model
from the previous chapter to the case T' # 0. Every way has some advan-
tages, as well as disadvantages. So, different generalizations of the model are
to be investigated. Here we shall study a quasi-2D extension, which might
be relevant to HTSC with a relatively low anisotropy of the conductivity
as, for example, is present in the Y-based cuprates. On the other hand,
the quasi-2D model can be considered as an extension of the 3D model
from chapter 2. Our treatment is based on paper [31] (see also its detailed
versions [45,46]).

4.1. Model

The simplest model Hamiltonian density for the carriers in the quasi-2D
system reads

He = i) [ -

2
2m,;  m,d?

— Vl(@)y] (@), () (@), (4.1)

cos (1V.d,) + p| ¥, (x)
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where x = 7,7, 7. (with , being a 2D vector); v, (z), 1 and V are already
determined; m is a carrier effective mass in the planes (for example, CuO,
ones); m, is an effective mass in the z-direction; d, is an interlayer distance.

The Hamiltonian proposed proves to be very convenient for the study of
fluctuation stabilization by a weak 3D one-particle inter-plane tunnelling.
The extension of the 2D system in the third-direction could give rise to a pos-
sibility that it may undergo a 3D superconducting transition with the estab-
lishment of a homogeneous long-range order. This transition does not con-
tradict the 2D theorems [4]. We omitted in (4.1) the two-particle (Joseph-
son) tunnelling considering it to be here smaller than the one-particle al-
ready taken into account. There can, however, be situations when Josephson
tunnelling becomes more essential than the one-particle coherent one. In
addition, some authors consider that the most important mechanism for
HTSC is the incoherent inter-plane hopping (for instance, through the im-
purity (localized) states or due to the assistance of phonons.)

It is significant that the large anisotropy of the conductivity cannot be
identified with the similar anisotropy of the effective masses m, and m.
In particular, HTSC with rather large anisotropy in the z-direction do not
display the usual metal behaviour at low temperatures. It means that the
interplane motion of fermions is incoherent and the BKT transition could
take place before the 3D superconducting transition (see the next chapter).
But, as it will be seen later, for the justification of the approximations used
below the modest value of the ratio m./m, > 10? is already sufficient. Such
a value is present, for instance, in the HTSC YBa,CuzOg 5 (1-2-3). Because
of this we shall study the simplest case of tunnelling which is described by
the second term in (4.1).

The method for the study of the Hamiltonian (4.1) mainly coincides
with that used for the 3D model (2.1). So we shall often refer to the similar
formulae from chapter 2.

4.2. The mean field approximation

The effective potential (2.19) obtained in appendix A is, in fact, model
independent. Thus, one has to use it together with the dispersion law

ki
R

cosk.d, — (4.2)

in accordance with the Hamiltonian (4.1).

Again the stationary condition (2.20) results in the gap equation (2.21)
where now £(k) is determined by (4.2).

It is necessary to emphasize that for the temperatures of interest the
band width in the z-direction is m;'d;? <« TM¥ i.e. the system is really a
quasi-2D one. As for the last inequality, it is easy to see, that at m. ~ 10%m,
and d, = 10A the value h?/(m.d?kg) ~ 10K is really far less than the usual
critical temperatures in HT'SC compounds.

Now we need to describe how one can regulate the ultraviolet divergence
in the gap equation (2.21). As it has been already noted in section 2.1 for the
case of the local-pair superconductivity the cutoff of the BCS type cannot
be applied. Moreover, regularization by the 3D scattering length a, (see
definition (2.22)) is unsuitable for the quasi-2D system. It turns out that
in order to eliminate the divergences in (2.21) it is convenient to introduce,
as in the 2D case, the energy of the two-particle bound state (compare with
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(3.10))

4rd,
€p 2W exp < le> , (4.3)
where W = k’ ;/2m is the bandwidth in the plane °. Factor d. in the
index of the exponent is necessary to preserve dimensionlessness.

Again, contrary to the usual BCS approach, the value of the chemical
potential should be consistently defined from equation (2.24), which leads
to the second, or number, equation (2.25).

Taking into account the above-mentioned inequality m;'d;? <« TM¥
the number equation (2.25) in the limit W — oo takes the following final
form:

2TMF In [1 +exp (Tfﬁﬂ = 2er, (4.4)
where (here) ep = mnd,/m is the Fermi energy of free quasi-2D fermions
with e(k) ~ k* .

So, one needs to solve simultaneously the system of equations (2.21)
with the dispersion law (4.2) and (4.4) with the two unknown variables,
TME and p, respectively.

At high carrier concentrations ng, such that p > TMF | the equality
i =~ er is indeed the solution of (4.4). Then, taking into account the regu-
larization procedure, it follows from (2.21) that (compare with (2.26))

2 2nd,
TME ~ %\/2|6b|6F = fy\/WeF exp (— > . (4.5)

s le

This is just a well-known BCS result for a 2D metal [37].

In the opposite case of small ny, such as —p > TMF | the roles of the
gap (2.21) and number (4.4) equations are, as above, in some sense reversed:
equation (2.21) determines u, while (4.4) determines the value of TM¥. Now,
using the definition (4.3) one obtains from (2.21)

W1 W 1
In— = —/ dt dx .
les] 27 Jo 0 z —2u+ (2/m.d?) cost

(4.6)

Integrating the right side of (4.6) and in the limit W — oo we immediately
arrive at the final expression

les | 1
S Ul AT
2 2(m.d?)?|ey] (4.7)

This expression, except for the second term, is identical to the result de-
scribed in section 2.3. The second term is directly connected to the quasi-2D
character of the model and, despite its far smaller magnitude, is very im-
portant when the fluctuations are taken into account. At |¢;| > ep equation
(4.4) transforms into a transcendental one:

|| M
oTMF =1In p— (4.8)

5Note that in the region of the parameters considered these bound states are formed
without any threshold.
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It follows from (4.8) that we obtain the similar result to that in sec-
tion 2.3: for fixed ep, the value of TM¥ grows rapidly as the coupling
constant V increases. Thus, for the case of a small carrier density, the
temperature TM¥ is not connected to the critical one T, but in fact corre-
sponds to the temperature of composite boson dissociation (compare with
section 2.3).

4.3. The role of Gaussian fluctuations

In order to investigate the effects of composite bosons formed in the system,
one should again take into account the order parameter fluctuations. As it
was discussed in the previous section, one can simply use the expressions
from chapter 2 with {(k) determined by (4.2). Thus, expressions (2.27) and
(2.28) may be used directly if one applies the ultraviolet regularization by
the energy (4.3) as it was done in section 4.2. Once again, from (2.27), we
arrive at the “conservation law” (2.30).

Let us consider now the influence of ng(u,T) determined by (2.31) on
the behaviour of the system as the carrier density changes. We should solve
self-consistently the system of equations (2.21) and (2.30).

At high enough carrier density the contribution of ng(u,T) to (2.30) is
negligible, and one arrives at the equality T, ~ TM¥ where TM" is given
by (4.5).

Recall (see section 2.4) that in a more consistent scheme one should take
into consideration the correction 9(2—€,,:)/0® to the gap equation (2.20),
and consequently the fluctuations modify the equation. This correction
may be especially important in the quasi-2D case. However, because of the
conditions p = e > T, and m.d?T, > 1, one can convince oneself that this
correction changes T, rather weakly [47] (see also [48]).

Note that the consideration of the correction to the gap equation (2.20)
should be very interesting because, based on the general 2D theorems, one
knows that T, — 0 when m_, — oo (2D case) even though y ~ ep. To trace
this limit the above-mentioned correction must be taken into account. On
the other hand, when m,. — oo the BKT scenario will take place at any
density ny and we have to modify the approach from chapter 2 used here
to study the formation of the inhomogeneous BKT phase. The latter will
be accurately done in the next chapter.

Turning back to the equality T. ~ TM¥ one can see, using (4.5) (TMF
coincides with the expression obtained in [37] for a pure 2D superconductor
due to the band narrowness in the k.-direction), that T, increases with the
growth of the coupling constant V. This behaviour of T, is just the same
as in the 3D case (see (2.26)).

At small concentrations, such that |u|/7. > 1, taking into account the
definition (4.3) in the limit W — oo, one obtains from (2.28)

my

X
4nd,

K’ . K’ o) ?
4m—i_2'“_7’9"+\/<21m—i_2/‘_29"> +<ﬁcos£§£>

z7z

I (i, K) =

(4.9)

After introducing the phase §(w, K) = —arg I' "' (w+140, K) it can be written
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again as:

2

K 1
5w, K) =76 [ w— 2L  cosK.d. +2
(w,K)=m <w T + Ser|(m-d)? cos K.d. + 2p + |e|

1

* ST (410

At last, after the substitution of expression (4.7) for the chemical potential
into (4.10), one arrives at the final equation for T, namely:

dK K? 1 n
T) = L 1—cosK.d.)| ~—L.
na(, Te) /(2@3”3 <4mJ_ e maazyz L cos K 2)> 2
(4.11)

It is easy to see that the boson effective mass for its motion in the plane
retains the value 2m . As for the motion between the planes, the effective
boson mass increases considerably: 2|ey|m2d?(> m.). It can be stressed
that this increase has a dynamical character as is testified simply by the
presence of |ey|. Physically, it is ensured by the one-particle character (see
equation (4.1)) of the tunnelling between planes which only takes place
throug|h |the virtual breakup of a pair for which the energy loss is of the
order |gg].

Now, using the formula for the BEC of an ideal quasi-2D Bose-gas [49]
(see also review [43]), it is easy to write down an equation for 7., which here
takes the simple form

T ~ andz . €R
7 2m, In(2T.|ep|m2d?)  21In (2T.|ey|m2d?)’

(4.12)

The last equation describes the characteristic properties of a quasi-2D su-
perconductor with a small carrier density:
i) First, the critical temperature T, ~ ep, or (see above) T, ~ n;/2, or the

number of the composite bosons, as it should be in 2D case (recall that in

a 3D one T, ~ nf/?’ (see (2.33)), in contrast to the MF approximation 2D

TME ~ Vg > T, [37] (see also (3.11) because usually TME ~ A);

ii) Second, contrary to the case of the 3D superconductor where 7T, does not
depend on V at all (see (2.33)), in a quasi-2D system 7T, does depend on
V', namely: T, decreases with the growth of V. As it was stated above, the
reason for this is the dynamical increase of the composite boson mass along
the third direction. Thus, the growth of |&,| (or of V', which is the same)
“makes” the system more and more two-dimensional even for the simplest
case of a quasi-2D metal with a local four-fermion interaction.

It is interesting to note that a decreasing 7. can also take place in the case
when the local pairs are bipolarons [50]; then, the increasing of coupling with
phonons, which makes the pairs more massive, also leads to T, decreasing,
(rather than increasing) as the electron-phonon coupling grows.

The main results here are not only the expressions (4.5) and (4.12) for
T. in different limiting cases, namely the cases of large and small V. No
less important is the comparison of these expressions which show that for a
given density of fermions (i.e. a given er) there are two essential regions. If
les| < €p, then even in the case of small (by the absolute value n;) densities
the BCS formula is valid and T, grows with increasing |e;| (see (4.5)). In
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the opposite case, |e;| > er, T, decreases with the growth of |&,|. It shows
that in the case of quasi-2D systems (it seems that HTSC belong to this
case) T.(|ey|) has a maximum. Consequently, there is a region (for fixed
les|) of values of er for which T, increases. If we also take into account the
two-particle tunnelling in (4.1), then the previous result will only be a lower
bound for T, for large |¢;|. The region of ep & |¢y| needs special study (see
e.g. [6,51]) because of the presence of both strongly developed fluctuations
and the possible distinction between the properties of such Fermi-liquid and
Fermi-liquid of the Landau type.

5. 2D crossover: finite temperature

We have already studied the finite temperature (or more exactly T,) cross-
over for the 3D and quasi-2D models. The 2D crossover at T' = 0 crossover
was addressed too. So, we are ready to discuss the 2D crossover at T' # 0. As
it was stressed in the Introduction (see also [32]), an analytical treatment
of the finite T' crossover problem in 2D is quite a difficult task. This is
primarily related to the necessity to treat 7T, as the BK'T temperature Tgxr
below which there is an algebraic (power decay) order and a finite superfluid
density [8] (see also review [52] and book [53]). Nevertheless, some insight
into the peculiarities of the formation of the BKT has been gained [9].

5.1. Model and Formalism

Most of the previous analyses [54-56] of the behaviour of 2D systems at
T # 0 have been based on a Nozieres-Schmitt-Rink approach [18]. As shown
above, this is simply the Gaussian approximation to the functional integral
which perhaps explains the difficulties faced in these calculations. On the
one hand, Gaussian fluctuations destroy a long-range order in 2D, and if one
searches for TP at which the order sets in, one should get zero in accordance
with the above-mentioned theorems [4]. On the other hand, taking into
account Gaussian fluctuations is completely inadequate to describe the BKT
transition.

Nonetheless, several steps have been made even in this direction. For
example, the BKT transition in the relativistic 2 + 1-theory was studied
in [57], and even the crossover from superconductivity to superfluidity was
considered in [22] (see also [58]) according to the value of the carrier density
ny (recall that n; = mep/7). However, the method applied in [22] to the
temperature Trrr has a number of drawbacks.

Specifically, the equation for T was obtained neglecting the existence
of a neutral (real) order parameter p the appearance of which at finite T,
being due to the breaking of only a discrete symmetry, is consistent with the
Coleman-Mermin-Wagher-Hohenberg theorem [4]. As we shall see below, p
gives the modulus of a multivalued complex order parameter of a 2D system
as a whole, and only the modulus determines the possibility of the formation
of nonuniform (including vortex) configurations in the system.

However, as a result of allowing for a neutral order parameter, a region
where p decays gradually to zero appears in the phase diagram of the system.
This region separates the standard normal phase with p = 0 from the BKT
phase where there is a power decay of correlations. Despite the exponential
decay of the correlations in it, this new region of states very likely possesses
unusual properties, since p appears in all the expressions in the same man-
ner as does the energy gap A in the theory of ordinary superconductors,
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though to calculate the observed single-particle spectrum, of course, the
carrier losses due to the scattering of carriers by fluctuations of the phase
of the order parameter and, in case of real systems by dopants, must be
taken into account [59]. The possible existence of such a phase, which is
also in some sense normal, might shed light on the frequently anomalous
behaviour of the normal state of HTSC (see reviews [34,60]), specifically,
the temperature dependencies of the spin susceptibility, resistivity, specific
heat, photoemission spectra, and so on [61,62,21], for the explanation of
which the idea of a pseudogap (and also a spin gap) in the region T' > T, is
now widely employed.

Thus, our objective in this chapter is to calculate Tgxr and T, (T, is
the temperature at which p — 0) as functions of n; and to establish a form
of this new region, which lies in the temperature mterval Tpxr < T < T,
Besides, we will try to demonstrate, using the example of the static spin
susceptibility, that this phase may really be used to explain the above-
mentioned anomalous properties of HT'SC. That is the reason why the phase
was called an “anomalous normal” phase.

There is no need to write down the model Hamiltonian which is studied
here, because it is identical with that described in chapter 3.1.

The desired phase diagram consisting of normal, anomalous and su-
perconducting phases was calculated first in [9] employing the Hubbard-
Stratonovich method (see section 2.2, equations (2.6) — (2.8)). In the 2D
case, however, instead of using the accepted method for calculation the par-
tition function Z(v, u,T,) (see (2.6)), one must perform the calculation in
modulus-phase variables. This prevents us from the subsequent treatment
of phase fluctuations at Gaussian level only. Thus, we will be able to take
into account the phase degree of freedom with the needed accuracy.

The modulus-phase variables were introduced in accordance with [63],
where the parametrization

B(x) = pla)e ), @*(2) = pla)e ), (5.1)

was used. One can easily see that (5.1) corresponds to the obvious trans-
formation of the initial Fermi-fields, namely

o () = X, (€)', Yl(x) = x[ (2)e™"®), (5.2)

5
where the field operator x,(z) describes neutral fermions and exp[if(z)]
corresponds to the charge degree of freedom. In Nambu variables (2.2)
transformation (5.2) takes the following form:

U(z) = e™@7 (), Ut(z) = TH(z)e 0@, (5.3)

Making corresponding substitutions (5.3) in representation (2.6) and inte-

grating over the fermi-fields T and Yt we arrive at the expression (compare
with (2.7) and (2.8)

20, T) = [ pDpDOCxD [0, . T, pl0). 00))), (5.4

where

1 (8
B, p, T, p(x),00(x)) = —/ dT/dr p’(z) — Tr LnG~" + Tr LnG;"
0

-
(5.5)
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is as (2.8) a one-loop effective action, which, however, depends on the
modulus-phase variables. The action (5.5) is expressed through the Green
function of the initial (charged) fermions that has in the new variables the
following operator form ”

2

A \%
G' = 10, +m (— + u) + 1p(T,7r) —
2m
(Vo(r, r))2> n (’iVQO(T,’I") n iVo(r,r)V

2m

7 (iaro(f, ") + ) (5.6)

The free fermion Green function GGy that provides the process of calculation
with a convenient regularization was defined in (2.11). It is important that
neither the smallness nor slowness of the variation of the phase of the order
parameter was assumed in obtaining expression (5.6).

Since the low-energy dynamics in the phases in which p # 0 is deter-
mined mainly by the long-wavelength fluctuations of 6(z), only the low-
est order derivatives of the phase need to be retained in the expansion of
Qv, p, T, p(x), 06()):

Q(Uaﬂap(m)a 80(‘73)) = Qkin(vaﬂaTa Ps ae(m)) + ont(vaﬂaTa P) (57)

where

2m m

=1
Qin(v, 1, T, p, 00(x)) = TTr y , —(G%)" (5-8)
n=1 p=const
and (see (2.13))
1
Quot (v, 1, T, p) = <V /dr p> —TTr LnG™' + TTr LnG51> . (5.9)
p=const

The kinetic €2, and potential 2, parts are expressed through the Green
function of neutral fermions which obeys the equation (compare with (2.9))

2

_io, + 1, (2V—m + u) + Tlp] G(r,r) = 8(7)3(r) (5.10)

and the operator

(5.11)

5(96) = 7, <¢879+ (ve)2> _; <N29 v, r)V) ‘

m 2m m

Representation (5.7) allows one to get a full set of equations which are
necessary to find Tgxr, p(Terxr) and u(Tsxr) at the given ep (or, for
example, p(T) and u(T) at the given T and er). While the equation for
Tpxr is written using the kinetic part (5.8) of the effective action, the
equations for p(Tsxr) and u(Tgxr) (or p(T) and (7)) could be obtained
using the mean field potential (5.9). It turns out that in the phase where
p # 0 the mean-field approximation for the modulus variable describes the
system quite well. This is mainly related to the nonperturbative character
of the Hubbard-Stratonovich method, i.e. most of the effects are taken over
by a nonzero value of p.

"It may be obtained as a solution to some differential equation with the antiperiodic
boundary conditions (see (2.9) and (2.10)).
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5.2, The equation for Tgxr

If our model were reduced to some known model describing the BKT phase
transition, we would easily write the equation for Tgx7. Indeed, in the
lowest orders the kinetic term (5.8) coincides with the so-called classical
XY model [52,53] which has the following continuum Hamiltonian

_ %/dr (VO(r))2. (5.12)

Here J is a constant (in the original classical discrete XY model it is the
value of a spin) and 6 is an angle (phase) of the two-component vector on
the plane.

The temperature of the BKT transition is known for this model

™

Despite a very simple form ® of the equation (5.13), it was derived [8] (see
also [52,53]) using the renormalization group technique, which takes into
account the non-single-valuedness of phase 6. Thus, the fluctuations of the
phase are taken into account at a higher approximation than the Gaussian
one.

To expand Qi up to ~ (VO)?, it would be sufficient to restrict ourselves
to terms with n = 1,2 in the expansion (5.8). The procedure of calculation
(see appendix B) is similar to that employed in [64], where the case of large
densities n; at T = 0 was considered, and gives *

B8
i = [ 7 [ dr L8, T.plpe T)(V0F + K (. T, ply, T)) (0,6,

(5.14)
where
1 T [ T+ p/2T
J(p.T,p) = —ne(p, T, p) = ;/ or dz 4/ = (5.15)
g cosh” \/ 2%+ Zl%
characterizes the stiffness of neutral condensate,
m 7 Vi +p?
K(u,T,p) = — |1+ ——=——= tanh ——— 5.16
and the value
_l’_
nF(,u,T,p):%{V;ﬂ—i—pQ%—u—i—QTln 1+exp< L p) }
(5.17)

has a sense of the fermi-quasiparticle density (for p = 0 expression (5. 17 is
simply the density of free fermions). Note that J(u,T,p = 0) = 0.

8The exponentially small correction is omitted here.
9A total derivative with respect to 7 is omitted.
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A direct comparison of expression (5.14) with the Hamiltonian of an XY
model (5.12) makes it possible to write the equation for Tgx7:

s
§J(:U‘aTBKT7,O(NaTBKT)) = Tpkr- (5.18)

Although mathematically the problem reduces to a well-known problem,
the analogy is incomplete. Indeed, in the standard XY model (as well as
the nonlinear o model) the vector (spin) subject to ordering is assumed to

be a unit vector with no dependence '© on T. Our case is fundamentally
different, and a self-consistent calculation of Trxr as a function of n; re-

quires additional equations for p and u, which together with (5.18) form a
complete system.

5.3. The effective potential and equations for p and p

There is no need to repeat the calculation of the effective potential. The
point is that the effective potential (2.19) calculated in appendix A depends

on the invariant product ®®* = p? only (see section 3.2). Thus, one may
immediately write

Qoot(v, 1, T, p) =0 ['072 — / (;722 <2Tlnc0shw — f(k))] ,
(5.19)

where ¢(k) = k* /2m — pu. Then the desired missing equations are the condi-
tion 9Q,0(p)/0p = 0 that the potential (5.19) be minimal and the equality
v 0001 /Op = —ny, which fixes ny. For them we have, respectively:

& (k) +p’
V / 72 h? —— tanh = (5.20)
nF(/LaTa p) =ny. (521)

Equations (5.20) and (5.21) obtained above comprise a self-consistent sys-
tem for determining the modulus p of the order parameter and the chemical
potential x4 in the mean-field approximation for fixed T" and n

As we have already discussed in section 3.3, the energy off two-particle
bound states €, (see its definition (3.10)), is more convenient to use than
the four-fermi constant V. For example, using the identity

2
tanhzzl—i
2 expx + 1

one may easily go to the limits W — oo and V' — 0 in equation (5.20),
which after this renormalization becomes

8] /°° 1
N1t du . (5.22)
Vit +p? —p —u/T uQ—l-(%)2 [exp,/uQ—l—(%)Q—l-l]

9There is no doubt that in certain cases (for example, very high T') it can also become
a thermodynamical variable, i.e. dependent on 7', as it happens in problems of phase
transitions between ordered (magnetic) and disordered (paramagnetic) phases when the
spin itself vanishes. Specifically, for quasi-2D spin systems it is virtually obvious that as
one proceeds from high-T regions, at first a spin modulus forms in 2D clusters of finite
size and only then does global 3D ordering occur.
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Thus, in practice, we will solve numerically the system of equations (5.18),
(5.22) and (5.21) to study Tgrrr as a function of ny.

It is easy to show that at 7' = 0 the system (5.22), (5.21) transforms
into the system (3.14) which has been already addressed. Recall that its
solution is p = \/2leylep and g = —l|ey|/2 + ep. This will be useful for
studying the concentration dependencies of 2A /Ty and 2A/T,, where A
is a zero-temperature gap in the quasiparticle excitation spectrum [17,20,32]

_ P p >0
A_{ e M2 (5.23)

Setting p = 0 in equations (5.20) and (5.21), we arrive (in the same
approximation) at the equations for the critical temperature 7, and the
corresponding value of yu:

n/2T, tanh
el v _/ du Y~ 1781), (5.24)
Tp s 0 U
I _
T,In [1 + exp (—)] = €F. (5.25)
T,

Note that these equations coincide with the system which determines both
TEPIME and pu(TPPIME) (see [37]). This is evidently related to the mean-
field approximation used here. There is, however, a crucial difference be-
tween these values. Namely, if one takes into account the fluctuations, the
value of TP should go to zero, while the value of T, should remain finite.
That is the reason why the temperature 7, has its own physical meaning:
the incoherent (local or Cooper) pairs begin to be formed below T,. At
higher temperatures there are these pair fluctuations only (see [51]).

5.4. The phase diagram

The numerical investigation of the systems (5.18), (5.22), (5.21) and (5.24),
(5.25) gives the following very interesting results which are displayed graph-
ically.
a) T}},w anomalous phase region (see figure 1) in the present model is com-
mensurate with the BKT region. But it has not been ruled out that in
the case of a quasi-2D model this region disappears as n; increases. For
example, in the case of an indirect interaction it was shown [65] that the
anomalous phase region really exists at the low carrier density only, i.e. it
shrinks when the doping increases.
b) For low ex (< |ep]) the function T (er) is linear, as it is also confirmed
by the analytical solution of the system (5.18), (5.22) and (5.21), which
gives Tgxr = €r/2. This behaviour is evidently observed in underdoped
samples [21].

We note that in this limit the temperature T, of the formation of a ho-
mogeneous order parameter for the quasi-2D model (see chapter 4, equation
(4.12)) can be written in the following form [65] (see also [21])

TBKT
(P LS — 5.26
In(ex|e,|/427) (5:26)
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Figure 1. Tgxr and T, versus the free fermion density. The
dots represent the function p(er) at T' = Tgxr. The
regions of the normal phase (NP), the anomalous nor-
mal phase (ANP) and the BKT phase are indicated.

where t| = 1/(m.d?) is the inter-plane hopping (coherent tunnelling) con-
stant. This shows that, when T, < Tggr, the weak three-dimensionalization
can preserve (in any case, for low n;) the regions of the anomalous and
the BKT phases, which, for example, happens in the relativistic quasi-2D
model [66]. At the same time, as the three-dimensionalization parameter
t); increases, when T, > Tk, the BKT phase can vanish, provided, how-
ever, that the anomalous phase region and both temperatures 7, and 7,
are preserved. It follows from (5.26) that the BKT phase vanishes when
t” > \/2|5b|6F(: A)
c¢) Figure 2 shows the values n; for which p differs substantially from ep
and, in other words, the Landau Fermi-liquid theory becomes inapplicable
to metals with a low or intermediate carrier density. As expected, the kink
pw at T = T,, experiments on the observation of which were discussed in
[67] and interpreted for the 1-2-3 cuprate [68], becomes increasingly less
pronounced as e increases. But in the present case it is interesting to note
that in the approximation employed it happens at the normal-anomalous
phases boundary or before superconductivity really appears. Therefore,
it would be of great interest to perform experiments which would reveal
the temperature dependence u(T'), especially for strongly anisotropic and
relatively weakly doped cuprates.
d) It follows from curve 3 in figure 2 that the transition (change in sign of
p) from local to Cooper pairs is possible not only with the increase of er,
which is more or less obvious, but also (for some n;) with the increase of 7T'.
e) Finally, the calculations showed (see figure 3) that the ratio 2A /Ty is
always greater than 4.4. The value 2A/T,(= 2A/TM¥) is, however, some-
what lower and reaches the BCS theory limit of 3.52 only for ep > |e;|. It
is interesting that this concentration behaviour is consistent with numerous
measurements of this ratio in HTSC [69,70]. Note that the divergencies of
2A/Tggr and 2A /T, at ep — 0 are directly related to the definition (5.23).
Discussing the phase diagram obtained it can be emphasized that the
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1
p/er
0.5
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BKT
NP
ANP 3
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11/1€s]
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T/T,
Figure 2. u(T) for different values of ep /|ep|: 1 — 0.05; 2 — 0.2;
3—0454—06;5—1;6—2;7—5. (For p>0
and p < 0 the chemical potential was scaled to er and

lep|, respectively.) The thick lines bound regions of
the BKT, anomalous normal and normal phases.

qualitative ideas about the crucial importance of phase fluctuations for un-
derdoped HTSC was, to our knowledge, first discussed by Emery and Kivel-
son [6]. These authors, starting from the experimental data of Uemura et al.
[21] and some others (see the Refs. cited in [6]), and from the well-known
general observation that the superconducting state is characterized by a
complex order parameter, introduced the temperature T, at which phase
order can occur. They have also argued that at low superconducting carrier
density and poor screening (i.e. in bad metals) phase fluctuations become
more significant than all other fluctuations, so that the classical XY-model
is suitable for underdoped cuprate oxides. When T, < T;"** (T;"** is the
temperature at which the phase order disappears if the disordering effects
of all the other degrees of freedom are ignored), phase fluctuations must be
relatively unimportant and the observable T, will be close to M predicted
by the BCS-Bogolubov theory. Otherwise, T, ~ T;"%® < TM¥F and TMF is
simply the temperature at which local pairing occurs.

Undoubtedly, the approach developed in this chapter is self-consistent
and a more-or-less complete (in the hydrodynamical approximation) exten-
sion of the semiqualitative results presented in [6,21]. At the same time
there is only one difference (but in our opinion an essential one) between
the behaviour of the function we obtain for TM¥(n;) = T,(n;) in the limit

n; — 0 and the function sketched for TM* in [6]. It is clear from figure 1
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Figure 3. 2A/Tgx7 and 2A /T, versus the free fermion density.

(and can be shown analytically) that in our case the zero density limit is
T,(0) = 0, in contrast to Refs. [6,21] where TM¥ grows when n; decreases.

On the other hand, the limit 7,(n; — 0) — 0 (the same argument also
applies to Tyissoc in section 2.3) cannot be considered sufficiently regular
due to the strong increase, for small n;, of the neutral order parameter
fluctuations which were not taken into account in the approximation used.
From the physical point of view perhaps the most consistent limit for this,
extremely low (when p < 0) fermion density, the region is: T,(n; — 0) —

Tp = 2y/p? + p? ~ |ey| (see (5.23) and figure 2).

5.5. “Spin-gap” behaviour in the anomalous normal phase

It would be very interesting to study how a nonzero value of the neutral
order parameter affects the observable properties of the 2D system. Does
this really resemble the gap opening in traditional superconductors, as it
happens in the normal phase? Or, in other words, does the pseudogap
open?

We shall demonstrate this phenomenon taking the paramagnetic suscep-
tibility of the system, as a case in point '!.

To study the system in the magnetic field H one has to add the para-
magnetic term

Hea = —upH [$](r)gi(r) — ] (r)ey(r)] | (5.27)

to the Hamiltonian (2.1). Here up = efi/2mc is the Bohr magneton. Note
that, using the isotropy in the problem, we chose the direction of field H
to be perpendicular to the plane containing vectors r. (Recall that in this
chapter d = 2 and 7 is a 2D vector.)

It is a very simple matter to rewrite Hpjs in the Nambu variables (2.2),
namely

Hpy = —ppHU (r)T(r). (5.28)

"That was done together with V.P. Gusynin.
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Then, adding the corresponding term to equation (5.10) for the neutral
fermion Green function, it is easy to obtain that in the momentum repre-
sentation (compare with(B.2))

1
(iwy + ppH)I — 15¢(k) + 11p
(iwn + ppH)I + 75¢(k) — m1p

= Gwrmr-e® - O

The static paramagnetic susceptibility is expressed through the magne-
tization OM (4. T, p. H)
M’ ) 101
X(p.Typ) = ———m———| (5.30)

H=0

Gliwn, k,H) =

which in the mean-field approximation may be derived from the effective
potential
1 anot (’U, Hy Ta Py H)

M(u, T,p,H) = — 31
(1, T, p, H) SH (5.31)
Thus from (5.31) one obtains 2
dk N
M(u, T, p, H) = T Z / G(iwn, k, H)I). (5.32)
Then, using the definition (5.30) one arrives at
_ 2 + ,0 - C()
X(M?Tﬂ p) = HUB n;m [CU2 + 52 ) 2]2 . (533)

The sum in (5.33) is calculated in appendix C (see equation (C.5)) and,
thus, we obtain the final result

1 [ dx
x(u, T, p) = XPaulii/ o , (5.34)
—u )
cosh™ /22 + %
where Xpaui = pim/7 is the Pauli paramagnetic susceptibility for the 2D

system.
To study x as a function of T" and n; (or ep) formula (5.34) should be

used together with equations (5.22) and (5.21).
For the case of the normal phase (p = 0) one can investigate the system
analytically. Thus (5.34) takes the form:

1
1 +exp(—p/T)’

x(p, Ty p = 0) = Xpaui (5.35)

while p is already determined by (5.25). This system has the solution

x(er, T, p = 0) = xpauni[l — exp(—ex/T)], (5.36)

which coincides with that known from literature [2].

12Note that one should use the first part of (5.29) to get this formula.
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Figure 4. x(T') for different values of eF/|5b| 1—0.2; 2 —0.6;
3—1;4—5;5—10;6 —

The results of the numerical study of the system (5.34), (5.22) and (5.21)
are presented in figure 4. One can see that the kink in y happens at T' =T,
as in the dependence of 4 on T. Below T, the value of x(7') decreases, al-
though the system is still normal. This means that the spin-gap (pseudogap)
opens. The size of the pseudogap region depends strongly on the doping
(er/|es|), as it takes place for the real HTSC [61,62,60]. For small values of
€r /|| this region is large (T, > 2T5 k1), while for the large ratio it is small.

6. Concluding remarks

We have discussed the crossover in the superconducting transition between
BCS- and Bose-like behaviour for the simplest 3D, quasi-2D and 2D models
with s-wave direct nonretarded attractive interaction. It has been pointed
out that optimally doped HTSC are still on the BCS side of this crossover,
although they are certainly far away from the standard BCS description.

Above we have emphasized the model description which in our opinion
proves to be the most suitable for the clarification of diverse physical prop-
erties peculiar to electronic systems with a changeable carrier density in any
dimension. While there is still no generally accepted microscopic theory of
HTSC compounds and their basic features (including the pairing mecha-
nism), it seems to us that this approach, although in a sense phenomeno-
logical, is of great interest, since it is able to cover the whole region of carrier
concentrations (and consequently the whole range of coupling constants),
temperatures and crystal anisotropy. It, as we have tried to demonstrate,
allows one not only to propose a reasonable interpretation for the observed
phenomena caused by doping, but also to predict new phenomena (for ex-
ample, pseudogap phase formation as a new thermodynamically equilibrium
normal state of low dimensional conducting electronic systems).

Evidently, there are a number of important questions which still remain
open. They may be divided into two classes: the first one concerns the
problem of a better and more complete treatment of the models themselves.
The second class is related to the problem of to what extent these models
are applicable to HTSC compounds and what are the necessary ingredients
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for a more realistic description.

Regarding our treatment of the 3D and quasi-2D models, it is obvious
that one has to take into account the interaction between the bosons too.
In particular, the Gaussian approximation is not sufficient to give reliable
results for T, at intermediate coupling when the “size” of bosons is compa-
rable with the mean distance between them. As for the 2D model, there
is some unconfirmed numerical result [71] based on a fully self-consistent
determination of a phase transition to a superconducting state in a con-
serving approximation, which states that the superconducting transition is
not the BKT transition. Besides, it would be very interesting to obtain the
spectrum of the anomalous normal phase.

Concerning the question which of the considered models are really ap-
plicable to HT'SC, it is obvious that most of the complexity of these systems
is neglected here. We did not take into account an indirect nature of the
interaction between the fermions and d-wave pairing. Note, however, that
some attempts to study the crossover for these cases were made [72,73,58]
(for general review see [34]).

A lot of peculiarities of HTSC are now connected with the stripe struc-
ture of CuO, planes, which, according to many experiments (see [74] and
references therein), are divided into normal and superconducting bands.
There is an interesting and important problem how to investigate these
systems.

The problem of the crossover from BEC to BCS (especially for 2D sys-
tems) is so complex that, without doubt, it will bring us a lot of surprise
in the near and far future. One of them is perhaps the unified theory of
superconductivity and magnetism [75] which has already excited a lot of
interest and criticism (e.g. [76]).

A. The effective potential

Let us derive the effective potential (2.19). To obtain it one should write
down the formal expression (2.13) in the momentum representation, so that

Qoo (v, 1, T, @, %) = 1oF 7 +§m/ dk Te[ln G (iw,, k)e*n™]
pot (U, ty Ly P, = % L (27T)d n 1Wnp, €
+T +§m: / dk_ Tr[In G, (iw,, k)en™] 5 — +0 (A1)
(271') 0 ny ? bl *

d

n=—oo

where
G, ) = ] — 1€ (k) + 7,0 7 = (o pEED B
(A.2)
and
Gy (iwn, k) = G‘l(iwn,k)|¢:¢*:u:0 = < 1 _()g(k) W, —i(-)e(k:) )
(A.3)

are the inverse Green functions. The exponential factor e®“»™ is added to
(A.1) to provide a right regularization which is necessary to perform the
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calculation with the Green functions (see [77]). For instance, one obtains

—+oo
. —1/, 10w, T3] __
51520 n}_oo Tr[ln G~ (iw,, k)e =

§—+0

+oo
lim { Z Tr[ln G~ (iw,, k)] cos dw,,+

i Z sin 6w, Tr[(In G~ (iw,,, k) — lnGl(—iwn,k))Tg]} =

.
_Z Tr[ln G~ (iw,, k)] — % (A.4)

where the properties

k
InG ' (iw,, k) = —73—5,( ), w,, — 00
1w,
and . .
Z sin dw,, 1 /Ood sin 0z 1 . 5
~ T = —sign
e, mT v 4"
were used.

To calculate the sum in (A.4) one has to use the identity Trin A =
Indet A, so that (A.1) takes the following form:

|®|2 +oo / dk det Gil(iwnak)
Q o 3 7Ta éa 7)) = - T 1 o (2
P t(?) 1% ) U{ 1% Z (27r)d ndet Ggl(zwnak)

n=—oo

- [atm ewl ] (a)

Calculating the determinants of the Green functions (A.2) and (A.3) one
gets

(PQ “+oo dk 9 Qk (1)2
ont(fu,,u,T,@,Q*):v{u Yy /( L v E(R) 112

% om)d w2 + e2(k)

[ et +<lf. (a0

where the role of G (iw,, k) in the regularization of 2, is evident now. The
summation in (A.6) can be done if one uses the following representation

w2 +a® o 1 1
In — = d — . AT
Yo /0 x<w3+a2+m w,%+62+:v) (A1)

Then, the sum [78]

> 1 T me
— = —tanh — A8
kz:;) 2k + 12+ 4c A (4.8)
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may be now applied and one obtains

2 2
w, ta

nw?ﬂ—b? N

o0 1
dx tanh — tanh
/o <2\/62 +z 2T 2va?+zx 2T

Integrating (A.9) over = one thus arrives at the expression:

Vb2t 1 \/a2+x) (A9)

g Wn TER)" + (O
Tn_zoo/ w2 +e2(k)
cosh[\/&2(k) + |®|?/2T
2T/ (2m)d n coshle(k)/2T] ' (A.10)

Finally, substituting (A.10) into (A.6) we get (2.19).

B. Low energy kinetic part of the effective action

Here we derive the kinetic part (5.8) of the effective action (5.7). To obtain
it one should calculate directly the first two terms of the series in (5.8)

which are formally written as Q) = TTr(G¥) and Q) = 1TTr(GEGY).
The straightforward calculation of Ql(ir), gives

Q) — T/ dT/dr Z /dk TG (iwy, k)] <28 6+ (Zgl) )

(B.1)
where )
anI -+ ng(kﬁ) — TP

W E(k) 1

is the Green function of neutral fermions in the frequency-momentum repre-
sentation (compare with (2.18)). The summation over Matsubara frequen-
cies w,, = m(2n+1)T and integration over k in (B.1) can be easily performed
using the sum (A.8) and thus one obtains

g(iwna k) = -

(B.2)

(Vo) ) , (B.3)

i) = T/ dT/d'r ng(u, T, p) <23 0 +
2m

where np(u, T, p) is determined by (5.17). We note that ¥ has the following
structure X = 730, + 105, where O; and O, are some differential operators
(see (5.11)). One can see, however, that the part of 3, proportional to the
unit matrix I, does not contribute to Ql(jr)l

For the case T' = 0 [63,64] when real time ¢ replaces imaginary time
T, one can argue from the Galilean invariance that the coefficient of 8t0 lS
rigidly related to the coefficient at (V6)2. So it does not appear in Q).
We wish, however, to stress that these arguments cannot be used to exclude

the appearance of the term (V)2 from Q{2) when T' # 0, thus we must
calculate it explicitly.
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The O; term in 3 yields

Q2 0,) = 2/ dT/dr /dk Te[G (iwn, k) T3G (iwn, k) T3] X
(V6)?
<18 0+ ) , (B.4)

And from (B.4) we find that

02 (0,) = ——/ dT/drK (1., p) <za 0+ (Zgl) ) , (B.5)

where K (1, T, p) was defined in (5.16). It is evident that O; term does not
affect the coefficient of (V6)?. Further, it is easy to make sure that the cross

term from O; and O, in Ql(jr), is absent. Finally, the calculations of the O,
term contribution to QF, '* give

A0 = T / dr / ar s O [ b KT (i BTG i )] ¢

4m2 . (B.6)

Thus, after the summation over Matsubara frequencies (see appendix C)

k2
o2 _—/d/d /k 0)%. (B.
km(O2 T r32ﬂ_ 24,2 62(k) e (V ) ( 7)
2
cosh S

As expected this term vanishes when T' — 0, but at finite T' it is comparable
with (B.3). Combining (B.3), (B.5) and (B.7) we obtain (5.14).

C. Summation over Matsubara frequencies

Here we perform the summation over Matsubara frequencies in the following
expression:

T f: TY[G (iwy,, k)G (iw,,, k)], (C.1)

where the Green function G(iw,, k) is given by (B.2). At first, using the
elementary properties of the Pauli matrices one obtains

TG (iwn, k) TG (iwy, k) T] = ?5:2;{;;24:;‘2’% . (C.2)

Then, the summation can be easily carried out if one uses the following
sums [78]

[e's] 2 1
Z —— anhﬂ— T

—_— C.3
k:(] [(2k +1)% + a?]? 8a3 2 16a2 cosh? 7—T2Q (C3)

3Derivatives, higher than (V6)?, were not found here.
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and ( . \
> 2k +1 T Ta T 1
[(2k +1)2 4+ a?]? " 8a tanh 27 16 cosh® T&
k=0 2

(C.4)

Assuming that a* = (€*(k)+p?)/7*T? one directly arrives at the final result

N R e A 1
27 L . (C.5)
W Wk (k) 2P 2T 1 VE )+ p?
COS T
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YTBOPEHHS HAOITPOBIOTHOI'O KOHIEHCATY Y

METAJITUHX CUCTEMAX 3 NOBIJILHVM HOCIEM

Ir'YCTVHUN

B.M.JlokTes, C.II.I1Tapanos

B mamiit ctaTrTi maeTtnca cydvacHuit i B meakiit Mipi memaroriu-
HUI OTJISIT PO3YMiHHs TOTO, K YTBOPIOETLCS HANIPOBINHNI CTaH
¥ MeTaJivuHMX CHCTeMaX 31 3MiHHOIO rycTUHOIO HOciiB. Mwu po-
Oumo cupoOy ommcaTu KpOcoBep Bim mamnposimaocTti tumy Bosze-
AjtnmraitaiBeokoi kongencanil (madi ryctunn) oo Mexauizmy Gap-
nina-Kynepa-Illpidgdepa (Beauki ryctunn). IIpoTarom ycLoro pos-
IVIATYy BUKOPUCTOBYIOTLCS (YHKIIOHAJILHI MeTonu. BinbmicTh pe-
3yALTATIB Na€ThCA y Gopwmi oraany snepme. [leaxi 3 Hux (30Kkpema,
MOXKJIMBICTL yTBOPEHHs UiIUHY ) BUKOPUCTOBYIOTLCS MJIs IOSICHEH-
Hs HASIBHUX €KCIEPUMEHTAJLHUX TaHUX I/ BICOKOTEMIIEPATY PHOI
HAAMPOBITHOCTI.



