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Calculation of thermodynamic functions of the three-dimensional
Ising ferromagnet above and below critical temperature is performed
in the approximation of sixfold basis distribution (p® model). Com-
parison with the results for the p* model indicates that dependence of
the thermodynamic functions on the renormalization group parameter
s becomes weaker. The optimal interval of the renormalization group
parameter values is determined.

Introduction

Significant results in the description of the system thermodynamic prop-
erties in the vicinity of the transition point have been obtained by means
of the collective variables (CV) approach. The method of deriving explicit
expressions for the thermodynamic and correlation functions of the three-
dimensional Ising model at temperatures both above and below critical tem-
perature T, has been suggested within this approach. The calculations are
performed with a non-Gaussian measure density. The measure is repre-
sented as an exponential function of CV, the argument of which contains,
along with the quadratic term, higher powers of the variable with the corre-
sponding interaction constants. The simplest non-Gaussian measure density
is the quartic one (p* model) with the second and the fourth powers of the
variable in the exponent. Then the sixfold measure goes containing the
sixth power of the variable (p® model), and so forth.

The results of the theory depend on the renormalization group (RG)
parameter s due to an approximation of the Ising model partition function
calculation using the non-Gaussian measure densities. This dependence de-
creases essentially if the non-Gaussian measure density becomes more com-
plicated. Calculations of the correlation length critical exponent v within
the p?™ models with m = 2,3,4,5 confirm this statement [1-3]. Tt has been
established that the p® model provides an adequate description of the Ising
model critical behaviour, in particular, the critical exponents, at the RG
parameter values in the interval 2 < s < 4.

Investigation of the p® model within the numerical realization of the
CV method has been performed in [4]. Analytical derivation of the explicit
expressions for the p® model thermodynamic functions is the subject of
the present paper. The foundations for such kind of investigations have
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been developed in [5-9], where the quartic distribution was used as a basis
measure.

1. General relations

The partition function of the three-dimensional Ising model within the six-
fold measure density is given by

1 jud . 3 . n
7 = QN/eXp[§ Z B (k)prp_r + 27i Z WPk + Z (21i)*" x

kLB kLB n=1

x Ni=n

Z 'Mznwkl te 'wk2n6k1+“'+k2n](dw)N(dp)N7 (11)

ky,..., k2n<B

~~
—_

2n)!

where My=1, My=-2, Ms=16, ®(k) = ®(0)(1 — 2b°k?), § = (KT)~" is
the inverse temperature, b is the effective interaction radius of the potential
®(r) = Aexp(—r/b), ®(0) = 8tA(b/¢)’. Integrating (1.1) over pj and
wg with the indices B’ <| k |< B (B = 7/e¢,c is the simple cubic lattice
constant), we get an expression for the partition function of the p® model:

N'—1 7 1 1
7 = 2N2T= et /exp[—§ Z d'(k)prp_r — (1.2)
k<B’
21 , ,
- Z W(N/)l_l Z Ao1Pry " * 'pk216k1+“'+k2l](dp)N .
1=2 : ki, knu<B'

Here N’ = Nsy~2, 8o = B/B' = m/2b/c,

d'(k) = ay — 3B(k). (1.3)

Coefficients a,, depend on the ratio b/c and are given by the relations

4, = MmQM), QM) = (12577 o(n',€"),

ay, = (128)Y2F,(n',€"), (1.4)
a; = 1253’0(77',5'),
ag = (1255°N(n.¢),

where the quantities n' = \/§s§’/2, &= 1?;/;;}2 are the arguments, and special
functions C(7/,¢’) and N(9/,{’) read

0(77/75/) = _f4(77/7£/) + 3]:22(77/75/)7 (15)
N(nlvfl) = f6(77/7£/) - 15?4(77/75/)‘?2(77/75/) + 30]:23(77/75/)

Is /7/ _ o0 14244 146
Here le(n’,f’) = Ioéj,;,;, Iu(n, &) = jjo e jf €'t g N '

Using the method of layer-by-layer integration of the partition function
in the phase space of CV, developed in [10], one can reduce (1.2) to the

form:

Nyg1-1

7 = oNo™ ZoZl...Zn(Q(Pn))N"“/wé"“)(p)(dp)N"“, (1.6)
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where N, = N's=37,

Zo = [QM)Q(DTY, 7y = [Q(P)QUdN™, ... ,

Zn = [Q(Po_1)Q(dy)]™", (L.7)

ai")

QP) = %(5 W)1/410(77n75n)7

Q(dy) = 224/ a4 Iy (hn,y ).

Hereafter the arguments h,, o, are called basic:
\/6 n n
hn = dn( n+17 )(6/@ )1/2 o = 1_5a(6 )/(agl ))3/2‘ (18)

The effective measure density of the n-th phase layer wé")(p) has the form:

wén)(p) = exp[—3 Z dn(k)prp-r — (1.9)
k<B
3
1
22— NN aS) Py Pho O g -
=2 ki, ks < Bn

Here B, = B's™". The intermediate variables n,, ¢, are functions of h,, and
o,

e = V652 Fy(hn, ap)[C(hn,an)] 2, (1.10)
£, = \1/—565—3/2N(hn,an)[C(hn,an)]—B/z.

The form of the special functions C'(h,,a,), N(h,, a,) is given by (1.5).

Coefficients d,,(Bn11, Bn), ai"),aé ") are related to the coefficients of the
(n 4+ 1) th layer by recurrent relations (RR) [11-13]. The solutions of these
relations [13] are used in the calculation of the system thermodynamic char-
acteristics.

2. Thermodynamic functions of the p® model in the regions of crit-
ical and limit Gaussian regimes (CR and LGR) above T,

It is convenient to rewrite the model partition function as [14]
Z = QNZCRZLGR. (21)

Let us consider Zcg given by

L)) 24
Zon= T o) s hlnosston 1 (22)

It should be mentioned that in (2.2) n_y =7/, {1 =& at n = 0. We repre-
sent the right-hand side (RHS) of (2.2) in the form of an explicit dependence
on the phase layer number n in order to calculate Zcg.
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In the CR region, the basic h,,a, and intermediate n,,&, arguments
are close to their values at the fixed point. Therefore, functions of these
arguments can be written as power series of deviations of basic arguments
from their values at the fixed point (see [15,16]). Using the obtained repre-

sentations for Io(hn, an), To(Mn-1,&n—1), C(Ma-1,€n_1), we determine from
(2.2) the partial free energy corresponding to the n-th phase layer:

F, = —kTN.{f (0)-|-991(hn 1= B + oo,y — o) +
ol =) gl ) s <00
et = 0O 4 g3l — KO 4 (0, — 0O 4

+(
s hamr = Kooy — 0V) £ @ (hy — hO) (0, — ),
2(24)1/4
O = w22 ) )—11117’40““8‘“1118‘*7 (2.3)
S‘Qm = bm+P4m/4, 7’)’L:1727
$3 = _f;, Qg = —fé"

1/ 1 1/ 7 * *
S‘Qm = bm_§b72n_7)4m/4+7)jm/87 @3:‘?4/2_‘?22/27

Ps = ffz/Q_fgz/Qv 99;,:b;_blbz—P;3/4+77417742/47
vy = Fg—TF3Fs.

Expressions for the quantities occurring in fCR, Vs, cp;» are given in [15,16].

Hence, the partial free energy of the n-th phase layer F,, is written as a
power series of deviations of basic arguments from their fixed point values.
The linear approximation for F, was used in [14]. In the present paper,
as well as in the calculations within the p* model [5,6], the quadratics of
the deviations are also taken into account. It allows one to compare the
results of the calculations for p* and p® models. Let us note that quadratic
terms of the RR do not contribute to the elements of the matrix of the RR
linearization in the vicinity of the fixed point, and the eigenvalues F; of this
matrix and the critical exponent of the correlation length are the same as
within the linear approximation for the RR.

Let us find an explicit dependence of F,, on the layer number n. Using
the solutions of the RR, we get for h, and a,:

h, = h" 4+ clﬂl(u(o))_l/zEf + czﬂz(u(o))_lEQ +
—|—c3H3(u(0))_3/2EQ + 0102H4(u(0))_3/2EfE§ +
teicy Hy(u®)PPEP R 4+ oo Ho(u(®) 2B +
—I—CfH7(u(0))_1E12" + c%czﬂg(u(o))_zEf"Eg +
+c§c§H9(u<0>)‘3Ef”E§”, (2.4)
a, = o+ clLl(u(O))_l/zEf + chz(u(O))_lEg +
+es Ls(u)32ED 4 eyeo Ly(u®) 32 EMED 4
e e2Ls(uY P PEPE 4 2 L(uM) 2B 4
+ELA(u )T ER 4 ey Ly(u ) TPETER 4
ALY P B,
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where
(0)
PRV
2 2’
Hy = Vou'y) - h”;wé%)’

3 V6
Zh(o)wéﬂ) 5 (1+w<0) W,

3v6 1 5
= 22 (5 4wl — ZhOu)

~ 130 - uw® _ 9 300,00 _ G
He = 2( 2), Hr= —(Zh Wy — V6),

2
3
0, = 2Y0 \f <o>(1+_ () (0)‘4¢6h(0)“’$))’
15\/_ w® 7 0 0)_ (0
Hy = 2Y2 RO _ 1 _ (0,00
9 16 Way (4\/6 Wy Wiy Wy );

NG O 30wy I V6 O 3al0)

Ly = —wgy 2= T

15 2 15782 7 Ty

V6 3a(0)w(0)
I.— _ 2.5
T 15 2 (2.5)

15 V6

V6 1 105
Ly = ( (0) +w (0) §2> _ 4\/60[(0)%0%2))7
1,15 V6
Le = §(Za(0) - ?wgg))v
(0)
w 15 \/6
b= %(Ia%gp ~ )
6 105
PR CINGING + why i) — —=alVwiy)),
4 4\/6
77/ 6 45
\/_w(o) —a(o)wg?) — w§,0> w(?)w(o))

Ly=—2
9 16 21(4\/6

Considering (2.4), we rewrite the partial energy of the n-th phase layer as

F, = —kTN's[f%) _I_f(l)( (0))—1/201E{l_|_fé2122(u(0))_102E§—I—
B (WON3 e BR 4 (8 (WO 2 e, EPED +
(5)(u(0)) 5/20102E"E2n+f(6)( (O)=2e2 20 4 (2.6)
HEMO) IR + SO ele, B +
)

w322 BRI,
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Here,

(m)
CR

(4)
CR

(5)
CR

(6)
CR

(7N
CR

(8)
CR

)
CR

The quantities u(®), w;

Ho(@s + 01/ Em) + Lin(0a + 02/ Ep),m =1,2,3,

Ha(ps + 01 /(E1Es)) + La(a + 02/ (1 Es)) +

+2H  Ho( 03 + 1 /(E ) + 201 Lo( + ¢/ (E1 Es)) +
+(Hi Ly + HyLy)(5 + @5/ (E1 Ey)),

H5(s + 1 [(E1ES)) + Ls(pa + @2/ (E1F3)) +

+2(H Hs + HyHa) (s + @1/ (E1E3)) + 2( Ly Lo + Lo La) x
X(pa + 9o/ (EvED) + (HiLs + Holy + HyLy + HyLs) X
x5 + 05/ (E1 F3)),

Ho(0s + @1/ E3) + Lo(@a + 02/ E3) + Hi (05 + ¢,/ E3) +
+ 15004 + 2o/ E3) + HaLo( 5 + 05/ E3), (2.7)
Hi(0s+ @1/ EY) + Lo(@a + 02/ EY) + Hi (03 + ¢, /| E7) +
+ 1300y + 2o/ ED) + HiLa( 5 + 05/ EY),

Hs(s + @1 /(EEs)) + Ls(@a + o/ (BT Es)) + 2(H Ha +
+HyH:) (5 + 1 /(BT E2)) + 2(LaLa + Lo Lz)( +
-|-9912/(E12E2)) + (H Lya+ HyLy + HoL7 + H7Ls) X

(g + ¢35/ (BT Es)),

Ho(ps + o1 /(E1E2)?) + Lo(pa + 0o/ (E1Eo)*) + (2H Hs +
+2H, Hy + H + 2Hs Hy)(03 + 1 /(EVE2)?) + (201 Ls +
+2LyLg + Li + 2Lo L)y + o/ (EVE)) + (Hi Ls +
+HsLy + HyLs + HsLs + HyLy+ HelL7 + H7Lg) X

(6 + 5/ (F1E2)?).

(") were determined in [13]. Let us note that in the

expressions for h, and «, we can neglect a qualitatively new term propor-
tional to Ef which arises within the p® model considered ( Fj is not essential
as compared to Fy or Fs).

Summing up expressions for F), (2.6) over layers of the phase space from
n =0 ton =m,, we obtain

Fep = Fy+ Fop,

F, = —kTN'[InQ(M)+1nQ(d)], (2.8)
Fop = Fop+ Foar™ + Fepr™.,
where
(0) (V) 2 o p
O T N's3[_JCR Jerpo TGTE,
“r s [1—5—3+ 1—- F573
f(czgz@glczoEz (031239953/2030E3 (041239953/2517'020E1E2

_I_

_I_

1= Eps3 1 — Eys—3 [—EiBs®
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f(5122990 ClTC%oElEz2 f(61229952030E22
1 — FEF2s—3 1— F2s-3
(7 —1~2 2 172 (8) -2~9_2 2
f o TR fores it can T By
1— Eis=3 1 — E?F,s73
f(9122990 C T CzoEzEz]
1 - EiF2s-3 ’
(0) f(l) —1/2f

F(l) — k‘TN/ —3mg CR RS‘QO 0
CR s [1—5—3+ 1— F,s73 +

_I_

_I_

+ (2.9)

Caor’
+ 0]

1— F2s—3
Emr‘l'l f(S)QO Emr-l-l
PO N g 3mo f RQOO Leag 5 ®) oo sy E3
CR S [=< 1= Fps-3 + T +
B B Foe

+ 1 - E1E28_3 + 1 - E1E2 -3

f(6122990 CzoEz(mTH) n f(8122990 s Byt
1— K253 1 — FE2F,s73
f(9122990 Sf()zczoEZ(mT+1)
1 — F2E2s73 )
To calculate these expressions, we have used the formulas:
g73metl) = B g=3mo (2.10)
€1 = 7'515(1)(0)7 €y = Czo(ﬁ‘b(o))za C3 = 030(5‘%(0))37

where my, é1, €99, €30 and fy, ¢y were defined in [14]. The dependence of my
on s for the p® model under consideration is plotted in figure 1 (solid curve).
Here the dashed curve corresponds to the p* model. It is easy to notice that,
when s = s* (s* is the value at which h, turns to zero at the fixed point;
5*=3.5862 for the p* model and s*=2.7349 for the p°® model), the values of
my for p* and p°® models coincide.

Further, we put Fézf)z =0at T < 1,since Fy < 1, F3 < 1, and m, is large.
Taking F,, F3 into account gives rise to terms characterising corrections to
scaling. As a result, the free energy of the CR region takes the form:

_I_

_I_

_I_

For = —kTN'[yo+ 8 — 70T,
o = 8—3[ (00122 i f(lgz@o 1/2~ 1TEy f(ZJE#P(;l/ oo Fls
1—s-3 1— Fys73 1— Fys3
fé?)]?z@a /2030E3 n f(c4122990 017020E1E2 n
1-— E38_3 1-— E1E28_3
-I-f(sé% 5/2010207']51]52 f(612299o_2030 2 4 fm @, G E}
1—- E Eis-3 1— E2s- 1— Eis=3

f(csgz@o ¢ 02072E12E2 f(cggz@o SCzcgoTzEszz
1 — E?F,s73 1 - EiF2s-3

+ 1, (2.11)
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Figure 1. Dependence of the quantity my on the RG parame-
ter s for the p® model (solid curve) and the p* model
(dashed curve).

b= QM +QU). AT =dt e = (5o
0
’V+ — (00122 _I_félgz@al/zfo -I- fé?z@olfo
1— 53 1— Fys3 — Fis=3°

Note that 7,0, are the functions of temperature, since they are ex-

pressed in terms of ¢, a0, 30 and Q(d). Let us extract the temperature
dependence in these quantities.

Near T. we have for é,

& = (0) + C(l) T
~(0) (0) 1/2 (0) a4v§g)cpo
C1 = Vl[l — fo+ 0wy "+ i3 ¢0‘P W +

(0)

2%‘7113 ©5
+ 7] (2.12)
(5.9(0))°
FEO R [awig)% 3“6”52)@0 ]
Vo=
(8:9(0))*  (8.9(0))°
for ¢y and c3q we get, respectively,
Coyp = 020) + C(l)T + 0(2%)7'2
(0
_ (o0
0(2%) = Vi[—po — 71&1)(1 - fo)@(lJ - 7123)15099 e + M +

B.®(0)
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’ ;) —1/2
TR— f6028 %0 3, (2.13)
(8:2(0))*  (8:9(0))?
N Z[CL;vég)@é” 2, 3@%@%3)9951/2]7
B:2(0)  (B:9(0))*  (B.2(0))
D = ity dsen
(8.2(0))*  (B.9(0))°
€30 = Cg%) + ng))T + Cé%)Tza
)
& = Va[—vo — @b/ — o1 — fo)uit) + % +
ayvly ey’ ag
+ = + ——= I, (2.14)
(8:2(0))*  (8.9(0))
R e 1 LU L 1/ S
B:2(0)  (8.92(0))>  (8.2(0))
O B[GQvég)@é/z 3a )

(8:2(0))*  (B.9(0))?

The values of 3.9(0), the correlation length critical exponent v = Ins/In F,
exponents of the corrections to scaling Ay = —In Fy, /In E;, A, =
—1In F3 /In Fy, and coefficients of the expressions for ¢, ¢q, €3 are given in
tables 1,2. In the present paper, the numerical calculations are performed
at b/c = 1 and arithmetically averaged Fourier transform of the potential.

Table 1. Values of ﬁc(i)(O),V,Al,Az,é(lo),é(ll) for different s.

s 3,8(0) v AyA, & &

2 1.1204  0.619 0.653 5.061 0.7602  0.0109
2 1.1405  0.634 0.552 3.963 0.7637  0.0103
2.7349 1.1506  0.637 0.525 3.647 0.7641 0.0100
3 1.1628  0.640 0.503 3.379 0.7630  0.0096
3 1.1882  0.645 0.476 3.038 0.7570  0.0089
3.5862 1.1929  0.645 0.473 2.994 0.7555  0.0088
4 1.2165  0.648 0.460 2.821 0.7471 0.0082

Expressions for the quantities Vl,Vz,Vg,zbo,v,(]p) occurring in (2.12) -
(2.14) are presented in [13,14]. The coefficient 7, can be written as

w0 = W+ a0
(0) (2), -1 (0) (3) —3/2 (0)
o I sy I
780) _ 8—3[ CR_ cRrR¥Po Ca0 2_|_f03990 30 3_|_

1—s-3 1— Fys3 1— F583
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Table 2. Coefficients in equations for ¢s (2.13) and ¢ (2.14).

¢5

(1

b (2)

2 (0)

C3p (o Cg%)

C3p

A WWWwN NN
[ e =1 Ot

-0.2302  -0.0949 0.0075 0.2401 0.0762  -0.0161
-0.3297  -0.0893 0.0080 0.3266 0.0698  -0.0147
-0.3820  -0.0872 0.0083 0.3642 0.0654  -0.0140
-0.4449  -0.0851 0.0085 0.4056 0.0603  -0.0133
-0.5737  -0.0813 0.0089 0.4821 0.0516  -0.0120
-0.5972  -0.0807 0.0089 0.4952 0.0503  -0.0118
-0.7142  -0.0776 0.0090 0.5581 0.0443  -0.0108

¥V

75D

_I_

_I_

For 6, we obtain

bo
8"

8"

8"

an 2(0(2%))2155]
1— E35-3 ’
opfoney PAVE | fener By | feneo e Ea |
1 - E18_3 1 - E28_3 1 - E38_3
TP E O B By s A ()2 Ey B2
1-— E1E28_3 —I_ 1-— E1E228_3 +
2Lk s
1— K253 ’ )
opfened PAVEy | fener i By | femeo™ o By
1 - E18_3 1 - E28_3 1 - E38_3
feneo (@) + &V BBy
1 - E1E28_3
Jney P28y ) + &V (S ELES N
1-— E1E228_3
[ (Y + 2L fher 07
1— E2s-3 1— FEis3
Foher (")) B2E, . fé%%soa?’(éﬁo))2(cé%>)2EfE§]
1— F?F,s~3 1 - FE?E3s3 '
8 + 80T + 65772,
InQ(M)+InQ(d,T.),
V6 N
— =1 = 0).2(0) Folhe, o), (2.16)
4
3

== (1= (B 8(0))*[F5 (hey ) = Falhe, )] +

Qy
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n %(1 — 7)B.9(0)Fa(he, ),
b = ol a0 -0). o=

vy

Coefficients of the expressions for v, (2.15), 6o (2.16) at different values of
the RG parameter s are given in table 3.
Hence, the free energy of the CR region reads

V6 al6 7_1—|—5_2
15 (a2 17 T

Fon = —kTN' [ 417 4 907”4 45770,
7w = w48 (2.17)

no= w48,
Y= w0+ 8.

The numerical values of coefficients ’yéCR), Y1,72 and quantities v, ¢, =

(6(10)/]‘0)" occurring in 7S are given in table 4.

Knowledge of Fog allows one to calculate other thermodynamic func-
tions of the system in the CR region at T > T,. For the entropy Scg,
internal energy Uggr and specific heat C'cp we get

Sern = kN'[sOCR 4 eor uéCR)J’Tl‘“],
Ucp = kTNI[’yl + uT + ugCR)"'Tl_“],
Cor = kN'[eq+ % r], (2.18)
SOCR) %gCR) F v, o =207+ 72),s ugCR)+ _ _3V7éCR)+7
. = 29+ 71, chR)'I' = —3v(3v — 1)7§CR>+, a=2—3v.

In the region of LGR, the expression for the part Z; ;g of the partition
function (2.1) reads

1
Zron = [epl=g X o (8) = dn (B B pups =

k<Bmr 41

Table 3. Values of coefficients in equations for v, (2.15) and 4, (2.16).

A L
2 0.1205 -0.3160 -2.5291 0.2711 -0.3574 0.4810
2.5 0.0757 -0.2343 -2.9320 0.3237 -0.4510 0.6464
2.7349 0.0624 -0.2062 -2.9801 0.3423 -0.4862 0.7128
3 0.0510 -0.1798 -2.9798 0.3606 -0.5222 0.7827
3.5 0.0362 -0.1415 -2.9314 0.3905 -0.5836 0.9075
3.5862 0.0343 -0.1360 -2.9236 0.3953 -0.5938 0.9287
4 0.0267 -0.1135 -2.9039 0.4175 -0.6420 1.0319
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Table 4. Coeflicients ’yéCR), Y1, 72 and quantities ¢,y %, v~ con-
tained in ’yéCR)i for different values of the parameter
s.
s oW Yo e vt 7

0.3915 -0.6734 -2.0482 1.4412  -0.3170 0.7382

5 0.3994  -0.6852 -2.2856 1.2722  -0.7757 0.5244
7349 0.4047  -0.6924 -2.2672 1.2097  -0.9831 0.4188
0.4116 -0.7020 -2.1971 1.1462  -1.2229 0.2899

5 0.4267  -0.7251 -2.0239 1.0414  -1.7450 -0.0277
5862 0.4295 -0.7298 -1.9949 1.0250  -1.8496 -0.0973
0.4442 -0.7555 -1.8720 0.9517  -2.4345 -0.5148

A WWWwN NN

. 2m)° m
— 2mi Z wkpk—% Z Pz( T)wkw_k— (2.19)

F<B oy 41 k< By 41

3
(2m)* i (m,)
— Z (21)' NT}’l,—-I—l Z le Wy - o Wp,, X

=2 k1,..., kot Bm, 41

X 6k1+...+k2l}(dp)Nmr+1(dw)NmT+l‘

To calculate Z;gg it is convenient to select two regions of the wave vector
values [14]. The first, transition region, corresponds to the values of k close
to B,,_; the second, Gaussian region, corresponds to small values of the
wave vector (k — 0). Hence, we have

Zrar = Z(LlG)RZ(LzG)R- (2.20)

The contribution to free energy from the phase space layers following
the point of exit from the CR region is

FY) = —kTN' frpr™,

fre = frr, frr= ZD: s frar, (m), (2.21)

m=0

2 1 1
frer,(m)=1In - + 1 In 24 — 1 In C (N> Emrim ) +
10 Lo (P gt s @mgmat) 10 Lo(Mmms Emy o )

where 1714 is the nearest integer to 7,. The quantities 1y, Tm. 4ms Em.+ms
P 4mt1s Qm.4ms1 Were determined in [14]. The plots of 7i2,(s) and analo-

gous dependence my" (s) (p* model) are represented in figure 2.
Introducing an infinitely small external magnetic field h = ppH (up is
the Bohr magneton), we can write the part of the free energy corresponding

to ZézG)R as

F, = —kTN fr% —gNytr’r, f =JF,
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Figure 2. Behaviour of 7, (p® model) and m, (p* model) with
the increase of the parameter s.

= 5_3(mo+1)fLGR27
- 1

1 1 1 1
fLGR2 = —Zln 24 + § + Zhl Upp 1 — §1H(G 4 ) — (2.22)

s?
- %ln FolPpy r _q5 0y y) — Gs® 4 (Gs*)¥? arctan[(Gs?) ™17,

vi o= A /(BR(0)), A =87 (26).
m;— = m; —I' mO —I_ 27 ﬂm:_—l = um;—l(ﬁé(o))_zv
G = (T 1 [28) [ Fy(h s 15 0] = G

A general expression describing the contribution of long-wave fluctua-
tions to the free energy (LGR region) reads

Frar = _kTNIfLGRTSV — BNy, TR 7, (2.23)
frer = Cl?jfLGRv fLGR = fTR + ]?I-

The values of frg, f, 7 are given in table 5.
The entropy, internal energy, specific heat corresponding to the LGR
region are defined by the relations

SLGR = k‘NIUgLGR)Tl_a,

Urgr = kTN ui o0 71-, (2.24)
Crer = kNlchRT_aa
UgLGR) =3vfrar,

CgLGR) = 31/(31/ - 1)fLGR-
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Table 5. Values of frg, f, 91.

S frr ' x10° o

2 0.6529 0.4749 2.7055
2.5 0.8142 0.0102 3.0870
2.7349 0.8824 0.2155 2.1737
3 0.9541 0.0659 2.1841
3.5 1.0756 0.0091 2.2058
3.5862  1.0950 0.0067 2.2098
4 1.1822 0.0016 2.2307

3. Contributions to the thermodynamic functions of the model from
the critical and inverse Gaussian regime (CR and IGR) regions
below T,

The free energy at T' < T, can be written as [6,10]

F=Fy+ Icr + Figr, (3.1)

where Fy = —kT'N In 2 is the free energy of the system of N non-interacting
spins, Fog is the contribution to the free energy from the short-wave fluc-
tuation phases of the spin moment density (CR region), and Figg is the
contribution from the long-wave phases of the fluctuations (IGR region).

The number u, of the CV phase space layer, separating the short-wave
and long-wave phases of fluctuations, is an important characteristic of the
system. It is determined from the equation

— 7@
Tur+1 r _
= 8. (3.2)
Here #(") corresponds to the fixed point of the RR, Ty, +1 is determined from
the solutions of the RR equations (see, for example, [13,14]), 6 is a constant

(6 < 1). In the present paper we put § = 1 (see [8]). Let us write an
equation for p,

| T @Bt = f, (3.3)

the solution of which is

In| 7| _lnfo—lné(lo)

[ _17 —
a hlEl —I_,MO Ho hlEl

(3.4)

We need to sum the partial free energies over the layers of the CV phase
space to calculate Fog. Extracting an explicit dependence on the layer
number, using relations (3.3) and

sTRUED) = | g Wm0 gm0 = (B (3.5)
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we obtain

Fop=—kIN' W0 — g |7 49l 717 =471 7 1. (3.6)

Coefficients v“™, 41, 7» are determined in (2.17),
BT = Ay, (3.7)
- = _fen _Jewe Ph | foped S
1—s3 1—FEs3 1-FEis3

The value of v~ is given in table 4.
The entropy, internal energy and specific heat of the system correspon-
ding to the CR region read

Ser = kN [8VCM — ey | 7| 4uy”P7 7|77,

Ucr = kTN [y —uy | 7| +u"7 7 "7, (3.8)
Cor = kN'[eo— 07 777,

W = B

T = 3030 — 1)y

Let us calculate now the contribution to the free energy from the IGR
region

Frop = —kTN s34V In[V2Q(P, )] — kTn Z, 41, (3.9)
where

483 (pr)
) = (4—
T4 C(hy, s o, )

Zur+1:/eXP{—_ Z Ay, 11 (K)prp_r —

\/iQ(Pur )1/410(77;1775;17)7

E<By 41
3 (ur+1)
N,
Z Z Ply " * 'pk216k1+"'+k2l](dp) prt,
1=2 ! k ..... k< By, 41

Consider the first term on the RHS of (3.9). Making use of the relations

Tp, = —furﬁi)(()), Ty, = fO(l + El_l)
u,, = 1, (BP(0)) U, =¢@o— Fowd Wi BT, (3.10)
Wy, = ﬁ]ur(ﬁq)(()))?’, Wy, = thy — f0@0w31 Er g

we find

— \/g‘j_ Ty, o = @ W,
’ Vi, 715 ()3
\/_53/2f2( pro @ )[C(hur7aur)]_1/27 (3.11)
V6

15 5_3/2N(hur s 0 )C (A, O‘MT)]_S/z-

fur =
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The first term on the RHS of (3.9) is equal to

3(0)

ghr+1

sT3EADIN[V2Q( P, )] = | T [P 4 730+ D10 7 (3.12)

1o = s 3y = (i e L (g, 6, )]
9 vYer Vg T4C (hy,, o) o\ s Spr )]

To find the second term on the RHS of (3.9), we need to calculate 7, ..
The coefficients occurring in it equal

dy (k) =1y a8 L G2, G = 2B9(0)b°,

(prt+1) _ —4(ur+1 (prt+1) _ —6(ur+1
ay = Uy, 418 ( )7 Qg = Wy, ( )7

Purtt = =T, 41 09(0), Ty 1 = 2o, (3.13)
Ut = Ty 11 (BD(0))%, o1 = 0 — fogs Pl

Wy g1 = Wy 41 (BR(0))?, W, 11 = 1y — foows?.

+18

Let us perform the change of variables

o = py + VN ()6 (3.14)

in the expression for 7, , in order to extract the free energy related to the
ordering that has appeared in the system. Here < ¢ > is determined from
the extremum condition [17,10]

2 aELNT-H) Nu +1
o = 10 ——(—-1+b 3.15
(o) Ly (L) (3.15)
A PO Sala e (U]
Blal'tYy?

Simultaneously, we include in the treatment a constant external field h =
1 H, which sustains the separated average moment, and also separate from
the sums over k the terms with £ = 0. We obtain

1-
Zy, 41 = exp(=fF, + ﬁFh)/dpo eXP{ﬁ\/NhPo - §dur+1(0)/0§ -

. A bgur+1) . aéur+1)

6
- Py — Po — Po — Pos X
3!\/ Nur+1 ’ 4!Nuf+1 ’ 5!Nur+1 Vv Nur+1 ’ 6!N57+1 0}

1 T
X /exp{—§ Z Ay, 41(R)prp-i} exp{po + p1po + papy +

k< By, 41

bgur+1) bglur+1)

+p3py + papyH(dp) Vel (3.16)
The prime on the sum over k£ means that k # 0,

10 altr

—pF, = 3 | dyi,41(0) | WNNT-H(—l + by) —
6
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25 (aiur+1))3 ,
_E(agur+1>)2Nur+1(_1 +02)7, (3.17)
V10a Y /N
ﬁFh _ ﬁ\/ﬁh ay ur+1(_1 + bz)l/z-
/aéur+1)
We have for the integrand coefficients of (3.16)
- 10 (a(ur+1))2 )
Ay g1 (k) =4[ dy 41(0) | _?W(—l + by) + gk* =
2 W A - 10 @, 41 1.2
= 17 BRI — L g (31
Wy 41

b(ur+1) B /10aiﬂr+1) /LZELNT-I—D (_1 . ; )1/2[1 . é(_l . ; )]
3 — 2 3 2/]
/aéur+1)

b = a4 5(—1 4+ b)),
bé“f"'l) =10 ai“f'"l)aé“f“)(—l + b2)1/2_

The quantities p; are determined by the equations

bgur+1) , biur+1)

Po= —mrme= D PkiPkaPhoOk kot — T X
3!\/ Nur+1 ki< By, 41 4'Nur+1

, b(ur+1)
X Z Ply " PheaOky o g by — - X
kl 4 1T 4 '
ki<Byu, 41 5‘NNT+1\/ Nur+1
, aéur+1) ,
X Z Pk, "'pk56k1+"'+k5 - 6[]\]72 Pk, ”'pkeékl-l-“'-l-ke?
ki<Bu 41 et BB, 4
bgur+1) , biur+1) ,
m= _Q\/T— Z PrP—k — 3N L. Z PryPhsPhs X
prtl k<B4 e BBy
béﬂr+1) Z/
X6k1+k2+k3 - I T 'pk46k1+“'+k4 -
4!NNT+1 V NMT-I-l ki<By. 41
aéur+1) ,
THRINZ Z Py " Ples Oty s (3.19)
Brtl kKB, 41
biur+1) , bgur+1)
P2 = — PrP -k — X
4NN7—+1 kE<B, .11 12NNT+1 V NNT+1
, aéur+1) ,
X Z pklpk2pk36k1+k2+k3 - A8 N2 I T 'pk46k1+“'+k47
ki<Bu 41 Brtl ki< Bu, 41
bgur+1) a(ur+1) ,
pP3 =

! 6
12NNT+1\/W Z pkp_k 36N2 Z pklpkzpkg X

k<B4 R
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X Ok ko ths s
(Nr‘l'l) ,
P RNT L PPk

e+l B<B, 41

The dependence of the quantity 47, ., — ma‘”“( 1+ by) on the param-

eter s is plotted in figure 3. The dashed line sholws the dependence of the
analogous quantity 4 f; on s for the p* model. One can see from figure 3 the

l-.IZ
4y Q2 4y 4,
wj’lt

Figure 3. Dependence of the quantities 47, ,;—12 = (—1+b,)

?w

(p® model) and 4f, (p* model) on s.

quantity 47, 41 — QM( L + by) ocurring in d, 11(k) (3.18) (therefore,

1
and d,,41(k)) is positive for all s.

Expanding exp{py + pipo + p2pi + psps + pape} in series and restricting
ourselves to the terms of second order, we integrate (3.16) over py with
k # 0 using the Gaussian basis distribution. Gathering up the series over
the averages with respect to the Gaussian distribution in the exponential,
we obtain [15]

/ T ~
Zy,41 = exp(—=BF, + 81, — BF,) H (ﬁ)l/z/eXP(AhOo +
ki<Byu, 41 NT+1( )
+Azp7 + Aspl + Aupl + Aspy + Aapl + Azpg + Aspl)dpo, (3.20)
where
1 1 L a(Nr-l-l) (pr+1)
—BF,, = ZNMTH[—§(bE;“+ [ R 1 T Iy ¥
plurtiiye 7 plrrti)y2
X(b(SNT‘I'l) + bgur-l-l)zl) + ( 4 . ) ( 4 _I_IZIZ) + ( 5 ) %

12
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T (aéur+1))2 T 72 1212 7,
=04 72T A A el ARt i Gt Sat )
bglu#l)aéu#l) 7, 1212
4 % g2 1

1 1
A = BVNh+ §Njﬁl[—11(bg“f“) + Zbg“f“)zl) +

Iy n 1,1, b(3N7+1)a(6NT+1) 13

plrrt L) plur+1)
03 * (3 2 ) 2

3

Ti(— +

1,1,
4

)+

biur+1)béur+1) 7, T,  T,7, bgur+1)aéur+1) 7.

—I_#(E ‘|‘I1(§ + 5 )+

1.7, I, I,

i 5 a(ur+1) 2
Ay = =2]dy, 41(0) ] ‘|‘§%
ag

4
+74(

(pr+1)
a Iy IT
ST+ (T 4 P )

(bgﬂr+1))2 I3 11]2 (a(6u7+1))2 I5

_I_

+ L

T.I, T, TT,
3 "6 T4

T T 3
(Brt1) (ur+1) 24 43 2
+bi 7 ag (12 + Iy( 3 T 811]2))]’

+74(

_ 1 1 plr )
A _ _ - b(ur+1) 5
3 2N1/2 [ ( 3 + 9

prtl

7))+

+ (g‘l' 51112)4-

2 ) 2

AT, 7 b(ur+1)b(ur+1)
-|-I1(73 + 11112)) + %

5 1 1 a(ur+1) b(ur+1)
A, = - b(ur+1) 6 T 4
4 ST TARREC S SR

ANy, 1
plur+1)y2
%(? + 1) +

(aéur+1))2 (I4

12
12]7

7 A
+6a53u7+1)11) + :
aéur+1)bglur+1)

7.
+ 9 3+ 5

3

~ 1 1) 1 (pr41) aé“f-l_l)zz
A5 = 73[135:’”7'-'— (—_ ‘I‘ b4NT Iz) ‘I‘ S
/2
24N, 5 2
pikr ) 7,  I,T
PR L) a2 22,

2
B 1 aéur+1) 1 aéur+1) (béur+1))2

As = T
° 48N5T+1[ 3 5 5 2ot

3

T G Py

bgur+1)aéur+1) @
2 9
1112 biur+1)béur+1) IS 9 bguf+1)a(6ur+1)

bgur+1)béur+1)

ST,

(B+

1
(=14by)+ Z[—I1(bglur+l) +

T
D+W*%?“%§+L5H—

(3.21)

_I_

14

(5 +

Iz(bglur+1) +

I, +

Is 7
— 4+ 7(=+ —=7,Z
8-|- 1(3+16 1Z5))],

(bgur+1) +
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(pr+1) (ur+1)

g (ur+1)
by —1
—I_ 2 ( —I_ 2 1)]7

bgur+1)aéur+1)

T hooarB/2 T2
288N, 1,

(ag"" )y

2304N3 |,

Zs.

Expressions for Z,,, occurring in (3.21) can be found via the transition

to the spherical Brillouin zone and integration over k € (0, B, ;1] [17,18].
We have

1 / 1 10

I, = Ll s (0) |~
NNT+1 k<%;7+1 dur+1(k) 8 3
(a(ur+1))2 ~
G (1B
ag
or
g2(nr+1)
1 = = Q. (322)
p(0)
Here,
, — arct , 1
JAE Sk UL . (3.23)
$7, = nrtl
AP — B (1 1 0y)
by = ¢1 n 6 Wy, 4170, 11 o) = L ‘
5 Uy A7, o — A0 ket (] 4 py)
The quantity Z, can be represented in the form:
Z gHpr+1)
g U, (324)
O
where
1 , eikr 682(ur+1)

g(r) = - = — {87, 41 —
N1 k<%;r+1 dys1(k)  BOO0)(Bysar)® " o

20 1,
I ) 1) in By 1) = B cos( By )
1
ay = af +6ej(1l+e3), (3.25)
6
€ = )
P87t 2 (14 ) £ 1]

1
ey = Q—[Sin(ﬂ\/i) — /2 cos(7v2)] & 0.034861.
T
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The other Z;(1 = 3,4,5,6) are determined by analogous relations

S = o (3.26)
I, = g'(r)= ——aq 3.26
; (B2(0))
with

I I elz

The values of a,,(m = 1,2,3,4,5,6) are given in table 6.

Table 6. Numerical values of a,,.

S Qv (85 Q3 Qg (8733 Qg
2 0.3456  0.1893  0.0488 0.0151 0.0050  0.0017
2.5 0.2981 0.1406  0.0313 0.0083  0.0024  0.0007
2.7349 0.2821 0.1258  0.0265 0.0067  0.0018  0.0005
3 0.2664  0.1122  0.0223 0.0053  0.0014  0.0004
3.5 0.2412  0.0918  0.0165 0.0036  0.0008  0.0002
3.5862 0.2373  0.0888  0.0158 0.0033  0.0008  0.0002
4 0.2201 0.0764  0.0126 0.0025  0.0005  0.0001

Let us perform the change of the variable p, in (3.20)

po = py — VN(5), (3.28)

which cancels terms proportional to odd powers of pg in the exponent of the
integrand. We obtain

, e
Zyerr = eXp(—ﬁFMTH)/eXp[ﬁ\/ﬁpoH Bpi — —pi -

N
D
- ﬁpg]dpm (3.29)
where
) 5_ 5 _
—BF, 4 = Nur+1{§7‘ur+1(041+§7‘ur+1042)—
a? w u? o 1
— 5 (T + = o) + 22+ alas(5 +
5% 5_ _ w
‘|‘§(—1 + bs))] - Zrur+1a1a2[uur+l + u:lal] +
2 2 2
Wy,41706 | Of Qg | Q0
+32 [45+2(3 4)]+

_I_

Up, 41 Wy, 4101 [ 04%042] B

16 3 2
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5 ﬂi +1 _ Qv 10 u +1

SN L L0 R [ X - ke

3%, 1 (=14 ba)(ar — Uy, yraa( 5 3 Tyt
GP(0)

1
n(752(ur+1)) — 5111

) -
11

—(7 = 5by)Pupra2] = 5

—

(1+
£
3

=2
10 Uy, 41

47, 14 — — LT (=1 4 by))7 !
T = g T b)) 4

= ST B0 B, (3.30)
= o | 7] (59(0)*sG,
— (58(0))sD.

ay

}7

W=

S Q W
|

- —9
Wy, 41 Uy, 41D
—(=14+5b X
n ar) + o [3( + bs)ay

o]
(

L= (ﬂur+1 +

27,41
™ M) l(w %)] 5
3

> T, 2 2 ~ 50t

— —92 2
Dura1 0y | Lorwr (25 oy Loas  aja

2 8.1 15 3 talg T
Uy, 41 Wy, 41 1Oy Jajay Qg
TR TR S Rl

- 1. W, 11 - u, s 15
G = ﬂ[uur+1+ fot (041‘|‘57‘ur+1042)]—%[§ 5

m w 7 «Q w? @
o] = I (o 4 57) - S
a3

8 3
7
-|-041(E041042 + ?)],

N /IDNT‘I'l( 1 _ ﬂur+1 )_ ﬂ];2ir+1 (% 041042)‘

x(

_I_

+ ay(

_I_

48 ‘15 2 7 48 9 4

The quantities B, G, D are given in table 7.

Table 7. Values of B, G, D, (7)), T+ T~ for different s.

]

s B G (o) rt r-

2 0.8296 0.0153  0.0002 3.0942 2.6052  0.2970
2 0.8289 0.0206  0.0003 3.0031 3.8147  0.3121
2.7349 0.8277  0.0231 0.0003 2.9669 2.9709  0.3211
3 0.8267  0.0260  0.0003 2.9309 3.3248  0.3318
3 0.8266 0.0316  0.0003 2.8730  4.0679  0.3528
3.5862  0.8268 0.0326  0.0003 2.8640  4.2071 0.3565
4 0.8282 0.0376  0.0004 2.8238  4.9254  0.3748
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Using the method of the steepest descent for 7, . (3.29), we find

2m : _
Zyoy1 = r(ﬁ)exp[—ﬁFur_H — N Ey(p)]. (3.31)

0

Here p is the extremum point of the expression
Eo(p) = Dp° + Gp* — Bp” — Bhp (3.32)
arising in the exponential of the integrand of (3.29) at the substitution
po =V Np. (3.33)
For Fo(p) at h = 0 we obtain

Eo(p) = —s 3+ D=3

_ 2G5 37, wBD_ 7, . BG
F = —(-=1 1 - NT+} Nr+17 34
0 27D2( +¢+2 o )+ 65 (3.34)
2 37, .1BD
—14 Sy )14 A,
x( +3¢ 5 )

Having (3.12) and (3.31), we can calculate the contribution to the system
free energy at T < T, from the long-wave phases of the spin moment density
fluctuations (3.9):

Frar = —kTNI(’V:(sNT) + ’V:ga)) | 7 |3V7
7:(3“7) Yo+ = 0373(M7)7 :Vz(aur) =Y+ Vo>
2
o
Vo = CEAp T = §fur+1(041 + §fur+1042) - @1 X
- -2
_ w U «Q 1 5
X (U, g1 + “é“m) + %[f + a§a2(§ + g(—l +02))] -
57 _ w S+1 @27 Qg O[z
—ZTMT+1041042[UMT+1 + u4+ a] + §2+1 [E + 71 X (3.35)
x(% + afa, ) gy, 1 Wy, 410 [% 04%042] _ §TLZT+1
3771 16 3772 7T 3w
_ «Q 10 u
X[(=14ba)(r = Uy, pr0s( 5 — o —2=5)) = (T = 5by) X
2 3 Wy, 41
1 d4dr, g = R ) g
ST _ _1 Wy r41 _
T“r"‘laz] 2 n[ T ] —I_ 3 37
¥ o= &5, B = K.

The quantity 4~ determines the free energy after the exit from the CR

region, and ’yéa) determines the free energy of the ordering. The values of

”yg,fyp,fyéuf),”yéa) are given in table 8.
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) {0}

Table 8. Values of ’79,’7[,,’7;(),“7

» V3 -
s 5 5 5 (1) 5<o>
Va Ve 73 73
2 -0.3024 1.0386 0.7362 1.7618
2.5 -0.0869 1.0269 0.9399 2.0456
2.7349  0.0039 1.0227 1.0265 2.1572
3 0.0986 1.0179 1.1164 2.2808
3.5 0.2579 1.0076 1.2655 2.5154
3.5862  0.2832 1.0056 1.2888 2.5563
4 0.3967 0.9955 1.3922 2.7538

The entropy, internal energy and specific heat of the system correspon-
ding to the IGR region read

Star = Su, + 80y, Urar =U,, + Uy, Cragr=Cy, + Cloy,
Sy =—kN' |7 uf", U, = kTN |r["""uf?, (3.36)
c, = EN'e |77, ud” =378, " =303 — 1),

The index 7 can take two values: u, and (o).

4. The order parameter of the system

The mean spin moment is the order parameter of the model investigated.
It is related to the presence of the nonzero value of the CV pq at which the
integrand of (3.29) has an extremum. Performing the substitution (3.33) in
that integrand, we obtain

D1 = e—ﬁFirHVN/e—NEDde, (4.1)

where Fy(p) is given in (3.32). Owing to the factor N in the exponent in
(4.1), the integrand has a sharp maximum at the point p corresponding to
the equilibrium value of the order parameter. The value of p can be found

from the extremum condition %ﬁf") =0 or

6Dp° + 4Gp*> — 2Bp — Bh = 0. (4.2)

In the case h = 0 we obtain a biquadratic equation, which is reduced by
means of substitution ,
=y (4.3)

to the equation .
6Dy* + 4Gy — 2B = 0. (4.4)
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Extracting the temperature dependence, we obtain an equation for the mean
spin moment (o) = p = /y:

(o) = |71 {a), B=v/2,

() = c)/*(5(0)7 55 (0) ), (4.5)
G 37,,401BD /s
(@)@ = [3—D(—1 + % + 5”7};72)] 2,

The value of (7)(®) is given in table 7.
The susceptibility per particle x can be found from equation (4.2) by

differentiating it with respect to H and using the relation x = upg %ﬂ'

s
_ B
30Dp* + 12Gp> — 2B

X (4.6)

Separating the temperature dependence in the coefficients D, G, B (see
(3.30)), we obtain a final expression for the susceptibility.

5. Thermodynamics of the system in the vicinity of the phase tran-
sition point

Having calculated the contributions to the system free energy from the
short-wave and long-wave modes of the spin moment density oscillations
both above and below T,, we can compute the total free energy

Fo= 4+ Fer+ Frar, T >T.,
y+ Fer+ Frgr, T<T.,

the entropy, internal energy and specific heat.
We obtain the total free energy of the system at h = 0 taking (2.17),
(2.23) and (3.6), (3.35) into account:

P {—kTN:[%Jr%TJerTZ+73+T‘°’”], T>T.,
—kTN [yo+v |7+ 7P +y5 [7[7], T<T,

where (see table 9)

(5.1)

Yo =" + 552,
v =%+ fren, (5.2)

— CR)— - o
Vs = —’V:(a ) + Yier, ViGr = ’V:(),u ) ‘|"V:§, ).

The coefficients v can be written as a product of the universal part 5 (ta-
ble 9) and non-universal factor ¢} depending on the microscopic parameters
of the Hamiltonian (the lattice constant ¢, the effective interaction radius b

and the value ®(0) of the interaction potential Fourier transform at k = 0):
7=
V3 = ="+ frer ==+ + fro + [, (53)
%= A
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Table 9. Coefficients 7o, 75 and 75.

2 61.1798 0.9699 2.9033 1.7599 5.2680
2.5 61.1878 1.5898 3.2734 2.4612 5.0675
2.7349  61.1930 1.8654 3.3020 2.7650 4.8944
3 61.1999 2.1770 3.2783 3.1073 4.6793
3.5 61.2150 2.8206 3.1856 3.8086 4.3013
3.5862 61.2179 2.9445 3.1704 3.9423 4.2448
4 61.2325 3.6167 3.1179 4.6608 4.0180

We have for the entropy, internal energy and specific heat of the system

¢ = kN:[s(O) +eor +udrt=e], T >T,
EN[sO —¢co | 7| —uz | 7]'"*], T <T.,

Uo— { kTN:[’yl—l—ulr—l—uf';Tl_“], T>T,, (5.4)
ETN [yi —uy | 7| —us | 7|7, T<T, '
oo { EN'[eo+cir=], T >T.,
N EN'[eo+e5 |77, T<T.
with coefficients given by the relations
5(0) =Y + 71,
uét :Ciﬂétv ﬂ;,t :31/7;,‘:7
UG = 2’}/2 -I— ’}/1, (55)
& =3k, ¢ =3v3v - 1)1,
The formula for the specific heat can also be rewritten as
;A
C/kN = — | 71|~ +B%, (5.6)
!

At = Fact, BE =,
The plus and minus signs correspond to T > T, and T < T,, respectively.
The system susceptibility per particle at infinitely small values of the
external field H at T > T, (x —ﬁ%, see (2.23)) and T < T, (see
(4.6)) is given by

T4 T 7T,
X = { oo (5.7)

T 7| R, T<T.
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Figure 4. Temperature dependence of the free energy of the system for
different values of the RG parameter s within the frames of the
p° model (solid lines). For comparison we show the free energy
of the system in the quartic basis distribution approximation
with allowance for confluent corrections [9] (dashed lines). (1)

5=2, (2) s=2.5, (3) s=3.
Here, (see table 7),

T = 2070,
10 G* 37, BD 1 37,1 BD
o= 652{?3“”%*5%*5*%*5%)‘
— fﬂr+1B}_17 (58)
v o= 2v.

Plots of the temperature dependence of the system free energy F/N,
entropy S/kN, specific heat C'/EN, mean spin moment (o) (4.5), suscepti-
bility y (5.7) at s = 2,2.5,3 are shown in figures 4-8.

S/kN
10.6905

0.690

/
21 - -5 < osso0
- . 106885
- / 1
- -~ e 0.6880
A ) . L . e
.~ -310 . 1110 To 110 ) 810" TT

Figure 5. Dependence of the system entropy on 7 (Notations are
the same as in figure 4).
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Figure 6. Specific heat of the system (Notations are the same as
in figure 4).

T 3107 210” 1107 0
1

Figure 7. Mean spin moment (o) at T' < 7T, (Notations are the
same as in figure 4).
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Figure 8. Temperature dependence of the susceptibility x (No-
tations are the same as in figure 4).
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Figure 9. Behaviour of F//N as a function of s for p* and p® models.
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The corresponding plots of the thermodynamic characteristics calculated
within the p* model, with the confluent corrections [9] being taken into ac-
count, are also given here (dashed curves). Comparison of these plots shows
that the dependence of the thermodynamic functions on the parameter s
for the p® model is weaker than for the p* model. The dependence of F'/N
on s for these two models is represented in figure 9.

Let us note that the calculations performed are best suited for the in-
termediate values of s, close to the quantity s*, at which h,, turns to zero
at the fixed point (s*=2.7349 for the p° model and s*=3.5862 for the p*
model). The use of the difference form of the RR based on a non-Gaussian
measure density works especially well for this region of s. At small values
of s (s — 1), some complications arise when the unit element is extracted.
In this limit, the RR should be represented as the perturbation series with
respect to the Gaussian distribution (A, is large at s — 1, and expansions in
h;?, a, can be used [19,20]). There also exists an upper limit for s. At large
s, one must take into account the correction due to the potential averaging
[10, 21], which increases with s.

The point s &~ s* corresponds to the beginning of the v(s) curve stabili-
zation [3]. Table 10 contains the values of the critical exponents v, a, 3,7,
the exponent of the scaling correction Ay = —1In Fy/In Fy, and the ratios of
the critical amplitudes A*/A~,T*/T'~ and their combinations P = L[1 —
ﬁ—f], Rt = AT+ /[s3((0)()?] at s = s* for p* and p® models. These values

are in agreement with the data obtained within the field theory approach
(FTA) [22-27] and high-temperature series (HTS) [28-32].

Table 10. Values of the critical exponents, ratios of the crit-
ical amplitudes and their combinations for s = s*
(s*=2.7349 for the p® model and s*=3.5862 for the p*
model) obtained by means of the CV method. Data
calculated within the field theory approach (FTA) [22-
27] and high-temperature series (HTS) [28-32].

Model Ref. data
Quantity p’ | p° FTA | HTS
v 0.605 0.637 0.630 0.638
Q 0.185 0.088 0.110 0.125
Jé; 0.303 0.319 0.325 0.312
o 1.210 1.275 1.241 1.250
Ay 0.463 0.525 0.498 0.50
At /A~ 0.435 0.675 0.54, 0.48 0.51
r+/r- 6.967 9.253 4.77, 5.12 5.07
P 3.054 3.711 3.90. 4.03, 4.2, 4.72

Rt 0.098 0.162 0.059, 0.052 0.059
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Conclusions

The method for the calculation of the three-dimensional Ising model ther-
modynamics is developed in the sixfold distribution approximation. Both
temperature regions above and below the critical value of T, are considered.
The main distinguishing feature of the approach is a separate allowance for
contributions from the short- and long-wave fluctuation phases of the spin
moment density to the free energy of the system near T,. Within the frame-
work of the p® model, we obtained the explicit expressions for the critical
amplitudes of the thermodynamic functions of the three-dimensional Ising
ferromagnet and calculated the coefficients of the free energy, the universal
characteristics (the critical exponents, the ratios of the critical amplitudes).
Calculation of the free energy, entropy, specific heat, mean spin moment,
susceptibility was performed for different values of s. Comparison of the
results obtained within p* and p® models indicates that the dependence of
thermodynamic functions on the RG parameter s is weaker for the p® model.

The values of s close to s* are optimal for the method presented. Ob-
taining analytical expressions for the critical amplitudes and system ther-
modynamic characteristics as functions of the Hamiltonian microscopic pa-
rameters is the advantage of the method developed. The leading critical
amplitudes for the specific heat and other thermodynamic characteristics
are represented as a product of the universal part, independent of micro-
scopic parameters, and the non-universal factor, which depends on these
parameters.
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METOO PO3PAXYHKY TEPMOIMHAMIKNA

TPUBUMIPHOTI'O IBTHI'ITBCBKOI'O ®EPOMATHETUKA

B PAMKAX MOIEJII p°

M.II.Ko3noschkuii, I.B.Iluntok, B.B.[lyXoBui

3mificHeHo po3paxyHoK TepMOIUHAMIUHUX (YHKIIIN TPUBUMIp-
HOTO i3iHTIBCHKOTO pepoMarHeTnKa BUllle i HUKTe KPUTUYHOL TeM-
nepaTypu B HabAMKEeHH] 6A3MCHOTO PO3MOIIITY, AKUI BKIIOUAE TIT0-
CTY CTeHle aminHoi (Momeds p®). TlopiBHAHHA 3 pe3yabTaTaMy Il

momemni p* CBITUUTHL PO TocaableHHs 3aJekHOCTI TepMOoIUHaMIU-
HUX QYHKII BiT TapamMeTpa peHopMTpyTn s. Brazanmii ontumaih-
HUWIT 1HTEePBAaJl 3HAYEHb TTapaMeTpa PeHOPMTPYIIN.



