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õäë: 530.145PACS: 05.10.C, 11.10.Gh, 64.60.-i, 75.10.Hkíáóé÷îå ðåòåîïòíõ÷áîîñðòéîåã¶ì¶ê ÷éí¶ò-îïó�¶ ðòïó�ïòõà. çÏÌÏ×ÁÞáÎÏÔÁ��Ñ. ïÂÓÕÄÖÕ¤ÔØÓÑ Ó�ÏÓ�Â ÄÏÓÌ�ÄÖÅÎÎÑ ËÒÉÔÉÞÎÏ§ �Ï×ÅÄ�ÎËÉ�ÒÉ ÎÅ��Ì�Ê ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ d. ïÂÞÉÓÌÅÎÎÑ �ÒÏ×ÏÄÑÔØÓÑ ÎÁ ��Ä-ÓÔÁ×� Ò�×ÎÑÎØ ÍÁÓÉ×ÎÏ§ ÔÅÏÒ�§ �ÏÌÑ (Ò�×ÎÑÎØ ëÁÌÌÅÎÁ-óÉÍÁÎ��ËÁ) �ÒÉÆ�ËÓÏ×ÁÎÏÍÕ ÎÅ��ÌÏÍÕ d. ðÒÏ×ÅÄÅÎÏ ÏÇÌÑÄ ÒÏÂ�Ô, × ÑËÉÈ ÏÔÒÉÍÁ-Î� Ë�ÌØË�ÓÎ� ÈÁÒÁËÔÅÒÉÓÔÉËÉ ËÒÉÔÉÞÎÏ§ �Ï×ÅÄ�ÎËÉ ÄÅË�ÌØËÏÈ ÛÉÒÏËÏ×ÖÉ×ÁÎÉÈ ÍÏÄÅÌÅÊ ÓÔÁÔÉÓÔÉÞÎÏ§ Æ�ÚÉËÉ.MASSIVE RENORMALIZATION IN NON-INTEGER DI-MENSIONSYu. HolovathAbstrat. A method to study ritial behaviour in non-integer spaedimension d is disussed. Calulations are performed on the base of themassive �eld theory equations (Callan-Symanzik equations) at �xed non-integer d. Quantitative harateristis of the ritial behaviour of severalpopular models of statistial physis are reviewed.
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1 ðÒÅ�ÒÉÎÔ1. ÷ÓÔÕ�óÅÒÅÄ ÎÁÕËÏ×Ï§ Ó�ÁÄÝÉÎÉ íÉËÏÌÉ âÏÇÏÌÀÂÏ×Á Þ�ÌØÎÅ Í�Ó�Å ÎÁÌÅ-ÖÉÔØ �ÒÁ�ÑÍ [1℄, × ÑËÉÈ ÓÆÏÒÍÕÌØÏ×ÁÎÏ ÍÅÔÏÄ ÒÅÎÏÒÍÁÌ�ÚÁ��ÊÎÏ§ÇÒÕ�É (òç). ÷ÉÎÉËÎÕ×ÛÉ × 50-È ÒÏËÁÈ Õ ÚÁÄÁÞÁÈ Ë×ÁÎÔÏ×Ï§ ÔÅÏÒ�§�ÏÌÑ [2,3,1℄, ÓØÏÇÏÄÎ� òç ÓÔÁÌÁ �ÏÔÕÖÎÉÍ ÚÁÇÁÌØÎÉÍ ÍÅÔÏÄÏÍ ÔÅÏÒÅ-ÔÉÞÎÏ§ � ÍÁÔÅÍÁÔÉÞÎÏ§ Æ�ÚÉËÉ [4℄. úÏËÒÅÍÁ, ÎÁ òç ��ÄÈÏÄ� ÚÎÁÞÎÏÀÍ�ÒÏÀ ÒÕÎÔÕ¤ÔØÓÑ ÓÕÞÁÓÎÁ ÔÅÏÒ�Ñ ËÒÉÔÉÞÎÉÈ Ñ×ÉÝ [5℄. íÅÔÏÀ ��¤§ÓÔÁÔÔ�, �ÒÉÓ×ÑÞÅÎÏ§ 90-Ò�ÞÞÀ Ú ÄÎÑ ÎÁÒÏÄÖÅÎÎÑ í.í. âÏÇÏÌÀÂÏ×Á,¤ ÓÆÏÒÍÕÌÀ×ÁÔÉ ÕÚÁÇÁÌØÎÅÎÎÑ ÏÄÎÏÇÏ �Ú ×ÁÒ�ÁÎÔ�× ÍÅÔÏÄÕ òç ÎÁ ×É-�ÁÄÏË ÎÅ��ÌÏ§ ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ � �ÒÏ×ÅÓÔÉ ÏÇÌÑÄ ÒÏÂ�Ô, Õ ÑËÉÈÚÁ ÄÏ�ÏÍÏÇÏÀ ÔÁËÏÇÏ ��ÄÈÏÄÕ ÄÏÓÌ�ÄÖÕ×ÁÌÁÓØ ËÒÉÔÉÞÎÁ �Ï×ÅÄ�ÎËÁÄÅË�ÌØËÏÈ ÞÁÓÔÏ ×ÖÉ×ÁÎÉÈ ÍÏÄÅÌÅÊ ÓÔÁÔÉÓÔÉÞÎÏ§ Æ�ÚÉËÉ.îÁ ÓØÏÇÏÄÎ� �ÓÎÕÀÔØ Ò�ÚÎ� ÆÏÒÍÕÌÀ×ÁÎÎÑ ÍÅÔÏÄÕ òç ÓÔÏÓÏ×ÎÏ ÄÏÊÏÇÏ ÚÁÓÔÏÓÕ×ÁÎÎÑ Õ ÔÅÏÒ�§ ËÒÉÔÉÞÎÉÈ Ñ×ÉÝ. ÷ÁÖÌÉ×ÏÀ ÒÉÓÏÀ, �ÒÉ-ÔÁÍÁÎÎÏÀ Ò�ÚÎÉÍ òç ��ÄÈÏÄÁÍ ÄÏ ÁÎÁÌ�ÚÕ ËÒÉÔÉÞÎÉÈ Ñ×ÉÝ ¤ ÔÅ, ÝÏÔÅÏÒ�Ñ ËÒÉÔÉÞÎÉÈ Ñ×ÉÝ Ï�ÅÒÕ¤ �Å×ÎÉÍ ËÏÌÏÍ �ÏÎÑÔØ, Ó��ÌØÎÉÈ ÄÌÑÏ�ÉÓÕ ÚÏ×Ó�Í Ò�ÚÎÉÈ ÓÉÓÔÅÍ, × Ó×ÏÀ ÞÅÒÇÕ, ÍÅÔÏÄ òç ÄÏÚ×ÏÌÑ¤ ÚÎÁÊÔÉ§È Ë�ÌØË�ÓÎ� ÈÁÒÁËÔÅÒÉÓÔÉËÉ. ãÅ ÁÓÉÍ�ÔÏÔÉÞÎ� ÚÎÁÞÅÎÎÑ ËÒÉÔÉÞÎÉÈ�ÏËÁÚÎÉË�× ÔÁ ×�ÄÎÏÛÅÎÎÑ ÁÍ�Ì�ÔÕÄ, ÝÏ Ï�ÉÓÕÀÔØ �Ï×ÅÄ�ÎËÕ ÓÉÓÔÅÍÉ× ÏËÏÌ� ËÒÉÔÉÞÎÏ§ ÔÏÞËÉ; Ò�×ÎÑÎÎÑ ÄÌÑ �ÏÔÏË�× òç ÔÁ ÅÆÅËÔÉ×Î� �Ï-ËÁÚÎÉËÉ, ÝÏ ÈÁÒÁËÔÅÒÉÚÕÀÔØ ÎÁÂÌÉÖÅÎÎÑ ÄÏ ËÒÉÔÉÞÎÏ§ ÏÂÌÁÓÔ�; ÎÅ-ÒÕÈÏÍ� ÔÏÞËÉ, ÔÏÝÏ. ÷ÉÚÎÁÞÅÎÎÑ �ÉÈ ÈÁÒÁËÔÅÒÉÓÔÉË ÔÁ �ÅÒÅÄÂÁÞÅÎÎÑÍÏÖÌÉ×ÏÓÔ� ËÒÉÔÉÞÎÉÈ Ñ×ÉÝ Õ Ò�ÚÎÉÈ ÓÉÓÔÅÍÁÈ � ÓÔÁÎÏ×ÉÔØ �ÒÅÄÍÅÔÔÅÏÒ�§. ðÒÉÞÏÍÕ, × ÔÏÊ ÞÁÓ ÑË ÒÏÚÔÁÛÕ×ÁÎÎÑ ËÒÉÔÉÞÎÉÈ ÔÏÞÏË, ÏÓÏÂ-ÌÉ×ÏÓÔ� ÎÁÂÌÉÖÅÎÎÑ ÄÏ ËÒÉÔÉÞÎÏ§ ÏÂÌÁÓÔ�, §§ ÒÏÚÍ�Ò ¤ Ó�Å�ÉÆ�ÞÎÉÍÉÄÌÑ ËÏÖÎÏ§ ÏËÒÅÍÏ ×ÚÑÔÏ§ ÓÉÓÔÅÍÉ � ×ÉÚÎÁÞÁÀÔØÓÑ §§ Í�ËÒÏÓËÏ��Þ-ÎÉÍÉ �ÁÒÁÍÅÔÒÁÍÉ, �Ï×ÅÄ�ÎËÁ × ÂÌÉÚØËÏÍÕ ÏËÏÌ� ËÒÉÔÉÞÎÏ§ ÔÏÞËÉ¤ ÕÎ�×ÅÒÓÁÌØÎÏÀ. õ ÒÁÎÎ�È ÔÅÏÒ�ÑÈ ËÒÉÔÉÞÎÉÈ Ñ×ÉÝ ÕÎ�×ÅÒÓÁÌØÎ�ÓÔØÔÒÁËÔÕ×ÁÌÁÓØ ÑË ÏÄÎÁËÏ×�ÓÔØ �Ï×ÅÄ�ÎËÉ × ÏËÏÌ� ËÒÉÔÉÞÎÏ§ ÔÏÞËÉ ×ÕÓ�È ÓÉÓÔÅÍÁÈ, ÎÅÚÁÌÅÖÎ�ÓÔØ §§ Î� ×�Ä ÑËÉÈ �ÁÒÁÍÅÔÒ�×. óÕÞÁÓÎÅ ÒÏ-ÚÕÍ�ÎÎÑ ÕÎ�×ÅÒÓÁÌØÎÏÓÔ� �ÅÒÅÄÂÁÞÁ¤, ÝÏ �Ï×ÅÄ�ÎËÁ × ÂÌÉÚØËÏÍÕ ÏËÏ-Ì� ËÒÉÔÉÞÎÏ§ ÔÏÞËÉ ÚÁÌÅÖÉÔØ ×�Ä �Å×ÎÉÈ ÌÏÂÁÌØÎÉÈ ÈÁÒÁËÔÅÒÉÓÔÉËÓÉÓÔÅÍ. ïÓÔÁÎÎ�, ÓÔÏÓÏ×ÎÏ Ó��ÌØÎÏÓÔ� ÁÂÏ ×�ÄÍ�ÎÎÏÓÔ� �ÉÈ ÈÁÒÁËÔÅÒÉÓ-ÔÉË, ÍÏÖÕÔØ ÂÕÔÉ �ÏÄ�ÌÅÎ� ÎÁ �Å×Î� ËÌÁÓÉ ÕÎ�×ÅÒÓÁÌØÎÏÓÔ�. äÏ ÔÁËÉÈÈÁÒÁËÔÅÒÉÓÔÉË ÎÁÌÅÖÁÔØ ×ÉÍ�ÒÎ�ÓÔØ �ÒÏÓÔÏÒÕ, ×ÉÍ�ÒÎ�ÓÔØ �ÁÒÁÍÅÔÒÁ×�ÏÒÑÄËÕ×ÁÎÎÑ, ÓÉÍÅÔÒ�Ñ �ÁÒÁÍÅÔÒÁ ×�ÏÒÑÄËÕ×ÁÎÎÑ. úÏËÒÅÍÁ, �ÒÅÄ-ÍÅÔÏÍ ÁÎÁÌ�ÚÕ, �ÒÏ×ÅÄÅÎÏÇÏ × ��Ê ÓÔÁÔÔ�, ÂÕÄÕÔØ ÄÅË�ÌØËÁ ÍÏÄÅÌÅÊ,ÝÏÎÁÌÅÖÁÔØ ÄÏ Ò�ÚÎÉÈ ËÌÁÓ�× ÕÎ�×ÅÒÓÁÌØÎÏÓÔ� (Ò�ÚÎÁ ×ÉÍ�ÒÎ�ÓÔØ �ÁÒÁ-ÍÅÔÒÁ ×�ÏÒÑÄËÕ×ÁÎÎÑ � Ò�ÚÎÁ ÓÉÍÅÔÒ�Ñ). íÉ ÒÏÚÇÌÑÎÅÍÏ ÍÅÔÏÄ ÄÏÓÌ�-ÄÖÅÎØ, ÝÏ ÄÏÚ×ÏÌÉÔØ ÏÔÒÉÍÁÔÉ Ë�ÌØË�ÓÎ� ÈÁÒÁËÔÅÒÉÓÔÉËÉ ËÒÉÔÉÞÎÏ§
ICMP{99{15U 2�Ï×ÅÄ�ÎËÉ �ÉÈ ÍÏÄÅÌÅÊ �ÒÉ ÄÏ×�ÌØÎÏÍÕ (ÎÅ��ÌÏÍÕ) ÚÎÁÞÅÎÎ� ×ÉÍ�Ò-ÎÏÓÔ� �ÒÏÓÔÏÒÕ, ÑËÁ ¤ ÌÏÂÁÌØÎÏÀ ÚÍ�ÎÎÏÀ � ÞÉÎÉÔØ ËÁÒÄÉÎÁÌØÎÉÊ×�ÌÉ× ÎÁ ËÒÉÔÉÞÎÕ �Ï×ÅÄ�ÎÎËÕ.óÔÁÔÔÑ ÏÒÇÁÎ�ÚÏ×ÁÎÁ ÔÁË: × ÎÁÓÔÕ�ÎÏÍÕ ÒÏÚÄ�Ì� ÍÉ ËÏÒÏÔËÏ ÚÕ�É-ÎÉÍÏÓÑ ÎÁ ÏÓÎÏ×ÎÉÈ �ÒÉÞÉÎÁÈ, ÝÏ ×ÉËÌÉËÁÀÔØ ÚÁ��ËÁ×ÌÅÎÎÑ Õ ÄÏ-ÓÌ�ÄÖÅÎÎ� ËÒÉÔÉÞÎÏ§ �Ï×ÅÄ�ÎËÉ �ÒÉ ÎÅ��Ì�Ê ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ d ÔÁÓÆÏÒÍÕÌÀ¤ÍÏ ÕÍÏ×É �ÅÒÅÎÏÒÍÕ×ÁÎÎÑ ÍÁÓÉ×ÎÏ§ ÔÅÏÒ�§ �ÏÌÑ �ÒÉ ÎÅ��-ÌÏÍÕ d. äÁÌ� ÍÉ �ÒÏ×ÅÄÅÍÏ ÏÇÌÑÄ ÒÏÂ�Ô, Õ ÑËÉÈ ÚÁ�ÒÏ�ÏÎÏ×ÁÎÉÊ ÛÌÑÈÄÏÓÌ�ÄÖÅÎØ ÒÅÁÌ�ÚÏ×ÁÎÏ ÄÌÑ ÄÅË�ÌØËÏÈ �Ï�ÕÌÑÒÎÉÈ ÍÏÄÅÌÅÊ ÓÔÁÔÉÓ-ÔÉÞÎÏ§ Æ�ÚÉËÉ: ÍÏÄÅÌ� ¶ÚÉÎÁ (ÒÏÚÄ�Ì 3), m-×ÅËÔÏÒÎÏ§ ÍÏÄÅÌ� (ÒÏÚÄ�Ì4) ÔÁ ÎÅ×�ÏÒÑÄËÏ×ÁÎÏ§m-×ÅËÔÏÒÎÏ§ ÍÏÄÅÌ� �Ú ÚÁÍÏÒÏÖÅÎÉÍ ÂÅÚÌÁÄÏÍ(ÒÏÚÄ�Ì 5). úÁÇÁÌØÎ� ×ÉÓÎÏ×ËÉ ÔÁ ÏÂÇÏ×ÏÒÅÎÎÑ ÏÔÒÉÍÁÎÉÈ ÒÅÚÕÌØÔÁÔ�×�ÒÉ×ÅÄÅÎ� × ÒÏÚÄ�Ì� 6.2. ò�×ÎÑÎÎÑ ëÁÌÌÅÎÁ-óÉÍÁÎ��ËÁ ÄÌÑ ÄÏ×�ÌØÎÏ§ ×É-Í�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕòÏÂÏÔÉ, ÒÅÚÕÌØÔÁÔÉ ÑËÉÈ ×ÉËÌÁÄÅÎ� ÎÉÖÞÅ, ÂÕÌÉ Ó�ÒÉÞÉÎÅÎ� ÎÅÄÁ×-Î�Í �ÎÔÅÒÅÓÏÍ ÄÏ ÄÏÓÌ�ÄÖÅÎÎÑ ÆÁÚÏ×ÉÈ �ÅÒÅÈÏÄ�× ÄÒÕÇÏÇÏ ÒÏÄÕ Õ ×É-�ÁÄËÕ, ËÏÌÉ ×ÉÍ�ÒÎ�ÓÔØ �ÒÏÓÔÏÒÕ d ¤ ÎÅ��ÌÏÀ. ðÏÎÑÔÔÑ ÎÅ��ÌÏ§ ×ÉÍ�Ò-ÎÏÓÔ� �ÒÏÓÔÏÒÕ ×ÖÅ ÄÁ×ÎÏ ÓÔÁÌÏ Ú×ÉÞÎÉÍ Õ ÔÅÏÒ�§ ËÒÉÔÉÞÎÉÈ Ñ×ÉÝ. ´��ÌÁ ÎÉÚËÁ �ÒÉÞÉÎ ÄÌÑ ÚÁ�ÒÏ×ÁÄÖÅÎÎÑ ��¤§ ËÏÎ�Å���§: Ú ÏÄÎÏÇÏ ÂÏËÕ,ÒÏÚÇÌÑÄ ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ (ÁÂÏ §§ ×�ÄÈÉÌÅÎÎÑ ×�Ä ÑËÏÇÏÓØ Æ�ËÓÏ×Á-ÎÏÇÏ ÚÎÁÞÅÎÎÑ) ÑË ÎÅ�ÅÒÅÒ×ÎÏ§ ÚÍ�ÎÎÏ§ � �ÁÒÁÍÅÔÒÁ ÒÏÚËÌÁÄÕ ÔÅÏÒ�§ÚÂÕÒÅÎØ ÄÏÚ×ÏÌÑ¤ ÏÔÒÉÍÁÔÉ ÒÅÚÕÌØÔÁÔÉ � ÄÌÑ ��ÌÏÇÏ ÚÎÁÞÅÎÎÑ d. �ÕÔÍÏÖÎÁ ÚÇÁÄÁÔÉ ÎÅ ÌÉÛÅ ÚÎÁÍÅÎÉÔÉÊ " = 4�d ÒÏÚËÌÁÄ [6℄, ÚÁÓÔÏÓÕ×ÁÎ-ÎÑ ÑËÏÇÏ Õ ÔÅÏÒ�§ ËÒÉÔÉÞÎÉÈ Ñ×ÉÝ Ó�ÒÉÞÉÎÉÌÏÓÑ ÄÏ ÏÂÞÉÓÌÅÎÎÑ ÎÁ-Ä�ÊÎÉÈ ÚÎÁÞÅÎØ ËÒÉÔÉÞÎÉÈ �ÏËÁÚÎÉË�× ÂÁÇÁÔØÏÈ ÔÒÉ×ÉÍ�ÒÎÉÈ (d = 3)ÍÏÄÅÌÅÊ [5℄, ÁÌÅ � " = d�1 ÒÏÚËÌÁÄ, ÚÁ�ÒÏ�ÏÎÏ×ÁÎÉÊ ÄÌÑ ÍÏÄÅÌ� ÍÁÊ-ÖÅ �ÌÏÓËÏ§ �Ï×ÅÒÈÎ� ÒÏÚÄ�ÌÕ (near planar interfae model) [7{9℄, ÍÏÄÅ-Ì� ËÒÁ�ÌÉÎÉ (droplet model) [10℄, p"-ÒÏÚËÌÁÄ ÄÌÑ ÓÌÁÂÏ ÒÏÚ×ÅÄÅÎÏ§ÍÏÄÅÌ� ¶ÚÉÎÁ [11,12℄, ÔÏÝÏ. ú �ÎÛÏÇÏ ÂÏËÕ, ÎÅ�ÅÒÅÒ×ÎÁ ÚÍ�ÎÁ �ÒÏÓÔÏ-ÒÏ×Ï§ ×ÉÍ�ÒÎÏÓÔ� ÛÌÑÈÏÍ ÁÎÁÌ�ÔÉÞÎÏÇÏ �ÒÏÄÏ×ÖÅÎÎÑ Ç��ÅÒËÕÂ�ÞÎÉÈÒÁÔÏË ÎÁ ÎÅ��Ì� d ×ÉËÏÒÉÓÔÏ×Õ¤ÔØÓÑ ÄÌÑ ÔÏÇÏ, ÝÏÂ �Ï×'ÑÚÁÔÉ ÒÅÚÕÌØ-ÔÁÔÉ, ÏÔÒÉÍÁÎ� ÄÌÑ �Å×ÎÏÇÏ Æ�ËÓÏ×ÁÎÏÇÏ d Ú ÔÏÞÎÉÍÉ ÒÅÚÕÌØÔÁÔÁÍÉ(ÑËÝÏ ×ÏÎÉ �ÓÎÕÀÔØ) ÁÂÏ Ú ÒÅÚÕÌØÔÁÔÁÍÉ, ÏÔÒÉÍÁÎÉÍÉ �ÎÛÉÍÉ ÍÅÔÏ-ÄÁÍÉ �, ÔÁËÉÍ ÞÉÎÏÍ, �ÅÒÅ×�ÒÉÔÉ ÎÁÄ�ÊÎ�ÓÔØ ÔÏÇÏ ÞÉ �ÎÛÏÇÏ Ó�ÏÓÏÂÕÏÂÞÉÓÌÅÎØ. â�ÌØÛÅ ÔÏÇÏ, Õ ÄÅÑËÉÈ ÍÏÄÅÌØÎÉÈ ÓÉÓÔÅÍÁÈ Ó�ÏÓÔÅÒ�ÇÁ¤-ÔØÓÑ ÍÏÖÌÉ×�ÓÔØ ×ÉÎÉËÎÅÎÎÑ ÎÏ×ÏÇÏ ÔÉ�Õ Ñ×ÉÝ, �ÏÞÉÎÁÀÞÉ Ú �Å×ÎÏ§(ÎÅ��ÌÏ§) ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ, ÝÏ �ÒÉ×ÏÄÉÔØ ÄÏ �ÏÔÒÅÂÉ ×ÉÚÎÁÞÅÎÎÑ��¤§ ÍÁÒ�ÎÁÌØÎÏ§ ×ÉÍ�ÒÎÏÓÔ�. �ÁËÉÍ ÞÉÎÏÍ, Õ ÓÁÍÏÓÔ�ÊÎÕ ÚÁÄÁÞÕ �Å-



3 ðÒÅ�ÒÉÎÔÒÅÔ×ÏÒÀ¤ÔØÓÑ ÄÏÓÌ�ÄÖÅÎÎÑ ËÒÉÔÉÞÎÏ§ �Ï×ÅÄ�ÎËÉ ÍÏÄÅÌØÎÉÈ ÓÉÓÔÅÍ�ÒÉ ÎÅ��ÌÏÍÕ d. �ÁË, ÎÁ�ÒÉËÌÁÄ, ÄÌÑ ÍÏÄÅÌ� ¶ÚÉÎÁ ÔÁË� ÄÏÓÌ�ÄÖÅÎÎÑ�ÒÏ×ÏÄÉÌÉÓÑ ÚÁ ÄÏ�ÏÍÏÇÏÀ Ò�ÚÎÏÍÁÎ�ÔÎÉÈ ��ÄÈÏÄ�× [13{19℄ (ÄÅÔÁÌØ-Î�ÛÅ �ÒÏ �Å ÄÉ×. Õ ÎÁÓÔÕ�ÎÏÍÕ ÒÏÚÄ�Ì�).õ Â�ÌØÛÏÓÔ� �Ú ÚÇÁÄÁÎÉÈ ×ÉÝÅ ÒÏÂ�Ô ÁÎÁÌ�ÔÉÞÎÅ �ÒÏÄÏ×ÖÅÎÎÑ ÚÁ×ÉÍ�ÒÎ�ÓÔÀ �ÒÏÓÔÏÒÕ d ÍÁ¤ ÞÉÓÔÏ ÆÏÒÍÁÌØÎÉÊ ÈÁÒÁËÔÅÒ. ó×ÏÇÏ ÞÁÓÕ�Å Ó�ÒÉÞÉÎÉÌÏ �ÎÔÅÒÅÓ ÄÏ �ÏÒ�×ÎÑÎÎÑ ÚÎÁÞÅÎØ ËÒÉÔÉÞÎÉÈ �ÏËÁÚÎÉ-Ë�×, ÏÔÒÉÍÁÎÉÈ ÔÁËÉÍ ÛÌÑÈÏÍ, �Ú ÚÎÁÞÅÎÎÑÍÉ ËÒÉÔÉÞÎÉÈ �ÏËÁÚÎÉË�××�Ä�Ï×�ÄÎÉÈ Ó��ÎÏ×ÉÈ ÓÉÓÔÅÍ ÒÏÚÔÁÛÏ×ÁÎÉÈ Õ ×ÕÚÌÁÈ ÓÁÍÏ�ÏÄ�ÂÎÉÈÆÒÁËÔÁÌØÎÉÈ ÒÁÔÏË [20℄, ÄÅ ÎÅ��ÌÁ ÆÒÁËÔÁÌØÎÁ ×ÉÍ�ÒÎ�ÓÔØ ÍÁ¤ ÂÅÚ-�ÏÓÅÒÅÄÎÀ ÇÅÏÍÅÔÒÉÞÎÕ �ÎÔÅÒ�ÒÅÔÁ��À [21℄. ðÒÏÔÅ, Ï�ÉÓ ÆÒÁËÔÁÌÕ×ËÌÀÞÁ¤ ÝÅ ÄÅË�ÌØËÁ ÈÁÒÁËÔÅÒÉÓÔÉË, ÝÏ ÍÏÖÕÔØ ÚÍ�ÎÀ×ÁÔÉÓÑ ÏÄ-ÎÁ ÎÅÚÁÌÅÖÎÏ ×�Ä �ÎÛÏ§. õ ÄÏÄÁÔÏË ÄÏ ÆÒÁËÔÁÌØÎÏ§ ×ÉÍ�ÒÎÏÓÔ�, �Å:ÔÏ�ÏÌÏÇ�ÞÎÁ ×ÉÍ�ÒÎ�ÓÔØ, ÒÁÍ�Æ�ËÁ��Ñ, Ú×'ÑÚÎ�ÓÔØ, ÌÁËÕÎÁÒÎ�ÓÔØ [21℄.÷ÉÑ×ÌÑ¤ÔØÓÑ, ÝÏ ËÒÉÔÉÞÎ� �ÏËÁÚÎÉËÉ ÓÕÔÔ¤×Ï ÚÁÌÅÖÁÔØ ×�Ä �ÉÈ �Á-ÒÁÍÅÔÒ�× [20,22℄ � ÌÉÛÅ Õ ÇÒÁÎÉ�� ÎÕÌØÏ×Ï§ ÌÁËÕÎÁÒÎÏÓÔ� ÒÅÚÕÌØÔÁÔÉÄÌÑ Ó��ÎÏ×ÉÈ ÓÉÓÔÅÍ ÎÁ ÆÒÁËÔÁÌØÎÉÈ ÒÁÔËÁÈ ÍÏÖÎÁ �ÎÔÅÒ�ÏÌÀ×ÁÔÉÚÁ ÄÏ�ÏÍÏÇÏÀ ÁÎÁÌ�ÔÉÞÎÏÇÏ �ÒÏÄÏ×ÖÅÎÎÑ ÄÏ ÎÅ��ÌÉÈ d. ðÉÔÁÎÎÑ ×�Ä-�Ï×�ÄÎÏÓÔ� ËÒÉÔÉÞÎÏ§ �Ï×ÅÄ�ÎËÉ ÎÁ ÆÒÁËÔÁÌØÎÉÈ ÒÁÔËÁÈ ËÒÉÔÉÞÎ�Ê�Ï×ÅÄ�Î�� ÎÁ �ÎÔÅÒ�ÏÌØÏ×ÁÎÉÈ Ç��ÅÒËÕÂ�ÞÎÉÈ ÒÁÔËÁÈ ×ÓÅ ÝÅ ÚÁÌÉÛÁ-¤ÔØÓÑ ×�ÄËÒÉÔÉÍ [23℄.ñË ÚÁÒÁÚ ÄÏÂÒÅ ×�ÄÏÍÏ, ÄÏÓÌ�ÄÖÅÎÎÑ ËÒÉÔÉÞÎÉÈ ×ÌÁÓÔÉ×ÏÓÔÅÊ,ÝÏ×ÉÎÉËÁÀÔØ × ÍÏÄÅÌÑÈ ÓÔÁÔÉÓÔÉÞÎÏ§ Æ�ÚÉËÉ × ÏËÏÌ� ÔÏÞËÉ ÆÁÚÏ×ÏÇÏ�ÅÒÅÈÏÄÕ ÄÒÕÇÏÇÏ ÒÏÄÕ ÍÏÖÎÁ �ÒÏ×ÏÄÉÔÉ × ÔÅÒÍ�ÎÁÈ å×ËÌ�ÄÏ×Ï§ ÔÅ-ÏÒ�§ �ÏÌÑ, ÌÁÒÁÎÖ�ÁÎ ÑËÏ§ �Å×ÎÉÍ ÞÉÎÏÍ ×�Ä�Ï×�ÄÁ¤ ÇÁÍ�ÌØÔÏÎ�ÁÎÕ×ÉÈ�ÄÎÏ§ ÍÏÄÅÌ� ÓÔÁÔÉÓÔÉÞÎÏ§ Æ�ÚÉËÉ [5℄. �ÁË, ËÒÉÔÉÞÎÕ �Ï×ÅÄ�ÎËÕÍÏÄÅÌ� ¶ÚÉÎÁ × ÏËÏÌ� ÔÏÞËÉ ÆÁÚÏ×ÏÇÏ �ÅÒÅÈÏÄÕ ÄÒÕÇÏÇÏ ÒÏÄÕ ÍÏÖÎÁÏ�ÉÓÁÔÉ å×ËÌ�ÄÏ×ÏÀ ÔÅÏÒ�¤À �ÏÌÑ Ú ÌÁÒÁÎÖ�ÁÎÏÍ:L(�) = Z ddRn12 �jr�j2 +m20�2�+ �04! �4o; (1)ÄÅ m20 - Ì�Î�ÊÎÁ ÆÕÎË��Ñ ÔÅÍ�ÅÒÁÔÕÒÉ, �0 - ÎÅ�ÅÒÅÎÏÒÍÏ×ÁÎÁ (ÇÏ-ÌÁ) ËÏÎÓÔÁÎÔÁ ×ÚÁ¤ÍÏÄ�§, � = �(R) - ÏÄÎÏËÏÍ�ÏÎÅÎÔÎÅ �ÏÌÅ. íÏÄÅÌØÍÏÖÎÁ ÕÚÁÇÁÌØÎÉÔÉ, ××ÏÄÑÞÉ Õ (1) ÍÕÌØÔÉ�ÌÅÔ m �ÏÌ�×, ÝÏ ÆÏÒÍÕ¤�ÒÅÄÓÔÁ×ÌÅÎÎÑ ÒÕ�É O(m). õ �ØÏÍÕ ×É�ÁÄËÕ ÌÁÒÁÎÖ�ÁÎ (1) ÎÁÂÕ-×Á¤ ÆÏÒÍÉ: L(�) = Z ddRn12 hjr~�j2 +m20j~�j2i+ �04! j~�j4o; (2)ÄÅ ~� = ~�(R) - ×ÅËÔÏÒÎÅ �ÏÌÅ ~� = (�(1); �(2); : : : ; �(m)). ÷�Ä�Ï×�ÄÎÉÊÓ��ÎÏ×ÉÊ ÇÁÍ�ÌØÔÏÎ�ÁÎ Í�ÓÔÉÔØ ÓËÁÌÑÒÎÉÊ ÄÏÂÕÔÏË m-ËÏÍ�ÏÎÅÎÔÎÉÈ
ICMP{99{15U 4×ÅËÔÏÒ�× SR � ¤ ÇÁÍ�ÌØÔÏÎ�ÁÎÏÍ m -×ÅËÔÏÒÎÏ§ ÍÏÄÅÌ�. ëÒÉÔÉÞÎÁ �Ï-×ÅÄ�ÎËÁ m -×ÅËÔÏÒÎÏ§ ÍÏÄÅÌ� �Ú ÓÌÁÂËÉÍ "ÚÁÍÏÒÏÖÅÎÉÍ" ÂÅÚÌÁÄÏÍ(weakly diluted quenhed m-vetor model), ËÏÌÉ "Ó��ÎÉ" SR ×É�ÁÄËÏ-×Ï ÒÏÚ�ÏÄ�ÌÅÎ� Õ ×ÕÚÌÁÈ ÒÁÔËÉ � ÚÁÆ�ËÓÏ×ÁÎ� × �Å×Î�Ê ËÏÎÆ�ÕÒÁ��§,ÍÏÖÅ ÂÕÔÉ Ï�ÉÓÁÎÁ × ÔÅÒÍ�ÎÁÈ ÌÁÒÁÎÖ�ÁÎÕ, ÝÏ Í�ÓÔÉÔØ Ä×� ËÏÎÓÔÁÎ-ÔÉ ×ÚÁ¤ÍÏÄ�§ [12℄:L(�) = Z ddRn12 nX�=1 hjr~�(�)j2 +m20j~�(�)j2i+�0;14!  nX�=1 j~�(�)j2!2 + �0;24! nX�=1�j~�(�)j2�2 o; (3)Õ ÒÅ�Ì�ÞÎ�Ê ÇÒÁÎÉ�� n ! 0. �ÕÔ �0;1 > 0; �0;2 < 0 - ÇÏÌ� ËÏÎ-ÓÔÁÎÔÉ ×ÚÁ¤ÍÏÄ�§ Á ËÏÖÎÁ ËÏÍ�ÏÎÅÎÔÁ ~�(�) ¤ ×ÅËÔÏÒÏÍ ~�(�) =(�(�;1); �(�;2); : : : ; �(�;m)).äÌÑ ÄÏÓÌ�ÄÖÅÎÎÑ ÏÓÏÂÌÉ×ÏÓÔÅÊ ËÒÉÔÉÞÎÏ§ �Ï×ÅÄ�ÎËÉ ×ÉËÏÒÉÓÔÏ-×Õ¤ÔØÓÑ ÍÅÔÏÄ ÔÅÏÒÅÔÉËÏ-�ÏÌØÏ×Ï§ òç, ×�ÄÏÍÉÊ Õ Ò�ÚÎÉÈ ×ÁÒ�ÁÎÔÁÈ.ïÄÎÉÍ �Ú ÎÉÈ ¤ ÒÅÎÏÒÍÁÌ�ÚÁ��Ñ ÏÄÎÏÞÁÓÔÉÎËÏ×Ï ÎÅÚ×�ÄÎÉÈ ×ÅÒÛÉÎ-ÎÉÈ ÆÕÎË��Ê �ÒÉ ÎÕÌØÏ×ÉÈ ÚÏ×Î�ÛÎ�È �Í�ÕÌØÓÁÈ � ÎÅÎÕÌØÏ×�Ê ÍÁÓ�,ÝÏ �ÒÉ×ÏÄÉÔØ ÄÏ Ò�×ÎÑÎØ ÍÁÓÉ×ÎÏ§ ÔÅÏÒ�§ �ÏÌÑ - Ò�×ÎÑÎØ ëÁÌÌÅÎÁ-óÉÍÁÎ��ËÁ. �ÁËÉÊ ÛÌÑÈ ÄÏÓÌ�ÄÖÅÎÎÑ ËÒÉÔÉÞÎÏ§ �Ï×ÅÄ�ÎËÉ ÚÁ�ÒÏ-�ÏÎÕ×Á× äÖ. ðÁÒ�Ú� [24℄. ðÒÉ �ØÏÍÕ ÁÎÁÌ�ÚÕÀÔØÓÑ ÂÅÚ�ÏÓÅÒÅÄÎØÏÄ×Ï- ÁÂÏ ÔÒÉ×ÉÍ�ÒÎ� ÔÅÏÒ�§ (d = 2, d = 3) �, ÔÁËÉÍ ÞÉÎÏÍ, ÎÅ ÚÁ-ÓÔÏÓÏ×Õ¤ÔØÓÑ "-ÒÏÚËÌÁÄ. óÌ�ÄÕÀÞÉ �ÄÅ§ äÖ. ðÁÒ�Ú�, ÍÉ ÒÏÚÇÌÑÎÕÌÉ[31,32℄ ÕÍÏ×É ÎÏÒÍÕ×ÁÎÎÑ ÍÁÓÉ×ÎÏ§ ÔÅÏÒ�§ �ÏÌÑ ÔÅÖ �ÒÉ Æ�ËÓÏ×ÁÎ�Ê×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ d. ïÄÎÁË, ÍÁÀÞÉ ÍÅÔÏÀ ÄÏÓÌ�ÄÉÔÉ ËÒÉÔÉÞÎÕ �Ï-×ÅÄ�ÎËÕ ÍÏÄÅÌØÎÉÈ ÓÉÓÔÅÍ �ÒÉ ÄÏ×�ÌØÎÏÍÕ ÎÅ��ÌÏÍÕ d, ÍÉ ÚÂÅÒÅÇ-ÌÉ ÚÁÌÅÖÎ�ÓÔØ ×�Ä ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ, ÑË ×�Ä �ÁÒÁÍÅÔÒÕ. ïÄÎÏÞÁÓ-ÔÉÎËÏ×Ï ÎÅÚ×�ÄÎÁ (1PI - one partile irreduible) ×ÅÒÛÉÎÎÁ ÆÕÎË��Ñ�(L;N)(p1; ::; pL; k1; ::; kN ;m20; f�0g; �0; d) ÍÏÖÅ ÂÕÔÉ ÏÚÎÁÞÅÎÁ ÑË [33℄:Æ(X pi +X kj)�(L;N)(fpg; fkg;m20; f�0g; �0; d) = (4)Z �0 ei(piri+kjRj)ddr1 : : : ddrLddR1 : : : ddRN �h�2(r1) : : : �2(rL)�(R1) : : : �(RN )iL1PI :÷ (4) fpg, fkg { ÓÕËÕ�Î�ÓÔØ ÚÏ×Î�ÛÎ�È �Í�ÕÌØÓ�×, �0 { �Í�ÕÌØÓ ÏÂÒ�ÚÁÎ-ÎÑ, Á ÕÓÅÒÅÄÎÅÎÎÑ �ÒÏ×ÏÄÉÔØÓÑ Ú ×�Ä�Ï×�ÄÎÉÍ ÌÁÒÁÎÖ�ÁÎÏÍ (ÎÁ�Ò.



5 ðÒÅ�ÒÉÎÔ(1) - (3)). ÷ ÁÓÉÍ�ÔÏÔÉÞÎ�Ê ÇÒÁÎÉ�� �0 !1 ÎÅ�ÅÒÅÎÏÒÍÏ×ÁÎ� ×ÅÒÛÉÎ-Î� ÆÕÎË��§ ¤ ÒÏÚÂ�ÖÎÉÍÉ. ðÅÒÅÈ�Ä ×�Ä ÔÅÏÒ�§, ÚÁÌÅÖÎÏ§ ×�Ä ÇÏÌÉÈ ÚÍ�Î-ÎÉÈ, ÄÏ �ÅÒÅÎÏÒÍÏ×ÁÎÏ§ ÔÅÏÒ�§ ÍÏÖÎÁ ÚÄ�ÊÓÎÉÔÉ ÚÁ ÄÏ�ÏÍÏÇÏÀ ËÏÎÔ-ÒÏÌØÏ×ÁÎÏÇÏ �ÅÒÅÇÒÕ�Õ×ÁÎÎÑ ÒÑÄ�× ÄÌÑ ×ÅÒÛÉÎÎÉÈ ÆÕÎË��Ê. ñË ÕÖÅÚÁÚÎÁÞÁÌÏÓØ ×ÉÝÅ, ÔÁËÅ �ÅÒÅÎÏÒÍÕ×ÁÎÎÑ ÍÏÖÎÁ ÚÄ�ÊÓÎÉÔÉ ÚÁ ÄÏ�ÏÍÏ-ÇÏÀ ÄÅË�ÌØËÏÈ ÁÓÉÍ�ÔÏÔÉÞÎÏ ÅË×�×ÁÌÅÎÔÎÉÈ �ÒÏ�ÅÄÕÒ. íÉ ÏÂÉÒÁ¤ÍÏÕÍÏ×É ÎÏÒÍÕ×ÁÎÎÑ �ÒÉ ÎÕÌØÏ×ÉÈ ÚÏ×Î�ÛÎ�È �Í�ÕÌØÓÁÈ � ×�ÄÍ�ÎÎ�Ê ×�ÄÎÕÌÑ ÍÁÓ� × ÇÒÁÎÉ�� �0 !1 [5℄:�(0;2)R (k;�k;m2; f�g; d)jk=0 = m2;ddk2�(0;2)R (k;�k;m2; f�g; d)jk=0 = 1;�(0;4)R;�j (fkg;m2; f�g; d)jfkg=0 = m4�d�j ;�(1;2)R (p; k;�k;m2; f�g; d)jp=k=0 = 1; (5)ÄÅ m � f�g [33℄ { �ÅÒÅÎÏÒÍÏ×ÁÎ� ÍÁÓÁ � ËÏÎÓÔÁÎÔÉ ×ÚÁ¤ÍÏÄ�§: m =Z3m1 = Z3�(0;2)(0;m0; f�0;ig), �i = md�4Z23Z�11;�i�0;i. ÷ (5) � ÎÉÖ-ÞÅ ÍÉ Ñ×ÎÏ ×ËÁÚÕ¤ÍÏ ÎÁ ÚÁÌÅÖÎ�ÓÔØ �ÅÒÅÎÏÒÍÏ×ÁÎÉÈ ×ÅÒÛÉÎÎÉÈÆÕÎË��Ê �L;NR ×�Ä ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ d. ú ÕÍÏ× 5 ÍÏÖÎÁ ÏÔÒÉ-ÍÁÔÉ ÒÏÚËÌÁÄÉ ÄÌÑ ËÏÎÓÔÁÎÔ �ÅÒÅÎÏÒÍÕ×ÁÎÎÑ �ÏÌÑ (Z3), ×ÅÒÛÉÎ�0;i (Z1;�i) � Ä×ÏÔÏÞËÏ×Ï§ ×ÅÒÛÉÎÎÏ§ ÆÕÎË��§ �Ú ×ÓÔÁ×ÌÅÎÉÍ �2 (Z2).áÓÉÍ�ÔÏÔÉÞÎÏ ÂÌÉÚØËÏ ÄÏ ËÒÉÔÉÞÎÏ§ ÔÏÞËÉ �ÅÒÅÎÏÒÍÏ×ÁÎ� ×ÅÒÛÉÎÎ�ÆÕÎË��§ �(N;L)R (fpg; fkg;m2; f�g; d) ÚÁÄÏ×�ÌØÎÑÀÔØ ÏÄÎÏÒ�ÄÎÅ Ò�×ÎÑÎ-ÎÑ ëÁÌÌÅÎÁ-óÉÍÁÎ��ËÁ [5℄:nm ��m +Xi ��i(f�g) ���i � (N2 � L)�(f�g) + (6)L��2(f�g)o�(N;L)R (fpg; fkg;m2; f�g; d) = 0;�Ú ËÏÅÆ���¤ÎÔÁÍÉ: ��i(f�g) = ��i� lnm j0;� � 3 = �Z3� lnm j0;��2 � 2 = � �Z2� lnm j0; (7)ÄÅ �ÎÄÅËÓ 0 ÏÚÎÁÞÁ¤ ÄÉÆÅÒÅÎ��À×ÁÎÎÑ �ÒÉ Æ�ËÓÏ×ÁÎÉÈ ÇÏÌÉÈ �ÁÒÁ-ÍÅÔÒÁÈ. õ ÓÔ�ÊË�Ê ÎÅÒÕÈÏÍ�Ê ÔÏÞ�� f��g, ËÏÏÒÄÉÎÁÔÉ ÑËÏ§ ×ÉÚÎÁÞÁÀ-ÔØÓÑ ÎÕÌÅÍ �-ÆÕÎË��Ê:��i(f��g) = 0; i = 1; 2; : : : (8)
ICMP{99{15U 6ÆÕÎË��Ñ � ×ÉÚÎÁÞÁ¤ ×ÅÌÉÞÉÎÕ ËÒÉÔÉÞÎÏÇÏ �ÏËÁÚÎÉËÁ �ÁÒÎÏ§ ËÏÒÅ-ÌÑ��ÊÎÏ§ ÆÕÎË��§ �: � = �(f��g); (9)Á ËÒÉÔÉÞÎÉÊ �ÏËÁÚÎÉË ËÏÒÅÌÑ��ÊÎÏ§ ÄÏ×ÖÉÎÉ � ×ÉÚÎÁÞÁ¤ÔØÓÑ ÑË��2(f��g) = 2� ��1 � �: (10)äÏÓÌ�ÄÖÅÎÎÑ ËÒÉÔÉÞÎÏ§ �Ï×ÅÄ�ÎËÉ �ÒÉ ÎÅ��Ì�Ê ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏ-ÒÕ, ÒÅÚÕÌØÔÁÔÉ ÑËÉÈ ×ÉËÌÁÄÅÎ� Õ ÎÁÓÔÕ�ÎÉÈ ÒÏÚÄ�ÌÁÈ ÓÔÁÔÔ� ÂÁÚÕÀÔØ-ÓÑ ÎÁ ÒÏÚÇÌÑÄ� Ò�×ÎÑÎØ ëÁÌÌÅÎÁ-óÉÍÁÎ��ËÁ (6) (ÞÉ ÕÍÏ× ÎÏÒÍÕ×ÁÎÎÑÍÁÓÉ×ÎÏ§ ÔÅÏÒ�§ �ÏÌÑ (5)) ÂÅÚ�ÏÓÅÒÅÄÎØÏ �ÒÉ ÄÏ×�ÌØÎÏÍÕ, ÎÅ��ÌÏÍÕÚÎÁÞÅÎÎ� d [31,32℄.úÁÓÔÏÓÏ×ÕÀÞÉ ÕÍÏ×É ÎÏÒÍÕ×ÁÎÎÑ ÍÁÓÉ×ÎÏ§ ÔÅÏÒ�§ �ÏÌÑ ÄÏ ÏÄÎÏ-ÞÁÓÔÉÎËÏ×Ï ÎÅÚ×�ÄÎÉÈ ×ÅÒÛÉÎÎÉÈ ÆÕÎË��Ê �(L;M), ÍÏÖÎÁ ÏÔÒÉÍÁÔÉ×ÉÒÁÚÉ ÄÌÑ �ÅÒÅÎÏÒÍÏ×ÁÎÉÈ ×ÅÒÛÉÎÎÉÈ ÆÕÎË��Ê �(L;M)R , Õ ×ÉÇÌÑÄ�ÒÑÄ�× ÔÅÏÒ�§ ÚÂÕÒÅÎØ ÚÁ �ÅÒÅÎÏÒÍÏ×ÁÎÉÍÉ ËÏÎÓÔÁÎÔÁÍÉ ×ÚÁ¤ÍÏÄ�§ �i.úÏÂÒÁÖÁÀÞÉ ÞÌÅÎÉ ÒÑÄÕ Õ ×ÉÇÌÑÄ� ÆÅÊÍÁÎ�×ÓØËÉÈ Ä�ÁÇÒÁÍ, ÌÅÇËÏ ÚÁ-Õ×ÁÖÉÔÉ, ÝÏ �Å×ÎÏÍÕ �ÏÒÑÄËÕ ÔÅÏÒ�§ ÚÂÕÒÅÎØ ÚÁ �i ×�Ä�Ï×�ÄÁ¤ �Å×ÎÁË�ÌØË�ÓÔØ �ÅÔÅÌØ Õ Ä�ÁÇÒÁÍ� (Ò�×ÎÁ Ë�ÌØËÏÓÔ� �ÎÔÅÒÕ×ÁÎØ ÚÁ ×ÎÕÔÒ�Û-Î�ÍÉ �Í�ÕÌØÓÁÍÉ). þÉÓÌÏ×� ÚÎÁÞÅÎÎÑ �ÅÔÌÅ×ÉÈ �ÎÔÅÒÁÌ�× (loop inte-grals) ÚÁÌÅÖÁÔØ ÌÉÛÅ ×�Ä ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ � ¤ ÏÄÎÁËÏ×ÉÍÉ ÄÌÑÚÁÄÁÞ Ò�ÚÎÏ§ ÓÉÍÅÔÒ�§. ÷ÏÎÉ ÎÅÏÂÈ�ÄÎ� ÄÌÑ ÏÔÒÉÍÁÎÎÑ ×ÅÌÉÞÉÎ ËÏÅ-Æ���¤ÎÔ�× ÒÑÄÕ ÔÅÏÒ�§ ÚÂÕÒÅÎØ ÚÁ �i. õ ×É�ÁÄËÕ ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕd = 2, d = 3 ÚÎÁÞÅÎÎÑ �ÅÔÌÅ×ÉÈ �ÎÔÅÒÁÌ�× �ÒÏÔÁÂÕÌØÏ×ÁÎ� Õ [28℄. ¶,ÆÁËÔÉÞÎÏ, ËÏÖÎÁ ÒÏÂÏÔÁ, �ÒÉÓ×ÑÞÅÎÁ ÄÏÓÌ�ÄÖÅÎÎÀ ËÒÉÔÉÞÎÏ§ �Ï×Å-Ä�ÎËÉ Ä×Ï- ÞÉ ÔÒÉ×ÉÍ�ÒÎÉÈ ÓÉÓÔÅÍ ÚÁ ÄÏ�ÏÍÏÇÏÀ Ò�×ÎÑÎØ ÍÁÓÉ×ÎÏ§ÔÅÏÒ�§ �ÏÌÑ Í�ÓÔÉÔØ �ÏËÌÉË ÎÁ ÒÅÚÕÌØÔÁÔÉ âÅÊËÅÒÁ, íÅÊÒÏÎÁ � î�ËÅ-ÌÑ [28℄. úÁÓÔÏÓÏ×ÕÀÞÉ ÔÅÈÎ�ËÕ ÆÅÊÍÁÎ�×ÓØËÏ§ �ÁÒÁÍÅÔÒÉÚÁ��§ ÔÁ �ÒÑ-ÍÏÇÏ �ÎÔÅÒÕ×ÁÎÎÑ ÍÉ ÏÔÒÉÍÁÌÉ ×ÉÒÁÚÉ ÄÌÑ Ä×Ï- ÔÁ ÔÒÉ- �ÅÔÌÅ×ÉÈ�ÎÔÅÒÁÌ�×, ÝÏ ÚÁÌÅÖÁÔØ ×�Ä d ÑË ×�Ä �ÁÒÁÍÅÔÒÁ, � �ÒÏÔÁÂÕÌÀ×ÁÌÉ §ÈÞÉÓÅÌØÎ� ÚÎÁÞÅÎÎÑ [29℄, ÝÏ ÓÔÁÌÏ ÏÓÎÏ×ÏÀ ÄÌÑ ÄÏÓÌ�ÄÖÅÎÎÑ ËÒÉÔÉÞ-ÎÏ§ �Ï×ÅÄ�ÎËÉ Õ �ÒÏÓÔÏÒ� ÎÅ��ÌÏ§ ×ÉÍ�ÒÎÏÓÔ�. úÁÚÎÁÞÉÍÏ,ÝÏ ËÒÁÔÎ�ÓÔØÄ×Ï�ÅÔÌÅ×ÉÈ �ÎÔÅÒÁÌ�× ¤ 2�d Á ÔÒÉ�ÅÔÌÅ×ÉÈ - 3�d (ÔÏÂÔÏ �ÅÒÛÁ ÚÍ�-ÎÀ¤ÔØÓÑ ×�Ä 0 ÄÏ 8, Á ÄÒÕÇÁ - ×�Ä 0 ÄÏ 12 ËÏÌÉ d ÚÍ�ÎÀ¤ÔØÓÑ ×�Ä 0 ÄÏ 4).÷ ÔÏÊ ÞÁÓ ÑË Õ ×É�ÁÄËÕ ��ÌÏ§ ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ ×�ÄÏÍ� Ó�ÏÓÏÂÉ, ÝÏÄÁÀÔØ ÍÏÖÌÉ×�ÓÔØ ÓËÏÒÉÓÔÁÔÉÓÑ ×ÎÕÔÒ�ÛÎØÏÀ ÓÉÍÅÔÒ�¤À �ÎÔÅÒÁÌ�×[39℄, Õ ×É�ÁÄËÕ ÎÅ��ÌÏÇÏ d ÎÅ ×Ó� ×ÏÎÉ × �ÒÉÎ�É�� ¤ ÚÁÓÔÏÓÏ×ÎÉÍÉ.ïÔÒÉÍÁÎ� ×ÉÒÁÚÉ ÄÌÑ �ÅÔÌÅ×ÉÈ �ÎÔÅÒÁÌ�× Á ÔÁËÏÖ §È ÞÉÓÅÌØ-Î� ÚÎÁÞÅÎÎÑ ÄÏÚ×ÏÌÑÀÔØ ÄÏÓÌ�ÄÖÕ×ÁÔÉ ËÒÉÔÉÞÎÕ �Ï×ÅÄ�ÎËÕ Ò�ÚÎÉÈÍÏÄÅÌØÎÉÈ ÓÉÓÔÅÍ �ÒÉ ÄÏ×�ÌØÎÏÍÕ ÚÎÁÞÅÎÎ� ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ. õ



7 ðÒÅ�ÒÉÎÔÎÁÓÔÕ�ÎÉÈ ÒÏÚÄ�ÌÁÈ ÍÉ ÒÅÁÌ�ÚÕ¤ÍÏ �Å ÚÁ×ÄÁÎÎÑ ÄÌÑ ÍÏÄÅÌÅÊ (1) -(3). ÷ÉÈ�ÄÎÉÍÉ ÄÌÑ ÎÁÛÉÈ ÄÏÓÌ�ÄÖÅÎØ ÂÕÄÕÔØ ×ÉÒÁÚÉ ÄÌÑ �- ÔÁ -ÆÕÎË��Ê ÍÏÄÅÌÅÊ (1){(3) ÏÔÒÉÍÁÎ� Õ ÓÈÅÍ� ÍÁÓÉ×ÎÏÇÏ �ÅÒÅÎÏÒÍÕ×ÁÎ-ÎÑ Õ ÔÒÉ�ÅÔÌÅ×ÏÍÕ ÎÁÂÌÉÖÅÎÎ�, ÚÁ�ÉÓÁÎ� ÑË ÆÕÎË��§ ÚÁÌÅÖÎÉÈ ×�Ä×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ �ÅÔÌÅ×ÉÈ �ÎÔÅÒÁÌ�×. �ÁË, ÄÌÑ m-×ÅËÔÏÒÎÏ§ ÍÏ-ÄÅÌ� (2) òç ÆÕÎË��§ ¤ ÔÁËÉÍÉ [40℄:�(u) = �(4� d) hu� u2 + �(2)u3 + �(3)u4i ; (11)� = �(4� d)2(m+ 2)(m+ 8)2 u2 [2i2 + (4i2 � 3i8)u℄ ; (12)��2 = (4� d)m+ 2m+ 8u h1 + (2)u+ (3)u2i : (13)�ÕÔ u { �ÅÒÅÎÏÒÍÏ×ÁÎÁ ËÏÎÓÔÁÎÔÁ ×ÚÁ¤ÍÏÄ�§ [34℄, i` { ÚÁÌÅÖÎ� ×�Ä×ÉÍ�ÒÎÏÓÔ� �ÅÔÌÅ×� �ÎÔÅÒÁÌÉ (§È ÞÉÓÌÏ×� ÚÎÁÞÅÎÎÑ �ÒÉ Ò�ÚÎÉÈ d �ÒÉ-×ÅÄÅÎ� × [29℄) Á �ÎÄÅËÓÉ (2) � (3) ×ËÁÚÕÀÔØ ÎÁ Ä×Ï- � ÔÒÉ�ÅÔÌÅ×Õ ÞÁÓÔÉÎÉ×�Ä�Ï×�ÄÎÉÈ ÆÕÎË��Ê:�(2) = 8(m+ 8)2 [(m+ 2)i2 + (5m+ 22)(i1 � 1=2)℄ ;�(3) = 1(m+ 8)3 [(�32m2 � 488m� 1424) + +4(31m2 +430m+ 1240)i1 + (m+ 2)(m+ 8)(8 + 3d)i2 ��12(m+ 2)(m+ 8)i3 � 48(m2 + 20m+ 60)i4 ��24(2m2 + 21m+ 58)i5 � 6(3m2 + 22m+ 56)i6 ��24(5m+ 22)i7 � 12(m+ 2)(m+ 8)i8℄;(2) = 1(m+ 8)(1� 2i1);(3) = 1(m+ 8)2 [10(m+ 8)� (44m+ 280)i1 +(8� 3d)(m+ 2)i2 ++12(m+ 2)i3 + 24(m+ 8)i4 +6(m+ 8)i5 + 18(m+ 2)i6℄:íÉ ÎÅ ÂÕÄÅÍÏ �ÒÉ×ÏÄÉÔÉ ÔÕÔ ×�Ä�Ï×�ÄÎ� ×ÉÒÁÚÉ ÄÌÑ òç ÆÕÎË��Ê ÒÏÚ-×ÅÄÅÎÏ§ m-×ÅËÔÏÒÎÏ§ ÍÏÄÅÌ�, ÏÔÒÉÍÁÎ� × Ä×Ï{ [31℄ ÔÁ ÔÒÉ�ÅÔÌÅ×ÏÍÕÎÁÂÌÉÖÅÎÎÑÈ [35℄. úÁÕ×ÁÖÉÍÏ ÌÉÛÅ, ÝÏ �ÏÒÑÄ �Ú Ñ×ÎÏÀ ÚÁÌÅÖÎ�ÓÔÀ×�Ä ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ d, òç ÆÕÎË��§ ÚÁÌÅÖÁÔØ ×�Ä d ÞÅÒÅÚ �ÅÔÌÅ×��ÎÔÅÒÁÌÉ i1�i8.ð�ÄÓÔÁ×ÌÑÀÞÉ ÚÎÁÞÅÎÎÑ �ÎÔÅÒÁÌ�× ×ÉÇÌÑÄ� ×�Ä�Ï×�Ä-ÎÏÇÏ "-ÒÏÚËÌÁÄÕ ÍÏÖÎÁ ÒÏÚ×ÉÎÕÔÉ ÔÅÈÎ�ËÕ "-ÒÏÚËÌÁÄÕ ÄÌÑ ÔÏÇÏ ÝÏÂÄÏÓÌ�ÄÉÔÉ ËÒÉÔÉÞÎÕ �Ï×ÅÄ�ÎËÕ, ÅÎÅÒÏ×ÁÎÕ ÌÁÒÁÎÖ�ÁÎÁÍÉ (1){(3).
ICMP{99{15U 8õ �ØÏÍÕ ×É�ÁÄËÕ ÍÉ ×�ÄÔ×ÏÒÉÍÏ ÄÏÂÒÅ ×�ÄÏÍ� ÒÅÚÕÌØÔÁÔÉ. ú �ÎÛÏÇÏÂÏËÕ, ÂÕÄÕÞÉ ÚÁ��ËÁ×ÌÅÎÉÍ Õ ÄÏÓÌ�ÄÖÅÎÎ� ËÒÉÔÉÞÎÏ§ �Ï×ÅÄ�ÎËÉ �ÒÉÎÅ��ÌÏÍÕ d ÍÏÖÎÁ ÓËÏÒÉÓÔÁÔÉÓÑ ÏÔÒÉÍÁÎÉÍÉ × [29℄ ÚÎÁÞÅÎÎÑÍÉ �ÅÔ-ÌÅ×ÉÈ �ÎÔÅÒÁÌ�× ÂÅÚ�ÏÓÅÒÅÄÎØÏ �ÒÉ ÄÏ×�ÌØÎÏÍÕ d. ñË ÚÁÒÁÚ ÄÏÂÒÅ×�ÄÏÍÏ (ÄÉ×., ÎÁ�ÒÉËÌÁÄ, [30,41,5℄), ÒÑÄÉ ÄÌÑ ÒÅÎÏÒÍÇÒÕ�Ï×ÉÈ ÆÕÎ-Ë��Ê ¤ ÁÓÉÍ�ÔÏÔÉÞÎÉÍÉ [36℄ � ÄÌÑ ÔÏÇÏ, ÝÏÂ ÏÔÒÉÍÁÔÉ ÎÁ §È ÏÓÎÏ×�ÎÁÄ�ÊÎÕ �ÎÆÏÒÍÁ��À, ÓÌ�Ä ÚÁÓÔÏÓÕ×ÁÔÉ �ÒÏ�ÅÄÕÒÕ �ÅÒÅÓÕÍÏ×Õ×ÁÎÎÑ.úÕ�ÉÎ�ÍÏÓÑ ÎÁ ÔÁËÉÈ ÏÂÞÉÓÌÅÎÎÑÈ ÄÅÔÁÌØÎ�ÛÅ.3. íÏÄÅÌØ ¶ÚÉÎÁó×Ï§ ÄÏÓÌ�ÄÖÅÎÎÑ ÏÓÏÂÌÉ×ÏÓÔÅÊ ËÒÉÔÉÞÎÏ§ �Ï×ÅÄ�ÎËÉ �ÒÉ ÎÅ��Ì�Ê ×É-Í�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ ÒÏÚ�ÏÞÎÅÍÏ �Ú ÄÅÔÁÌØÎÏÇÏ ÁÎÁÌ�ÚÕ ÍÏÄÅÌ� ¶ÚÉÎÁ.îÁ ×�ÄÍ�ÎÕ ×�Ä �ÎÛÉÈ ÍÏÄÅÌÅÊ, ÝÏ ÂÕÄÕÔØ ÒÏÚÇÌÑÎÕÔ� ÎÉÖÞÅ, ÍÏÄÅÌØ¶ÚÉÎÁ �ÒÉ ÄÏ×�ÌØÎÏÍÕ ÚÎÁÞÅÎÎ� d ÂÕÌÁ �ÒÅÄÍÅÔÏÍ ÒÕÎÔÏ×ÎÏÇÏ ÁÎÁ-Ì�ÚÕ. �ÏÍÕ ÏÓÎÏ×ÎÅ ÚÁ×ÄÁÎÎÑ, ÑËÅ ÍÉ ÓÔÁ×ÉÍÏ �ÅÒÅÄ ÓÏÂÏÀ × �ØÏÍÕÒÏÚÄ�Ì�, �ÏÌÑÇÁ¤ × ÔÏÍÕ, ÝÏÂ, ÚÁÓÔÏÓÕ×Á×ÛÉ ÍÅÔÏÄ ÍÁÓÉ×ÎÏ§ ÒÅÎÏÒ-ÍÁÌ�ÚÁ��§ �ÒÉ ÄÏ×�ÌØÎÏÍÕ Æ�ËÓÏ×ÁÎÏÍÕ ÚÎÁÞÅÎÎ� ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕÄÏ ÄÏÓÌ�ÄÖÅÎÎÑ ÍÏÄÅÌ� ¶ÚÉÎÁ, �ÅÒÅ×�ÒÉÔÉ ÊÏÇÏ ÎÁÄ�ÊÎ�ÓÔØ � ÄÏÓÔÏ×�Ò-Î�ÓÔØ ÏÔÒÉÍÁÎÉÈ ÒÅÚÕÌØÔÁÔ�×.íÁÂÕÔØ, �ÅÒÛÏÀ ÒÏÂÏÔÏÀ, × ÑË�Ê ÄÏÓÌ�-ÄÖÕ×ÁÌÁÓØ ËÒÉÔÉÞÎÁ �Ï×ÅÄ�ÎËÁ ÍÏÄÅÌ� ¶ÚÉÎÁ �ÒÉ ÎÅ��Ì�Ê ×ÉÍ�ÒÎÏÓÔ��ÒÏÓÔÏÒÕ ÂÕÌÁ ÒÏÂÏÔÁ íÁÊËÌÁ æ�ÛÅÒÁ [13℄. ðÒÏÔÅ �ÒÅÄÍÅÔÏÍ ÄÏÓÌ�-ÄÖÅÎØ ÂÕÌÁ ËÒÉÔÉÞÎÁ ÔÅÍ�ÅÒÁÔÕÒÁ, Á ÎÅ ËÒÉÔÉÞÎ� �ÏËÁÚÎÉËÉ. óÅÒÅÄÒ�ÚÎÉÈ ��ÄÈÏÄ�×, ÝÏ ×ÉËÏÒÉÓÔÏ×Õ×ÁÌÉÓØ ÄÌÑ ÏÔÒÉÍÁÎÎÑ ËÒÉÔÉÞÎÉÈ�ÏËÁÚÎÉË�× ÍÏÄÅÌ� ¶ÚÉÎÁ �ÒÉ ÎÅ��ÌÏÍÕ d, ÓÌ�Ä ÎÁÚ×ÁÔÉ ÒÅÎÏÒÍÁÌ�-ÚÁ��ÊÎÅ �ÅÒÅÔ×ÏÒÅÎÎÑ ëÁÄÁÎÏ×Á, ÚÁ ÄÏ�ÏÍÏÇÏÀ ÑËÏÇÏ ÂÕÌÉ ÏÔÒÉÍÁ-Î� ÚÎÁÞÅÎÎÑ ÔÅÍ�ÅÒÁÔÕÒÎÏÇÏ � ÍÁÇÎ�ÔÎÏÇÏ ËÒÉÔÉÞÎÉÈ �ÏËÁÚÎÉË�× ÄÌÑ×Ó�È ��ÌÉÈ ÚÎÁÞÅÎØ z = 2d Í�Ö z = 2 � z = 16 { �Å, �ÒÉÒÏÄÎØÏ, �ÒÉ×ÅÌÏÄÏ ÚÎÁÈÏÄÖÅÎÎÑ ÚÎÁÞÅÎØ ËÒÉÔÉÞÎÉÈ �ÏÁÚÎÉË�× ÄÌÑ ÄÅÑËÉÈ ÎÅ��ÌÉÈd [14℄. ð�ÚÎ�ÛÅ ËÒÉÔÉÞÎ� �ÏËÁÚÎÉËÉ ÍÏÄÅÌ� ¶ÚÉÎÁ �ÒÉ ÎÅ��Ì�Ê ×ÉÍ�Ò-ÎÏÓÔ� �ÒÏÓÔÏÒÕ ÏÂÞÉÓÌÀ×ÁÌÉÓÑ [15℄ ÎÁ ��ÄÓÔÁ×� �ÅÒÅÓÕÍÏ×Õ×ÁÎÎÑ ÒÑ-Ä�× "-ÒÏÚËÌÁÄÕ, ÚÁ�ÉÓÁÎÉÈ Ú ÔÏÞÎ�ÓÔÀ ÄÏ "5. òÅÎÏÒÍÇÒÕ�Ï×ÉÊ ��ÄÈ�Ä ÕÄ�ÊÓÎÏÍÕ �ÒÏÓÔÏÒ� [20,16℄ � ×ÉÓÏËÏÔÅÍ�ÅÒÁÔÕÒÎ� ÒÏÚËÌÁÄÉ [17℄ ÔÁËÏÖÚÁÓÔÏÓÏ×Õ×ÁÌÉÓÑ ÄÌÑ ÒÏÚÇÌÑÄÕ ��¤§ ÚÁÄÁÞ�. úÁ ÄÏ�ÏÍÏÇÏÀ ×ÁÒ�Á��Ê-ÎÏÇÏ ÍÅÔÏÄÕ, ÚÁÓÔÏÓÏ×ÁÎÏÇÏ ÄÏ ×ÉÓÏËÏÔÅÍ�ÅÒÁÔÕÒÎÉÈ ÒÑÄ�× [18℄ ×É-×ÞÁÌÁÓØ ×�ÌØÎÁ ÅÎÅÒÇ�Ñ d-×ÉÍ�ÒÎÏ§ ÍÏÄÅÌ� ¶ÚÉÎÁ. áËÕÒÁÔÎ� ÚÎÁÞÅÎÎÑËÒÉÔÉÞÎÉÈ �ÏËÁÚÎÉË�× ÍÏÄÅÌ� ¶ÚÉÎÁ �ÒÉ ÎÉÚØËÉÈ ×ÉÍ�ÒÎÏÓÔÑÈ �ÒÏÓ-ÔÏÒÕ 1 � d � 2 ÂÕÌÉ ÏÔÒÉÍÁÎ� [19℄ ÎÁ ��ÄÓÔÁ×� ÚÁÓÔÏÓÕ×ÁÎÎÑ ÍÅÔÏÄÕÓË�ÎÞÅÎÏÍ�ÒÎÏÇÏ ÓËÅÊÌ�ÎÕ (�nite size saling) ÄÏ ÄÁÎÉÈ, ÏÔÒÉÍÁÎÉÈÚÁ ÄÏ�ÏÍÏÇÏÀ ÍÅÔÏÄÕ ÔÒÁÓÆÅÒ-ÍÁÔÒÉ��. ðÒÉÞÏÍÕ ÔÒÁÓÆÅÒ-ÍÁÔÒÉ�ÑÂÕÌÁ ÚÁ�ÉÓÁÎÁ Õ Ó�ÏÓ�Â, ÑËÉÊ ÄÏÚ×ÏÌÑ× §§ �ÎÔÅÒ�ÏÌÑ��À ÄÏ ÎÅ��ÌÉÈ



9 ðÒÅ�ÒÉÎÔ×ÉÍ�ÒÎÏÓÔÅÊ.ñË ÕÖÅ ÚÇÁÄÕ×ÁÌÏÓØ, ×ÉËÏÒÉÓÔÁÎÎÑ Ò�×ÎÑÎØ ÍÁÓÉ×ÎÏ§ ÔÅÏÒ�§ �ÏÌÑ�ÒÉ Æ�ËÓÏ×ÁÎÉÈ ×ÉÍ�ÒÎÏÓÔÑÈ �ÒÏÓÔÏÒÕ d = 2, d = 3 ÚÁ×ÄÑËÉ ��ÏÎÅÒ-ÓØËÉÍ ÒÏÂÏÔÁÍ äÖÏÒÄÖ�Ï ðÁÒ�Ú� [24℄ ÓÔÁÌÏ ÏÄÎÉÍ �Ú ÓÔÁÎÄÁÒÔÎÉÈ��ÄÈÏÄ�× Õ ÓÕÞÁÓÎ�Ê ÔÅÏÒ�§ ËÒÉÔÉÞÎÉÈ Ñ×ÉÝ. íÁÂÕÔØ, ÄÏ �ÏÑ×É ÎÁÛÉÈÒÏÂ�Ô �Å ÂÕ× ¤ÄÉÎÉÊ �Ú ÛÉÒÏËÏ ×ÖÉ×ÁÎÉÈ ÍÅÔÏÄ�× ÁÎÁÌ�ÚÕ ËÒÉÔÉÞÎÏ§�Ï×ÅÄ�ÎËÉ, ËÏÔÒÉÊ ÝÅ ÎÅ ×ÉËÏÒÉÓÔÏ×Õ×Á×ÓÑ �ÒÉ ÎÅ��ÌÏÍÕ d. ÷ÉÈ�Ä-ÎÉÍÉ ×ÉÒÁÚÁÍÉ ÄÌÑ ÁÎÁÌ�ÚÕ ¤ �� ÔÁ � ÆÕÎË��§ (11){(13). ðÒÉÞÏÍÕ,��ËÁ×ÌÑÞÉÓØ ËÒÉÔÉÞÎÏÀ �Ï×ÅÄ�ÎËÏÀ ÍÏÄÅÌ� ¶ÚÉÎÁ, ÍÉ ÒÏÚÇÌÑÎÅÍÏ×É�ÁÄÏË ÓËÁÌÑÒÎÏÇÏ �ÏÌÑ (m = 1). ñË ÍÉ ×ÖÅ ÚÁÚÎÁÞÁÌÉ, Õ Ú×'ÑÚ-ËÕ �Ú ÁÓÉÍ�ÔÏÔÉÞÎÏÀ �ÒÉÒÏÄÏÀ ÒÑÄ�× ÄÌÑ ÒÅÎÏÒÍÇÒÕ�Ï×ÉÈ ÆÕÎË��Ê,ÓÌ�Ä ÚÁÓÔÏÓÏ×Õ×ÁÔÉ �Å×ÎÕ �ÒÏ�ÅÄÕÒÕ �ÅÒÅÓÕÍÏ×Õ×ÁÎÎÑ ÄÌÑ ÏÔÒÉÍÁÎ-ÎÑ ÄÏÓÔÏ×�ÒÎÏ§ �ÎÆÏÒÍÁ��§ ÎÁ §È ��ÄÓÔÁ×�. òÅÚÕÌØÔÁÔÉ ÏÔÒÉÍÁÎ� × ÍÁ-ÓÉ×Î�Ê ÓÈÅÍ� ÚÁ ÄÏ�ÏÍÏÇÏÀ �ÅÒÅÓÕÍÏ×Õ×ÁÎÎÑ ÍÅÔÏÄÏÍ ðÁÄÅ-âÏÒÅÌÑ�ÒÉ×ÅÄÅÎ� Õ [40℄. ñË ÚÁÚÎÁÞÁÌÏÓØ ÕÖÅ × [40℄, ÍÅÔÏÄ ðÁÄÅ-âÏÒÅÌÑ ÄÏÂ-ÒÅ �ÒÁ�À¤ ËÏÌÉ ×ÉÍ�ÒÎ�ÓÔØ �ÒÏÓÔÏÒÕ ÎÅ ¤ ÄÕÖÅ ÎÉÚØËÏÀ. ïÄÎ�¤À �ÚÍÏÖÌÉ×ÉÈ �ÒÉÞÉÎ ¤ ÔÅ, ÝÏ �ÁÒÁÍÅÔÒ ÒÏÚËÌÁÄÕ { ÚÎÁÞÅÎÎÑ ËÏÎÓÔÁÎ-ÔÉ ×ÚÁ¤ÍÏÄ�§ × ÎÅÒÕÈÏÍ�Ê ÔÏÞ�� { ÚÒÏÓÔÁ¤ �Ú ÚÍÅÎÛÅÎÎÑÍ d. úÏËÒÅÍÁ,ÏÔÒÉÍÁÎ� × [40℄ ÒÅÚÕÌØÔÁÔÉ �ÏÔÒÅÂÕÀÔØ �ÏËÒÁÝÅÎÎÑ × Ä�ÌÑÎ�� d �Ï-ÂÌÉÚÕ ÎÉÖÎØÏ§ ËÒÉÔÉÞÎÏ§ ×ÉÍ�ÒÎÏÓÔ�. ðÏËÁÖÅÍÏ ÏÄÉÎ �Ú ÍÏÖÌÉ×ÉÈÓ�ÏÓÏÂ�×, ÑË �Å ÍÏÖÎÁ ÚÒÏÂÉÔÉ [40℄.ñË � × [40℄, ÏÂÅÒÅÍÏ �ÒÏ�ÅÄÕÒÕ �ÅÒÅÓÕÍÏ×Õ×ÁÎÎÑ ðÁÄÅ-âÏÒÅÌÑ.óÈÅÍÁ �ÅÒÅÓÕÍÏ×Õ×ÁÎÎÑ ¤ ÔÁËÏÀ. äÌÑ ÆÕÎË��§ f(u) (�Å ÍÏÖÅ ÂÕÔÉ {ÁÂÏ �{ÆÕÎË��Ñ ÞÉ §È ÞÁÓÔÉÎÁ) ÚÁÄÁÎÏ§ Õ ×ÉÇÌÑÄ� ÓË�ÎÞÅÎÎÏ§ Ë�ÌØËÏÓÔ�ÄÏÄÁÎË�× Õ ÒÏÚËÌÁÄ� �ÅÊÌÏÒÁ:f(u) = LXj=0 f (j)uj ; (14)ÚÁ�ÉÓÕ¤ÔØÓÑ ÂÏÒÅÌ�×ÓØËÉÊ ÏÂÒÁÚ:F (ut) = LXj=0 f (j)j! (ut)j : (15)�ÏÄ� (15) �ÒÅÄÓÔÁ×ÌÑ¤ÔØÓÑ Õ ×ÉÇÌÑÄ� ðÁÄÅ-Á�ÒÏËÓÉÍÁÎÔÉ FP (ut) ��ÅÒÅÓÕÍÏ×ÁÎÁ ÆÕÎË��Ñ ÚÁ�ÉÛÅÔØÓÑ Õ ÆÏÒÍ�:fR(u) = Z 10 dte�tFP (ut): (16)òÅÁÌ�ÚÕÊÍÏ �ÒÏ�ÅÄÕÒÕ, × ÒÅÚÕÌØÔÁÔ� ÑËÏ§ ×ÉÒÁÚÉ (11){(13) �ÒÉ m = 1�ÒÉ×ÅÌÉ Â ÄÏ ÚÎÁÞÅÎØ ËÒÉÔÉÞÎÉÈ �ÏËÁÚÎÉË�×, ÝÏ Ó��×�ÁÄÁÌÉ Â �Ú ÔÏÞ-
ICMP{99{15U 10ÎÉÍÉ ÚÎÁÞÅÎÎÑÍÉ Õ ×É�ÁÄËÁÈ, ËÏÌÉ ×ÏÎÉ ×�ÄÏÍ�: ÔÏÂÔÏ �ÒÉ ×ÉÍ�ÒÎÏÓ-ÔÑÈ �ÒÏÓÔÏÒÕ d = 1 (� =  = 1, � = 1 ) � d = 2 (� = 1,  = 1:75,� = 0:25). äÌÑ �ØÏÇÏ ÏÂÅÒÅÍÏ ÎÁÊ×ÉÝÉÊ (ÎÁÓÔÕ�ÎÉÊ ��ÓÌÑ ÏÓÔÁÎÎØÏÇÏ×�ÄÏÍÏÇÏ) ÞÌÅÎ ÒÑÄÕ ÔÅÏÒ�§ ÚÂÕÒÅÎØ ×�ÌØÎÉÍ �ÁÒÁÍÅÔÒÏÍ � ÚÍ�ÎÀ×Á-ÔÉÍÅÍÏ ÊÏÇÏ ÔÁË, ÝÏÂ ÏÔÒÉÍÁÔÉ ÎÅÏÂÈ�ÄÎÉÊ ÒÅÚÕÌØÔÁÔ. õ ×É�ÁÄËÕ"-ÒÏÚËÌÁÄÕ ÔÁËÕ �ÒÏ�ÅÄÕÒÕ ÂÕÌÏ ÚÁ�ÒÏ�ÏÎÏ×ÁÎÏ × [37℄. úÁÕ×ÁÖÉÍÏ,ÏÄÎÁË, ÓÕÔÔ¤×Õ ×�ÄÍ�ÎÎ�ÓÔØ Õ ÚÁÓÔÏÓÕ×ÁÎÎ� ÔÁËÏ§ ÓÈÅÍÉ × ÒÁÍËÁÈ "-ÒÏÚËÌÁÄÕ � Õ ÒÅÎÏÒÍÇÒÕ�Ï×ÏÍÕ ��ÄÈÏÄ� �ÒÉ Æ�ËÓÏ×ÁÎ�Ê ×ÉÍ�ÒÎÏÓÔ��ÒÏÓÔÏÒÕ. ÷ÉÍ�ÒÎ�ÓÔØ d, ÑËÁ ×ÈÏÄÉÔØ Õ �ÁÒÁÍÅÔÒ ÒÏÚËÌÁÄÕ × ÔÅÈÎ�-�� "-ÒÏÚËÌÁÄÕ, ÎÅ Í�ÓÔÉÔØÓÑ × ËÏÅÆ���¤ÎÔÁÈ ÖÏÄÎÏÇÏ Ú ÒÑÄ�×. �ÁËÉÍÞÉÎÏÍ, ÏÂÒÁ×ÛÉ ËÏÅÆ���¤ÎÔ ×ÉÝÏÇÏ �ÏÒÑÄËÕ f (j+1) ÑË ×�ÌØÎÉÊ �Á-ÒÁÍÅÔÒ Õ ÒÑÄ� ÄÌÑ �Å×ÎÏ§ ÆÕÎË��§ f(") (ÎÁ�ÒÉËÌÁÄ, ÄÌÑ ÂÕÄØ-ÑËÏÇÏËÒÉÔÉÞÎÏÇÏ �ÏËÁÚÎÉËÁ)f(") ' LXj=0 f (j)"j + f (j+1)"j+1;ÍÏÖÎÁ ÚÁÂÅÚ�ÅÞÉÔÉ Ó��×�ÁÄ�ÎÎÑ ÒÅÚÕÌØÔÁÔ�× ÌÉÛÅ ÄÌÑ ÏÄÎ�¤§ ÏÂÒÁ-ÎÏ§ ×ÉÍ�ÒÎÏÓÔ� d (× [37℄ �Å d = 2). îÁ ×�ÄÍ�ÎÕ ×�Ä �ØÏÇÏ, Õ ÓÈÅÍ�, ÝÏÂÁÚÕ¤ÔØÓÑ ÎÁ ÚÁÓÔÏÓÕ×ÁÎÎ� Ò�×ÎÑÎØ ÒÅÎÏÒÍÁÌ�ÚÁ��ÊÎÏ§ ÒÕ�É �ÒÉ Æ�Ë-ÓÏ×ÁÎ�Ê ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ, ËÏÅÆ���¤ÎÔÉ ÒÑÄ�× ÚÁ �ÅÒÅÎÏÒÍÏ×ÁÎÏÀËÏÎÓÔÁÎÔÏÀ ×ÚÁ¤ÍÏÄ�§ u ¤ ÚÁÌÅÖÎÉÍÉ ×�Ä ×ÉÍ�ÒÎÏÓÔ�:f(u) ' LXj=0 f (j)(d)uj + f (j+1)(d)uj+1:�ÏÄ� ÏÂÒÁÎÉÊ ×ÉÒÁÚ ÍÏÖÅ Í�ÓÔÉÔÉ �ÎÆÏÒÍÁ��À �ÒÏ ÔÏÞÎ� ÒÅÚÕÌØÔÁÔÉÄÌÑ ÄÅË�ÌØÎÏÈ ÚÎÁÞÅÎØ d (ÏÂÉÒÁÀÞÉ ×�Ä�Ï×�ÄÎ� ÚÎÁÞÅÎÎÑ f (j+1)(d),ÎÁ�ÒÉËÌÁÄ, ÄÌÑ ��ÌÉÈ d = 1; 2; : : :). äÌÑ �ÒÏÍ�ÖÎÉÈ ÚÎÁÞÅÎØ d ÆÕÎË-��À f (j+1)(d) ÍÏÖÎÁ Á�ÒÏËÓÉÍÕ×ÁÔÉ ÇÌÁÄËÏÀ ËÒÉ×ÏÀ. ú×ÉÞÁÊÎÏ, ÝÏÎÁÄ�ÊÎ�ÓÔØ ÏÔÒÉÍÁÎÉÈ Õ ÔÁËÉÊ Ó�ÏÓ�Â ÒÅÚÕÌØÔÁÔ�× ÚÎÁÞÎÏÀ Í�ÒÏÀ ÚÁ-ÌÅÖÉÔØ ×�Ä ÔÏÇÏ, ÎÁÓË�ÌØËÉ ÇÌÁÄËÏÀ ¤ �Ï×ÅÄ�ÎËÁ ÆÕÎË��§, ÑËÕ ÍÉÁ�ÒÏËÓÉÍÕ¤ÍÏ [38℄.ïÔÒÉÍÁÎ� ÚÁ ÄÏ�ÏÍÏÇÏÀ Ï�ÉÓÁÎÏ§ �ÒÏ�ÅÄÕÒÉ �ÅÒÅÓÕÍÏ×Õ×ÁÎÎÑËÒÉÔÉÞÎ� �ÏËÁÚÎÉËÉ �, � ÑË ÆÕÎË��§ ×ÉÍ�ÒÎÏÓÔ� d [38℄ �ÒÉ×ÅÄÅÎ� ×ÔÁÂÌÉ�� 1 ÄÌÑ ÄÅÑËÉÈ ËÏÎËÒÅÔÎÉÈ ÚÎÁÞÅÎØ ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ Õ�ÏÒ�×ÎÑÎÎ� Ú ÄÁÎÉÍÉ �ÎÛÉÈ ��ÄÈÏÄ�×: [15℄ { �Ú �ÅÒÅÓÕÍÏ×Õ×ÁÎÎÑ "-ÒÏÚËÌÁÄÕ, [18℄ { ÚÁ ÄÏ�ÏÍÏÇÏÀ ×ÁÒ�Á��ÊÎÏÇÏ ��ÄÈÏÄÕ, ÚÁÓÔÏÓÏ×ÁÎÏÇÏ ÄÏ×ÉÓÏËÏÔÅÍ�ÅÒÁÔÕÒÎÉÈ ÒÏÚËÌÁÄ�×, [19℄ { ÚÁÓÔÏÓÕ×ÁÎÎÑÍ ÍÅÔÏÄÕ ÓË�Î-ÞÅÎÎÏÍ�ÒÎÏÇÏ ÓËÅÊÌ�ÎÕ ÄÏ ÄÁÎÉÈ, ÏÔÒÉÍÁÎÉÈ ÚÁ ÄÏ�ÏÍÏÇÏÀ ÍÅÔÏÄÕÔÒÁÓÆÅÒ-ÍÁÔÒÉ��.



11 ðÒÅ�ÒÉÎÔîÁ ÒÉÓÕÎËÕ 1 ÍÉ �ÏÒ�×ÎÀ¤ÍÏ ÎÁÛ� ÒÅÚÕÌØÔÁÔÉ ÄÌÑ ËÒÉÔÉÞÎÏÇÏ�ÏËÁÚÎÉËÁ � �Ú ÒÅÚÕÌØÔÁÔÁÍÉ "0 = d� 1 ÒÏÚËÌÁÄÕ ÄÌÑ ÍÏÄÅÌ� ÍÁÊÖÅ�ÌÏÓËÏ§ �Ï×ÅÒÈÎ� �ÏÄ�ÌÕ (Õ Ä�ÌÑÎ�� ÎÉÚØËÉÈ ÚÎÁÞÅÎØ d), Ú ÄÁÎÉÍÉ, ÏÔ-ÒÉÍÁÎÉÍÉ ÚÁ ÄÏ�ÏÍÏÇÏÀ �ÅÒÅÔ×ÏÒÅÎÎÑ ëÁÄÁÎÏ×Á [14℄ � ÚÁ ÄÏ�ÏÍÏÇÏÀÁÎÁÌ�ÚÕ Æ�ÚÉÞÎÏ§ Ç�ÌËÉ ÒÏÚ×'ÑÚË�× ÔÏÞÎÏÇÏ Ò�×ÎÑÎÎÑ ÒÅÎÏÒÍÁÌ�ÚÁ��Ê-ÎÏ§ ÒÕ�É [26℄. úÎÁÞÅÎÎÑ ËÒÉÔÉÞÎÏÇÏ �ÏËÁÚÎÉËÁ � ÄÌÑ ÍÏÄÅÌ� ÍÁÊÖÅ�ÌÏÓËÏ§ �Ï×ÅÒÈÎ� �ÏÄ�ÌÕ:� = ("0)�1 � 12 + "02 � 7 ("0)28 (17)�ÏËÁÚÁÎÅ × �ÅÒÛÏÍÕ, ÄÒÕÇÏÍÕ [7℄, ÔÒÅÔØÏÍÕ [8℄ � ÞÅÔ×ÅÒÔÏÍÕ [9℄ �Ï-ÒÑÄËÁÈ ÔÅÏÒ�§ ÚÂÕÒÅÎØ.òÉÓÕÎÏË 2 ÄÁ¤ �ÏÒ�×ÎÑÎÎÑ ÎÁÛÉÈ ÄÁÎÉÈ ÄÌÑ ËÒÉÔÉÞÎÏÇÏ �ÏËÁÚÎÉ-ËÁ � �Ú ÒÅÚÕÌØÔÁÔÁÍÉ, ÏÔÒÉÍÁÎÉÍÉ ÚÁ ÄÏ�ÏÍÏÇÏÀ �ÅÒÅÔ×ÏÒÅÎÎÑ ëÁ-ÄÁÎÏ×Á [14℄ � ÚÁ ÄÏ�ÏÍÏÇÏÀ ÁÎÁÌ�ÚÕ Æ�ÚÉÞÎÏ§ ×�ÔËÉ ÒÏÚ×'ÑÚË�× ÔÏÞÎÏÇÏÒ�×ÎÑÎÎÑ ÒÅÎÏÒÍÁÌ�ÚÁ��ÊÎÏ§ ÇÒÕ�É [26℄ Á ÔÁËÏÖ �Ú ÚÎÁÞÅÎÎÑÍ � ÄÌÑÍÏÄÅÌ� ËÒÁ�ÌÉÎÉ, ÝÏ ÚÁ�ÉÓÕ¤ÔØÓÑ ÑË [10℄:d+ � = 8��1("0)�(2+"0)=2[1 +O("0)℄e(�1�2C�2="0); (18)ÄÅ C ' 0:577 { ÓÔÁÌÁ ïÊÌÅÒÁ.ñË ×ÉÄÎÏ Ú ÔÁÂÌÉ�� 1, ÎÁÛ� ÒÅÚÕÌØÔÁÔÉ ÄÕÖÅ ÄÏÂÒÅ ÕÚÇÏÄÖÕÀÔØÓÑ�Ú ÒÅÚÕÌØÔÁÔÁÍÉ ÒÏÂÏÔÉ [15℄, ÏÔÒÉÍÁÎÉÍÉ ÎÁ ��ÄÓÔÁ×� �ÅÒÅÓÕÍÏ×ÁÎÏÇÏ"-ÒÏÚËÌÁÄÕ �Ú ×ÉËÏÒÉÓÔÁÎÎÑÍ ÔÏÞÎÏ§ �ÎÆÏÒÍÁ��§ �ÒÉ d = 2. ãÅ ÌÅÇËÏÚÒÏÚÕÍ�ÔÉ, ÏÓÏÂÌÉ×Ï ÑËÝÏ ×ÚÑÔÉ ÄÏ Õ×ÁÇÉ,ÝÏ ÔÁËÅ Ö ÕÚÇÏÄÖÅÎÎÑ ÍÁ¤Í�Ó�Å ÄÌÑ ��ÌÉÈ ×ÉÍ�ÒÎÏÓÔÅÊ d = 2; d = 3 (ÄÉ×., ÎÁ�ÒÉËÌÁÄ, [30,41℄).÷ Ä�ÌÑÎ�� ×ÉÍ�ÒÎÏÓÔÅÊ 1 < d < 2 ÎÁÛ� ÒÅÚÕÌØÔÁÔÉ ÍÏÖÎÁ �ÏÒ�×ÎÑÔÉ�Ú ÚÎÁÞÅÎÎÑÍ ËÒÉÔÉÞÎÏÇÏ �ÏËÁÚÎÉËÁ � ÍÏÄÅÌ� ÍÁÊÖÅ �ÌÏÓËÏ§ �Ï×ÅÒ-ÈÎ� �ÏÄ�ÌÕ [7℄, �ÏÒÁÈÏ×ÁÎÉÍ ÚÁ ÄÏ�ÏÍÏÇÏÀ "0 = d � 1 ÒÏÚËÌÁÄÕ [7{9℄.¶ÓÎÕ¤ ÎÉÚËÁ ÁÒÕÍÅÎÔ�× × ��ÄÔÒÉÍËÕ Ô×ÅÒÄÖÅÎÎÑ �ÒÏ ÔÅ, ÝÏ ËÒÉÔÉÞ-ÎÁ ÔÏÞËÁ ��¤§ ÍÏÄÅÌ� �ÄÅÎÔÉÞÎÁ ËÒÉÔÉÞÎ�Ê ÔÏÞ�� �ÚÉÎ�×ÓØËÏ§ ÓÉÓÔÅÍÉ.�Å�ÅÒ ××ÁÖÁ¤ÔØÓÑ, ÝÏ �Å Ô×ÅÒÄÖÅÎÎÑ Ó�ÒÁ×ÅÄÌÉ×Å �ÒÉÎÁÊÍÎ� × ÓÅÎ-Ó� "0 = d � 1 ÒÏÚËÌÁÄÕ. ñË ×ÉÄÎÏ �Ú ÒÉÓÕÎËÕ 1, ÔÁËÁ �ÄÅÎÔÉÆ�ËÁ��ÑÄ�ÊÓÎÏ ÍÏÖÅ ÍÁÔÉ Í�Ó�Å. úÁÚÎÁÞÉÍÏ, ÝÏ ËÒÉ×� ÄÌÑ ËÒÉÔÉÞÎÏÇÏ �ÏËÁÚ-ÎÉËÁ � �ÒÏÈÏÄÑÔØ ÞÅÒÅÚ ÔÏÞÎÅ ÚÎÁÞÅÎÎÑ �(d = 2) = 1, ÑËÝÏ ÒÑÄ (17)ÒÏÚÇÌÑÄÁ¤ÔØÓÑ × ÏÄÎÏ- ÁÂÏ × ÔÒÉ�ÅÔÌÅ×ÏÍÕ ÎÁÂÌÉÖÅÎÎ�. òÅÚÕÌØÔÁÔÉÒÅÎÏÒÍÇÒÕ�Ï×ÏÇÏ ��ÄÈÏÄÕ �ÒÉ Æ�ËÓÏ×ÁÎ�Ê ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ ÕÚÇÏ-ÄÖÕÀÔØÓÑ �Ú ÒÅÚÕÌØÔÁÔÁÍÉ, ÏÔÒÉÍÁÎÉÍÉ ÄÌÑ ÍÏÄÅÌ� ËÒÁ�ÌÉÎÉ [10℄ ×Ä�ÌÑÎ�� ÎÉÚØËÉÈ ÚÎÁÞÅÎØ d, ÑË �Å ×ÉÄÎÏ Ú ÒÉÓÕÎËÕ 2. òÅÚÕÌØÔÁÔÉ, ÏÔ-ÒÉÍÁÎ� ÄÌÑ ÄÅÑËÉÈ ÎÅ��ÌÉÈ d ÚÁ ÄÏ�ÏÍÏÇÏÀ �ÅÒÅÔ×ÏÒÅÎÎÑ ëÁÄÁÎÏ×Á[14℄ (×�ÄËÌÁÄÅÎ� ÎÁ ÒÉÓÕÎËÕ 1 Ú�ÒÏÞËÁÍÉ) ÔÁËÏÖ ÄÏÂÒÅ ÕÚÇÏÄÖÕÀÔØÓÑ�Ú ÎÁÛÉÍÉ ÄÁÎÉÍÉ. íÉ ×ÉËÏÒÉÓÔÁÌÉ Ó��××�ÄÎÏÛÅÎÎÑ ÓËÅÊÌ�ÎÕ ÄÌÑ
ICMP{99{15U 12ÔÏÇÏ, ÝÏÂ ÏÔÒÉÍÁÔÉ �ÏËÁÚÎÉË � �Ú � � Æ, �ÒÉ×ÅÄÅÎÉÈ × [14℄. ã� ÚÎÁÞÅÎ-ÎÑ � ÔÁËÏÖ ÚÏÂÒÁÖÅÎ� Ú�ÒÏÞËÁÍÉ ÎÁ ÒÉÓÕÎËÕ 2. ÷ÉÄÎÏ, ÝÏ ÓÈÅÍÁ [14℄�ÒÉ×ÏÄÉÔØ ÄÏ ÚÁ×ÉÝÅÎÉÈ ÚÎÁÞÅÎØ � × Ä�ÌÑÎ�� d > 2:5. äÁÎ�, ÏÔÒÉÍÁÎ�ÎÁ ÏÓÎÏ×� ÁÎÁÌ�ÚÕ Æ�ÚÉÞÎÏ§ Ç�ÌËÉ ÒÏÚ×'ÑÚËÕ ÔÏÞÎÉÈ Ò�×ÎÑÎØ ÒÅÎÏÒÍÁ-Ì�ÚÁ��ÊÎÏ§ ÒÕ�É [26℄ ÔÁËÏÖ ÕÚÇÏÄÖÕÀÔØÓÑ Ú ÎÁÛÉÍÉ ÒÅÚÕÌØÔÁÔÁÍÉ.îÁÊËÒÁÝÅ ÕÚÇÏÄÖÅÎÎÑ ÍÁ¤ Í�Ó�Å × Ä�ÌÑ�� d �ÏÂÌÉÚÕ d = 3, ÄÅ, ÑË �ÅÂÕÌÏ ÚÁÚÎÁÞÅÎÏ × [26℄, ÔÁËÉÊ ��ÄÈ�Ä ¤ ÎÁÊÂ�ÌØÛ ÅÆÅËÔÉ×ÎÉÊ.áËÕÒÁÔÎ� � ÎÁÄ�ÊÎ� ÚÎÁÞÅÎÎÑ ËÒÉÔÉÞÎÉÈ �ÏËÁÚÎÉË�× ÄÌÑ ÎÅ��ÌÏÇÏd ÏÔÒÉÍÕÀÔØÓÑ × Ä�ÌÑÎ�� 1 < d < 2 ÎÁ ��ÄÓÔÁ×� ÚÁÓÔÏÓÕ×ÁÎÎÑ ÍÅ-ÔÏÄÕ ÓË�ÎÞÅÎÏÍ�ÒÎÏÇÏ ÓËÅÊÌ�ÎÕ ÄÏ ÄÁÎÉÈ, ÏÔÒÉÍÁÎÉÈ ÚÁ ÄÏ�ÏÍÏÇÏÀÍÅÔÏÄÕ ÔÒÁÓÆÅÒ-ÍÁÔÒÉ�� [19℄ (ÄÉ×. ËÏÌÏÎËÉ 8,9 ÔÁÂÌÉ�� 1). ÷ Ä�ÌÑÎ��d > 1:5 ÎÁÛ� ÒÅÚÕÌØÔÁÔÉ ÄÏÂÒÅ ÕÚÇÏÄÖÕÀÔØÓÑ �Ú �ÉÍÉ ÄÁÎÉÍÉ, ÁÌÅÄÌÑ ÎÉÖÞÉÈ ÚÎÁÞÅÎØ d ÕÚÇÏÄÖÅÎÎÑ ¤ Ç�ÒÛÅ. ÷ �ÒÏÔÉ×ÁÇÕ ÄÏ �ØÏÇÏ, ÕÄ�ÌÑÎ�� ÍÁÌÉÈ d ÎÁÛ� ÒÅÚÕÌØÔÁÔÉ ÕÚÇÏÄÖÕÀÔØÓÑ �Ú ÄÁÎÉÍÉ, ÏÔÒÉÍÁ-ÎÉÍÉ ÚÁ ÄÏ�ÏÍÏÇÏÀ ×ÁÒ�Á��ÊÎÏÇÏ ��ÄÈÏÄÕ ÄÏ ÁÎÁÌ�ÚÕ ×ÉÓÏËÏÔÅÍ�ÅÒÁ-ÔÕÒÎÉÈ ÒÑÄ�× [18℄ (ËÏÌÏÎËÉ 6,7 ÔÁÂÌÉ�� 1) � ÚÎÁÈÏÄÑÔØÓÑ �ÏÚÁ ÍÅÖÁÍÉÔÏÞÎÏÓÔ� ��¤§ ÒÏÂÏÔÉ ÄÌÑ � �ÒÉ d > 1:875 Á ÄÌÑ � �ÒÉ d > 1:5.¶Ú ÁÎÁÌ�ÚÕ, �ÒÏ×ÅÄÅÎÏÇÏ Õ �ØÏÍÕ ÒÏÚÄ�Ì�, ÒÏÂÉÍÏ ×ÉÓÎÏ×ÏË, ÝÏ ÚÁ-�ÒÏ�ÏÎÏ×ÁÎÉÊ ÍÅÔÏÄ �ÅÒÅÎÏÒÍÕ×ÁÎÎÑ, ÔÁË ÓÁÍÏ ÑË � �ÒÏ�ÅÄÕÒÁ �Å-ÒÅÓÕÍÏ×Õ×ÁÎÎÑ ¤ ÎÁÄ�ÊÎÉÍÉ Ó�ÏÓÏÂÁÍÉ ÄÏÓÌ�ÄÖÅÎÎÑ ËÒÉÔÉÞÎÏ§ �Ï×Å-Ä�ÎËÉ �ÒÉ ÎÅ��ÌÏÍÕ ÚÎÁÞÅÎÎ� d � ÎÉÖÞÅ ÍÉ ÚÁÓÔÏÓÕ¤ÍÏ §È ÄÏ ÁÎÁÌ�ÚÕÒÅÕÌÑÒÎÏ§ ÔÁ ÓÔÒÕËÔÕÒÎÏ-ÎÅ×�ÏÒÑÄËÏ×ÁÎ§ m-×ÅËÔÏÒÎÏ§ ÍÏÄÅÌ�.4. m-×ÅËÔÏÒÎÁ ÍÏÄÅÌØîÁÇÁÄÁÊÍÏ,ÝÏ ÚÇ�ÄÎÏ ÔÅÏÒÅÍÉ íÅÒÍ�ÎÁ-÷ÁÎÅÒÁ-çÏÇÅÎÂÅÒÁ [42℄, ÄÌÑm-×ÅËÔÏÒÎÏ§ ÍÏÄÅÌ� ÎÉÖÎÑ ËÒÉÔÉÞÎÁ ×ÉÍ�ÒÎ�ÓÔØ d = 2 �ÒÉ m � 2.óÌ�ÄÕÀÞÉ ÒÅÚÕÌØÔÁÔÁÍ ÒÏÚÄ�ÌÕ 3, Ú ÍÅÔÏÀ ×ÄÏÓËÏÎÁÌÅÎÎÑ �ÒÏ�ÅÄÕÒÉ�ÅÒÅÓÕÍÏ×Õ×ÁÎÎÑ ××ÅÄÅÍÏ Õ ×ÉÒÁÚÉ ÄÌÑ �ÅÒÅÓÕÍÏ×ÎÉÈ ÆÕÎË��Ê ×�ÌØÎ��ÁÒÁÍÅÔÒÉ, ×ÉÂÉÒÁÀÞÉ §È ÚÎÁÞÅÎÎÑ Ú ÕÍÏ×É,ÝÏÂ �� ×ÉÒÁÚÉ �ÒÉ×ÏÄÉÌÉÄÏ ×�ÄÏÍÉÈ ÔÏÞÎÉÈ ÒÅÚÕÌØÔÁÔ�× ÄÌÑ ËÒÉÔÉÞÎÏ§ �Ï×ÅÄ�ÎËÉ �ÒÉ d = 2(� =  =1).÷ÉÈ�ÄÎÉÍÉ ×ÉÒÁÚÁÍÉ ÄÌÑ ÁÎÁÌ�ÚÕ ¤ ×ÉÒÁÚÉ ÄÌÑ �- � -ÆÕÎË��Êm-×ÅËÔÏÒÎÏ§ ÍÏÄÅÌ� (11) { (13) �ÒÉ×ÅÄÅÎ� × ÒÏÚÄ�Ì� 2. �ÁË ÓÁÍÏ, ÑË�Å ÒÏÂÉÌÏÓÑ × ÒÏÚÄ�Ì� 3, ××ÅÄÅÍÏ × �� ×ÉÒÁÚÉ ÄÏÄÁÎËÉ ×ÉÝÏÇÏ �ÏÒÑÄ-ËÕ, ÑË ×�ÌØÎ� �ÁÒÁÍÅÔÒÉ � ÚÍ�ÎÀ×ÁÔÉÍÅÍÏ §È Ú ÍÅÔÏÀ ÚÁÂÅÚ�ÅÞÅÎÎÑ�ÒÁ×ÉÌØÎÏ§ ÁÓÉÍ�ÔÏÔÉËÉ �ÒÉ d = 2 [42℄.�ÁÂÌÉ�Ñ 2 Í�ÓÔÉÔØ ÎÁÛ� ÒÅÚÕÌØÔÁÔÉ ÄÌÑ ËÒÉÔÉÞÎÏÇÏ �ÏËÁÚÎÉËÁËÏÒÅÌÑ��ÊÎÏ§ ÄÏ×ÖÉÎÉ � � ËÒÉÔÉÞÎÏÇÏ �ÏËÁÚÎÉËÁ ÍÁÇÎ�ÔÎÏ§ Ó�ÒÉÊ-ÎÑÔÌÉ×ÏÓÔ� . ã� ÒÅÚÕÌØÔÁÔÉ ÏÔÒÉÍÁÎ� Õ ÔÒÉ�ÅÔÌÅ×ÏÍÕ ÎÁÂÌÉÖÅÎÎ�ÚÁ ÄÏ�ÏÍÏÇÏÀ �ÅÒÅÓÕÍÏ×Õ×ÁÎÎÑ ðÁÄÅ-âÏÒÅÌÑ ××ÏÄÑÞÉ ÄÏÄÁÔËÏ×� �Á-



13 ðÒÅ�ÒÉÎÔÒÁÍÅÔÒÉ Õ �ÒÏ�ÅÄÕÒÕ �ÅÒÅÓÕÍÏ×Õ×ÁÎÎÑ Õ Ä�ÌÑÎ�� 2 < d < 3 � ÂÅÚÄÏÄÁÔËÏ×ÉÈ �ÁÒÁÍÅÔÒ�× ÄÌÑ d > 3. îÁÛ� ÒÅÚÕÌØÔÁÔÉ, ÏÔÒÉÍÁÎ� �Ú ÚÁ-ÌÕÞÅÎÎÑÍ ÄÏÄÁÔËÏ×Ï§ �ÎÆÏÒÍÁ��§ �ÒÏ ÒÏÚÔÁÛÕ×ÁÎÎÑ ÓÉÎÕÌÑÒÎÏÓÔ� ×ÔÏÞ�� d = 2 ÕÚÇÏÄÖÕÀÔØÓÑ �Ú ÒÅÎÏÒÍÇÒÕ�Ï×ÉÍ ÒÅÚÕÌØÔÁÔÏÍ ÒÏÂÏÔÉ[25℄, ÄÅ ÂÕÌÏ ×ÉÑ×ÌÅÎÏ ÓÉÎÕÌÑÒÎÕ �Ï×ÅÄ�ÎËÕ ËÒÉÔÉÞÎÉÈ �ÏËÁÚÎÉË�×.îÁ ÒÉÓÕÎËÕ 3 ÍÉ ×�ÄËÌÁÌÉ ÚÎÁÞÅÎÎÑ ËÒÉÔÉÞÎÏÇÏ �ÏËÁÚÎÉËÁ m-×ÅËÔÏÒÎÏ§ ÍÏÄÅÌ� � ÑË ÆÕÎË��À d ÄÌÑ m = 2; 3; 4;1 [43℄. õ ×É�ÁÄËÕm =1 ÍÉ ×�ÄÔ×ÏÒÀ¤ÍÏ ÔÏÞÎÉÊ ÒÅÚÕÌØÔÁÔ ÄÌÑ ÓÆÅÒÉÞÎÏ§ ÍÏÄÅÌ� [44℄� = (d� 2)�1.úÁÚÎÁÞÉÍÏ, ÝÏ, ÎÁ ×�ÄÍ�ÎÕ ×�Ä ÍÏÄÅÌ� ¶ÚÉÎÁ, ÄÁÎ� �ÒÏ ËÒÉÔÉÞÎÕ�Ï×ÅÄ�ÎËÕ m-×ÅËÔÏÒÎÏ§ ÍÏÄÅÌ� �ÒÉ ÄÏ×�ÌØÎÏÍÕ ÎÅ��ÌÏÍÕ ÚÎÁÞÅÎÎ� ×É-Í�ÒÎÏÓÔ� d ÍÁÊÖÅ ×�ÄÓÕÔÎ� � ÒÅÚÕÌØÔÁÔÉ, �ÒÅÄÓÔÁ×ÌÅÎ� × �ØÏÍÕ ÒÏÚÄ�Ì�,ÄÁÀÔØ ÎÁ ÓØÏÇÏÄÎ� ÎÁÊ�Ï×Î�ÛÉÊ Ï�ÉÓ ÔÁËÏ§ ÚÁÄÁÞ�.5. úÁÍÏÒÏÖÅÎÁ ÓÌÁÂÏ ÒÏÚ×ÅÄÅÎÁ m-×ÅËÔÏÒÎÁ ÍÏÄÅÌØðÅÒÅÊÄÅÍÏ ÔÅ�ÅÒ ÄÏ ÁÎÁÌ�ÚÕ ÒÏÚ×ÅÄÅÎÏ§ m-×ÅËÔÏÒÎÏ§ ÍÏÄÅÌ�, ××ÅÄÅ-ÎÏ§ × ÒÏÚÄ�Ì� 2 (ÄÉ×. ÆÏÒÍÕÌÕ (3)), �ÒÉ ÄÏ×�ÌØÎ�Ê ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓ-ÔÏÒÕ. òÅÎÏÒÍÇÒÕ�Ï×� ÆÕÎË��§ ��¤§ ÍÏÄÅÌ� ÏÔÒÉÍÁÎ� ÎÁÍÉ × Ä×Ï{ [31℄ÔÁ ÔÒÉ�ÅÔÌÅ×ÏÍÕ ÎÁÂÌÉÖÅÎÎÑÈ [35℄ �ÒÉ ÄÏ×�ÌØÎ�Ê ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏ-ÒÕ � ¤ �ÏÌ�ÎÏÍÁÍÉ ÚÁ ÓÔÅ�ÅÎÑÍÉ �ÅÒÅÎÏÒÍÏ×ÁÎÉÈ ËÏÎÓÔÁÎÔ ×ÚÁ¤ÍÏÄ�§�1; �2. þÅÒÅÚ ÇÒÏÍ�ÚÄË�ÓÔØ ×�Ä�Ï×�ÄÎÉÈ ×ÉÒÁÚ�× ÍÉ ÎÅ ÚÁ�ÉÓÕ×ÁÔÉÍÅ-ÍÏ §È ÔÕÔ Õ Ñ×ÎÏÍÕ ×ÉÇÌÑÄ�. úÎÏ×Õ, ÄÌÑ ÏÂÞÉÓÌÅÎÎÑ ÚÎÁÞÅÎØ ËÒÉÔÉÞ-ÎÉÈ �ÏËÁÚÎÉË�× ÎÁ ÏÓÎÏ×� ×�ÄÏÍÉÈ �� � -ÆÕÎË��Ê ÎÅÏÂÈ�ÄÎÏ ÚÁÓÔÏÓÕ-×ÁÔÉ �ÒÏ�ÅÄÕÒÕ �ÅÒÅÓÕÍÏ×Õ×ÁÎÎÑ. îÉÖÞÅ ÍÉ ÚÁÓÔÏÓÕ¤ÍÏ �ÒÏ�ÅÄÕÒÕ�ÅÒÅÓÕÍÏ×Õ×ÁÎÎÑ ÆÕÎË��Ê Ä×ÏÈ ÚÍ�ÎÎÉÈ, ÝÏ ÂÁÚÕ¤ÔØÓÑ ÎÁ �ÒÏÓÔÏÍÕÕÚÁÇÁÌØÎÅÎÎ� ÍÅÔÏÄÕ ðÁÄÅ-âÏÒÅÌÑ ÄÌÑ ÏÄÎ�¤§ ÚÍ�ÎÎÏ§ [47℄. �ÁËÁ �ÒÏ-�ÅÄÕÒÁ ÚÁÓÔÏÓÏ×Õ×ÁÌÁÓØ ÄÌÑ ÄÏÓÌ�ÄÖÅÎÎÑ Ò�ÚÎÉÈ ÍÏÄÅÌÅÊ �ÒÉ ��Ì�Ê×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ. ÷ÉÈ�ÄÎÉÍ ×ÉÒÁÚÏÍ ¤ ÏÂÒ�ÚÁÎÉÊ ÓÔÅ�ÅÎÅ×ÉÊ ÒÏÚ-ËÌÁÄ: f(�1; �2) = Xi;j;i+j�L ij�i1�j2: (19)äÌÑ ÔÁËÏÇÏ �ÏÌ�ÎÏÍÕ ÚÁ�ÉÓÕ¤ÔØÓÑ ÂÏÒÅÌ�×ÓØËÉÊ ÏÂÒÁÚ:F (�1t; �2t) = Xi;j;i+j�L ij(i+ j)! (�1t)i(�2t)j : (20)�ÏÄ� ÂÏÒÅÌ�×ÓØËÉÊ ÏÂÒÁÚ F (x; y) ÅËÓÔÒÁ�ÏÌÀ¤ÔØÓÑ ÒÁ��ÏÎÁÌØÎÏÀ Á�-ÒÏËÓÉÍÁÎÔÏÀ FA(x; y) � �ÅÒÅÓÕÍÏ×ÁÎÁ ÆÕÎË��Ñ fR(�1; �2) �ÒÅÄÓÔÁ×-ÌÑ¤ÔØÓÑ Õ ×ÉÇÌÑÄ� �ÎÔÅÒÁÌÕ:fR(�1; �2) = Z 10 FA(�1t; �2t)e�tdt: (21)
ICMP{99{15U 14úÕ�ÉÎ�ÍÏÓÑ ÎÁ ÒÅÚÕÌØÔÁÔÁÈ, ÏÔÒÉÍÁÎÉÈ ÚÁ ÄÏ�ÏÍÏÇÏÀ ÔÁËÏÇÏ ��Ä-ÈÏÄÕ [31,35℄. ñË ÕÖÅ ÚÁÚÎÁÞÁÌÏÓÑ ×ÉÝÅ, ËÒÉÔÉÞÎÁ �Ï×ÅÄ�ÎËÁ ÒÏÚ×ÅÄÅ-ÎÏ§ m-×ÅËÔÏÒÎÏ§ ÍÏÄÅÌ� ÚÁÄÁ¤ÔØÓÑ ÌÁÒÁÎÖ�ÁÎÏÍ (3) × ÇÒÁÎÉ�� n! 0.÷ �ØÏÍÕ ×É�ÁÄËÕ ÎÁÓ ��ËÁ×ÉÔØ Ä�ÌÑÎËÁ �ÅÒÅÎÏÒÍÏ×ÁÎÉÈ ËÏÎÓÔÁÎÔ×ÚÁ¤ÍÏÄ�§ �1 � 0 � �2 � 0. îÅÒÕÈÏÍ� ÔÏÞËÉ ×ÉÚÎÁÞÁÀÔØÓÑ ÒÏÚ×'ÑÚËÏÍÓÉÓÔÅÍÉ Ò�×ÎÑÎØ:��1(��1; ��2) = ��1f�1(��1; ��2) = 0;��2(��1; ��2) = ��2f�2(��1; ��2) = 0: (22)ñË ×ÉÄÎÏ �Ú (22), ÁÕÓÏ×Á ÎÅÒÕÈÏÍÁ ÔÏÞËÁ ��1 = ��2 = 0 �ÓÎÕ¤ ÚÁ×-ÖÄÉ. äÌÑ ×ÉÑ×ÌÅÎÎÑ ÎÅÔÒÉ×�ÁÌØÎÉÈ ÎÅÒÕÈÏÍÉÈ ÔÏÞÏË, ×ÚÁÇÁÌ� ËÁ-ÖÕÞÉ, ÎÅÏÂÈ�ÄÎÏ ÚÁÓÔÏÓÏ×Õ×ÁÔÉ �ÅÒÅÓÕÍÏ×Õ×ÁÎÎÑ. ðÒÉ×ÅÄÅÎ� ÎÉÖÞÅÒÅÚÕÌØÔÁÔÉ ÏÔÒÉÍÁÎ� ÎÁ ��ÄÓÔÁ×� ÚÁÓÔÏÓÕ×ÁÎÎÑ ÓÈÅÍÉ �ÅÒÅÓÕÍÏ×Õ×ÁÎ-ÎÑ (19){(21) Õ Ä×Ï{ [31℄ ÔÁ ÔÒÉ�ÅÔÌÅ×ÏÍÕ [35℄ ÎÁÂÌÉÖÅÎÎÑÈ.îÅÒÕÈÏÍÁ ÔÏÞËÁ ¤ ÓÔ�ÊËÏÀ � ×ÉÚÎÁÞÁ¤ ËÒÉÔÉÞÎÕ �Ï×ÅÄ�ÎËÕ ÓÉÓ-ÔÅÍÉ, ÑËÝÏ ×ÌÁÓÎ� ÚÎÁÞÅÎÎÑ ÍÁÔÒÉ�� ÓÔ�ÊËÏÓÔ� B = ���i(�1; �2)=��j j��1 ;��2 ¤ ÄÏÄÁÔÎ� (ÁÂÏ ÍÁÀÔØ ÄÏÄÁÔÎÀ Ä�ÊÓÎÕ ÞÁÓÔÉÎÕ, ËÏÌÉ ×ÏÎÉËÏÍ�ÌÅËÓÎ�). ÷�ÄÏÍÏ, ÝÏ ÄÌÑ ÄÏÓÔÁÔÎØÏ ×ÅÌÉËÉÈ ÚÎÁÞÅÎØ m, m > m,�ÚÏÔÒÏ�ÎÁ ÎÅÒÕÈÏÍÁ ÔÏÞËÁ (��1 6= 0; ��2 = 0) ¤ ÓÔ�ÊËÏÀ � ËÒÉÔÉÞÎÁ �Ï×Å-Ä�ÎËÁ ÒÏÚ×ÅÄÅÎÏ§ ÓÉÓÔÅÍÉ Ó��×�ÁÄÁ¤ Ú ËÒÉÔÉÞÎÏÀ �Ï×ÅÄ�ÎËÏÀ ×�Ä�Ï-×�ÄÎÏ§ ÞÉÓÔÏ§ ÓÉÓÔÅÍÉ. ëÏÌÉ Ë�ÌØË�ÓÔØ ËÏÍ�ÏÎÅÎÔ �ÁÒÁÍÅÔÒÁ ×�ÏÒÑÄ-ËÕ×ÁÎÎÑ ÚÍÅÎÛÕ¤ÔØÓÑ, �ÏÞÉÎÁÀÞÉ Ú ÍÁÒ�ÎÁÌØÎÏÇÏ ÚÎÁÞÅÎÎÑ m, �ÚÏ-ÔÒÏ�ÎÁ ÎÅÒÕÈÏÍÁ ÔÏÞËÁ ÓÔÁ¤ ÎÅÓÔ�ÊËÏÀ � ×�ÄÂÕ×Á¤ÔØÓÑ �ÅÒÅÈ�Ä (ËÒÏ-ÓÏ×ÅÒ) ÄÏ ÚÍ�ÛÁÎÏ§ ÎÅÒÕÈÏÍÏ§ ÔÏÞËÉ (��1 6= 0; ��2 6= 0). ãÑ ÎÅÒÕÈÏÍÁÔÏÞËÁ Ï�ÉÓÕ¤ ÎÏ×Õ `×É�ÁÄËÏ×Õ' (random) ËÒÉÔÉÞÎÕ �Ï×ÅÄ�ÎËÕ. �ÁËÁËÁÒÔÉÎÁ ÕÚÇÏÄÖÕ¤ÔØÓÑ �Ú ËÒÉÔÅÒ�¤Í çÁÒÒ�ÓÁ [45℄.õ Ä×Ï�ÅÔÌÅ×ÏÍÕ ÎÁÂÌÉÖÅÎÎ� ÍÁ¤ÍÏ m ' 2:01 ÄÌÑ d = 3 �m ' 1:19 ÄÌÑ d = 2. ïÂÞÉÓÌÅÎÎÑ Õ ×ÉÝÉÈ �ÏÒÑÄËÁÈ ÔÅÏÒ�§ ÚÂÕÒÅÎØ�ÒÉ×ÏÄÑÔØ ÄÏ ÒÅÚÕÌØÔÁÔÕ m < 2 ÄÌÑ d = 3. îÁÊËÒÁÝÁ ÔÅÏÒÅÔÉÞÎÁÏ��ÎËÁ ÄÌÑ m Õ ÔÒÉ×ÉÍ�ÒÎ�Ê ÔÅÏÒ�§ m ' 1:945 � 0:002 [46℄. îÁ ÒÉ-ÓÕÎËÕ 4 ÍÉ �ÒÉ×ÏÄÉÍÏ ÒÅÚÕÌØÔÁÔÉ ÏÂÞÉÓÌÅÎÎÑ ÚÎÁÞÅÎØ m × Ä�ÌÑÎ��2 < d < 4 Õ Ä×Ï- ÔÁ ÔÒÉ�ÅÔÌÅ×ÏÍÕ ÎÁÂÌÉÖÅÎÎÑÈ. äÌÑ d = 4 ÍÁ¤ÍÏm = 4, ÒÅÚÕÌØÔÁÔ ÄÒÕÇÏÇÏ �ÏÒÑÄËÕ "-ÒÏÚËÌÁÄÕ m = 4� 4" [12℄. äÌÑd = 3 � d = 2 ÍÉ ×�ÄÔ×ÏÒÀ¤ÍÏ Õ Ä×Ï�ÅÔÌÅ×ÏÍÕ ÎÁÂÌÉÖÅÎÎ� ÒÅÚÕÌØ-ÔÁÔÉ [47℄. ¶Ú ÒÉÓÕÎËÕ 4 ×ÉÄÎÏ, ÝÏ Õ Ä�ÌÑÎ�� ×ÉÍ�ÒÎÏÓÔÅÊ 3 < d < 4�ÒÉ ÒÏÚ×ÅÄÅÎÎ� ×ÉÎÉËÁ¤ ÎÏ×ÉÊ ÔÉ� ËÒÉÔÉÞÎÏ§ �Ï×ÅÄ�ÎËÉ � ÄÌÑ ��ÌÉÈÚÎÁÞÅÎØ m = 2, m = 3.ðÏ×ÅÒÎ�ÍÏÓÑ ÄÏ ÎÁÊ��ËÁ×�ÛÏÇÏ ×É�ÁÄËÕ m = 1, ËÏÌÉ ÎÏ×Á ËÒÉ-ÔÉÞÎÁ �Ï×ÅÄ�ÎËÁ Ó�ÏÓÔÅÒ�ÇÁ¤ÔØÓÑ Õ ×Ó�Ê Ä�ÌÑÎ�� 2 < d < 4. �ÁÂÌÉ�Ñ3 Í�ÓÔÉÔØ ÚÎÁÞÅÎÎÑ ËÒÉÔÉÞÎÉÈ �ÏËÁÚÎÉË�× �,  ÔÁ ËÒÉÔÉÞÎÏÇÏ �Ï-ËÁÚÎÉËÁ �ÉÔÏÍÏ§ ÔÅ�ÌÏ¤ÍÎÏÓÔ� � d-×ÉÍ�ÒÎÉÈ ×É�ÁÄËÏ×ÉÈ �ÚÉÎ�×ÓØ-



15 ðÒÅ�ÒÉÎÔËÉÈ ÓÉÓÔÅÍ, ÏÔÒÉÍÁÎ� Õ Ä×Ï{ [31℄ � ÔÒÉ�ÅÔÌÅ×ÏÍÕ [35℄ ÎÁÂÌÉÖÅÎÎÑÈ.úÎÁÞÅÎÎÑ ËÒÉÔÉÞÎÏÇÏ �ÏËÁÚÎÉËÁ ËÏÒÅÌÑ��ÊÎÏ§ ÄÏ×ÖÉÎÉ ÑË ÆÕÎË��Ñ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ �ÏËÁÚÁÎÅ ÎÁ ÒÉÓ. 5 Õ �ÏÒ�×ÎÑÎÎ� Ú ÒÅÚÕÌØÔÁÔÁÍÉ�ÎÛÉÈ ��ÄÈÏÄ�×.ñË ×ÉÄÎÏ �Ú ÔÁÂÌÉ��, ×ÉËÏÒÉÓÔÁÎÎÑ Ä×Ï�ÅÔÌÅ×ÏÇÏ ÎÁÂÌÉÖÅÎÎÑ�ÒÉ×ÏÄÉÔØ ÄÏ �Å×ÎÏÇÏ ÏÂÍÅÖÅÎÎÑ ÚÇÏÒÉ ÎÁ ÚÎÁÞÅÎÎÑ d. äÌÑ ×ÅÌÉ-ËÉÈ ÚÎÁÞÅÎØ ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ d � 3:5 �ÏÑ×ÌÑ¤ÔØÓÑ �ÏÌÀÓ × ÒÁ-��ÏÎÁÌØÎÉÈ Á�ÒÏËÓÉÍÁÎÔÁÈ, ÝÏ ×ÈÏÄÑÔØ × �ÎÔÅÒÁÌØÎ� �ÒÅÄÓÔÁ×ÌÅÎ-ÎÑ �-ÆÕÎË��Ê � ×�Ä�Ï×�ÄÎ� �ÎÔÅÒÁÌÉ ÓÔÁÀÔØ ÒÏÚÂ�ÖÎÉÍÉ. ðÅÒÅÈ�Ä ÄÏÔÒÉ�ÅÔÌÅ×ÏÇÏ ÎÁÂÌÉÖÅÎÎÑ ÄÏÚ×ÏÌÑ¤ ÒÏÚÇÌÑÎÕÔÉ ×ÓÀ Ä�ÌÑÎËÕ ×ÉÍ�Ò-ÎÏÓÔÅÊ 2 < d < 4.òÅÚÕÌØÔÁÔÉ, ÏÔÒÉÍÁÎ� Õ Ä�ÌÑÎ�� 2:8 < d < 4 ÍÅÔÏÄÏÍ ÍÁÓÛÔÁÂÎÉÈ�ÏÌ�× [27℄ ÚÏÂÒÁÖÅÎ� Ú�ÒÏÞËÁÍÉ ÎÁ ÒÉÓÕÎËÕ 5. ïÂÍÅÖÅÎÎÑ ÚÌ�×Á ÎÁÚÎÁÞÅÎÎÑ ×ÉÍ�ÒÎÏÓÔÅÊ �ÒÏÓÔÏÒÕ Ó�ÒÉÞÉÎÅÎÅ ÔÉÍ, ÝÏ ÏÂÒ�ÚÁÎÁ ÓÉÓÔÅ-ÍÁ Ò�×ÎÑÎØ ÄÌÑ ÍÁÓÛÔÁÂÎÉÈ �ÏÌ�× [27℄ ÎÅ �ÒÁ�À¤ ÄÌÑ ×ÉÍ�ÒÎÏÓÔÅÊ�ÒÏÓÔÏÒÕ ÍÅÎÛÉÈ ×�Ä d = 2:8.îÁ ÒÉÓÕÎËÕ ÔÁËÏÖ �ÏËÁÚÁÎÉÊ ÎÁÊÂ�ÌØÛÔÏÞÎÉÊ ÎÁ ÓØÏÇÏÄÎ� ÒÅÚÕÌØÔÁÔ ÔÒÉ×ÉÍ�ÒÎÏ§ ÔÅÏÒ�§ Õ ÞÏÔÉÒÉ�ÅÔÌÅ×ÏÍÕÎÁÂÌÉÖÅÎÎ� [49℄. óÌ�Ä ÚÁÚÎÁÞÉÔÉ, ÝÏ Õ ×É�ÁÄËÕ ÒÏÚ×ÅÄÅÎÏ§ ÍÏÄÅÌ�¶ÚÉÎÁ ÎÅ ÍÏÖÎÁ ÏÔÒÉÍÁÔÉ ÎÁÄ�ÊÎÉÈ ÞÉÓÌÏ×ÉÈ ÚÎÁÞÅÎØ ËÒÉÔÉÞÎÉÈ�ÏËÁÚÎÉË�× ÄÌÑ d < 4 ÚÁ ÄÏ�ÏÍÏÇÏÀ "-ÒÏÚËÌÁÄÕ. ÷ÉÒÏÄÖÅÎ�ÓÔØ Ò�×-ÎÑÎØ ÒÅÎÏÒÍÁÌ�ÚÁ��ÊÎÏ§ ÒÕ�É ÎÁ ÏÄÎÏ�ÅÔÌÅ×ÏÍÕ Ò�×Î� Ó�ÒÉÞÉÎÑ¤ ÔÅ,ÝÏ �ÁÒÁÍÅÔÒÏÍ ÒÏÚËÌÁÄÕ Õ �ØÏÍÕ ×É�ÁÄËÕ ¤ p" [11,12℄. òÑÄ p"-ÒÏÚËÌÁÄÕ ×�ÄÏÍÉÊ ÄÌÑ ËÒÉÔÉÞÎÉÈ �ÏËÁÚÎÉË�× × �'ÑÔÉ�ÅÔÌÅ×ÏÍÕ ÎÁ-ÂÌÉÖÅÎÎ� [51,52℄. áÓÉÍ�ÔÏÔÉÞÎ� ×ÌÁÓÔÉ×ÏÓÔ� ÒÑÄÕ p"-ÒÏÚËÌÁÄÕ ÎÅ×�-ÄÏÍ� � �Å ÎÅ ÄÏÚ×ÏÌÑ¤ ×ÉËÏÒÉÓÔÏ×Õ×ÁÔÉ ÊÏÇÏ ÄÌÑ ÏÔÒÉÍÁÎÎÑ ÎÁÄ�ÊÎÉÈÞÉÓÌÏ×ÉÈ ÚÎÁÞÅÎØ ËÒÉÔÉÞÎÉÈ �ÏËÁÚÎÉË�× ÄÏÓÔÁÔÎØÏ ÄÁÌÅËÏ ×�Ä d = 4[52,53℄. �ÉÍ ÎÅ ÍÅÎÛÅ, ÍÉ Ó�ÒÏÂÕ×ÁÌÉ ÏÂÞÉÓÌÉÔÉ ÚÎÁÞÅÎÎÑ ËÒÉÔÉÞ-ÎÏÇÏ �ÏËÁÚÎÉËÁ � ÎÁ ��ÄÓÔÁ×� �ÅÒÅÓÕÍÏ×ÁÎÏÇÏ ÚÁ ðÁÄÅ-âÏÒÅÌÅÍ p"-ÒÏÚËÌÁÄÕ [31,53℄. òÅÚÕÌØÔÁÔÉ ÚÏÂÒÁÖÅÎ� ÎÁ ÒÉÓÕÎËÕ 5 ÒÏÍÂÉËÁÍÉ.÷ÉÄÎÏ, ÝÏ ×ÏÎÉ ÍÁÀÔØ ÓÅÎÓ ÌÉÛÅ �ÏÂÌÉÚÕ d = 4.úÇ�ÄÎÏ ËÒÉÔÅÒ�À çÁÒÒ�ÓÁ [45℄ Ä×Ï×ÉÍ�ÒÎÁ ÒÏÚ×ÅÄÅÎÁ ÍÏÄÅÌØ ¶ÚÉÎ-Á ÈÁÒÁËÔÅÒÉÚÕ¤ÔØÓÑ ÔÉÍ ÓÁÍÉÍ ÎÁÂÏÒÏÍ ËÒÉÔÉÞÎÉÈ �ÏËÁÚÎÉË�×, ÝÏ� ÞÉÓÔÁ ÍÏÄÅÌØ. ó�ÒÁ×ÅÄÌÉ×�ÓÔØ ÔÁËÏÇÏ Ô×ÅÒÄÖÅÎÎÑ ÄÌÑ ËÒÉÔÉÞÎÉÈ�ÏËÁÚÎÉË�× ÄÏ×ÅÄÅÎÁ ÎÁÑ×ÎÉÍÉ ÔÏÞÎÉÍÉ ÒÅÚÕÌØÔÁÔÁÍÉ ÔÁ ÒÅÚÕÌØÔÁ-ÔÁÍÉ ÓÉÍÕÌÑ��Ê íÏÎÔÅ ëÁÒÌÏ (ÄÉ×., ÎÁ�ÒÉËÌÁÄ, ÏÄÉÎ �Ú ÎÁÊÂ�ÌØÛ×ÉÞÅÒ�ÎÉÈ ÏÇÌÑÄ�× [50℄). îÁÛ� ÒÅÚÕÌØÔÁÔÉ Õ Ä×Ï- � ÔÒÉ�ÅÔÌÅ×ÏÍÕ ÎÁ-ÂÌÉÖÅÎÎÑÈ ÄÌÑ Ä×Ï×ÉÍ�ÒÎÏ§ ÔÅÏÒ�§ � = 1:012 � � = 0:966 Ò�ÚÎÑÔØÓÑ×�Ä ÏÎÚÁÇÅÒ�×ÓØËÏÇÏ ÒÏÚ×'ÑÚËÕ � = 1 ÎÁ ×ÅÌÉÞÉÎÉ �ÏÒÑÄËÕ Ë�ÌØËÏÈ�ÒÏ�ÅÎÔ�×. õ ÔÒÉ×ÉÍ�ÒÎ�Ê ÔÅÏÒ�§ ÎÁÊÂ�ÌØÛ ÔÏÞÎÅ ÚÎÁÞÅÎÎÑ ËÒÉÔÉÞ-ÎÏÇÏ �ÏËÁÚÎÉËÁ � ÏÔÒÉÍÁÎÅ Ú �ÅÒÅÓÕÍÏ×ÁÎÏÇÏ ÞÏÔÉÒÉ�ÅÔÌÅ×ÏÇÏ ÎÁ-ÂÌÉÖÅÎÎÑ � = 0:6701 [49℄ ÄÏÂÒÅ ÕÚÇÏÄÖÕ¤ÔØÓÑ �Ú ÄÁÎÉÍÉ ÔÁÂÌÉ�� 3
ICMP{99{15U 16Õ Ä×Ï- � ÔÒÉ�ÅÔÌÅ×ÏÍÕ ÎÁÂÌÉÖÅÎÎÑÈ: � = 0:678, � = 0:671. ÷�ÄÎÏÓ-ÎÁ ÔÏÞÎ�ÓÔØ ×ÉÚÎÁÞÅÎÎÑ ËÒÉÔÉÞÎÏÇÏ �ÏËÁÚÎÉËÁ �ÁÒÎÏ§ ËÏÒÅÌÑ��ÊÎÏ§ÆÕÎË��§ � ÎÉÖÞÁ (�ÏÒ�×Î. ÄÁÎ� ÔÁÂÌÉ�� 3 �ÒÉ d = 2 �Ú ÏÎÚÁÇÅÒ�×ÓØ-ËÉÍ �(d = 2) = 1=4 � �ÒÉ d = 3 �Ú ÞÏÔÉÒÉ�ÅÔÌÅ×ÉÍ ÒÅÚÕÌØÔÁÔÏÍ�(d = 3) = 0:0343).¶Ú �ÒÉ×ÅÄÅÎÉÈ ÄÁÎÉÈ ×ÉÄÎÏ, ÝÏ ÔÏÞÎ�ÓÔØ ÏÔÒÉÍÁÎÉÈ ÒÅÚÕÌØÔÁÔ�×ÚÁÌÅÖÉÔØ ×�Ä d � Õ ×É�ÁÄËÕ ËÒÉÔÉÞÎÏÇÏ �ÏËÁÚÎÉËÁ ËÏÒÅÌÑ��ÊÎÏ§ ÄÏ×-ÖÉÎÉ ÚÒÏÓÔÁ¤ ×�Ä ×ÅÌÉÞÉÎÉ �ÏÒÑÄËÕ Ë�ÌØËÏÈ �ÒÏ�ÅÎÔ�× �ÒÉ d = 2 ÄÏÄÏÌÅÊ �ÒÏ�ÅÎÔÁ �ÒÉ d = 3. �ÁËÁ ÓÉÔÕÁ��Ñ (�ÏÄ�ÂÎÏ ÑË � Õ ÔÅÏÒÑÈ ÚÏÄÎ�¤À ËÏÎÓÔÁÎÔÏÀ ×ÚÁ¤ÍÏÄ�§, ÒÏÚÇÌÑÎÕÔÉÈ ×ÉÝÅ) Ó�ÒÉÞÉÎÅÎÁ Ò�ÚÎÉ-�ÅÀ Õ ÚÎÁÞÅÎÎÑÈ ÞÉÓÅÌØÎÉÈ ËÏÅÆ���¤ÎÔ�×, ÝÏ ×ÈÏÄÑÔØ Õ ÒÑÄÉ ÔÅÏÒ�§ÚÂÕÒÅÎØ. ãÅ, × Ó×ÏÀ ÞÅÒÇÕ, Ó�ÒÉÞÉÎÀ¤ ÚÒÏÓÔÁÎÎÑ ÚÎÁÞÅÎÎÑ �ÁÒÁÍÅÔ-ÒÁ ÒÏÚËÌÁÄÕ { ËÏÏÒÄÉÎÁÔÉ ÎÅÒÕÈÏÍÏ§ ÔÏÞËÉ. �ÉÍ ÎÅ ÍÅÎÛÅ, ÏÔÒÉÍÁÎ�ÎÁÍÉ ÚÎÁÞÅÎÎÑ ËÒÉÔÉÞÎÉÈ �ÏËÁÚÎÉË�× ÒÏÚ×ÅÄÅÎÏ§ ÍÏÄÅÌ� ¶ÚÉÎÁ �ÒÉÄÏ×�ÌØÎÏÍÕ d ¤ ÎÁ ÓØÏÇÏÄÎ� ÎÁÊÔÏÞÎ�ÛÉÍÉ Õ �ÏÒ�×ÎÑÎÎ� �Ú ÄÁÎÉÍÉ,ÏÔÒÉÍÁÎÉÍÉ ÚÁ ÄÏ�ÏÍÏÇÏÀ �ÎÛÉÈ ��ÄÈÏÄ�×.6. ÷ÉÓÎÏ×ËÉõ ��Ê ÓÔÁÔÔ� ÍÉ ÒÏÚÇÌÑÎÕÌÉ ÚÁÓÔÏÓÕ×ÁÎÎÑ ÍÅÔÏÄÕ ÔÅÏÒÅÔÉËÏ-�ÏÌØÏ×Ï§ÒÅÎÏÒÍÁÌ�ÚÁ��ÊÎÏ§ ÇÒÕ�É ÄÌÑ ÄÏÓÌ�ÄÖÅÎÎÑ ËÒÉÔÉÞÎÏ§ �Ï×ÅÄ�ÎËÉ �ÒÉÎÅ��Ì�Ê ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ. ðÒÉ×ÅÄÅÎ� × ÒÏÂÏÔ� ÒÅÚÕÌØÔÁÔÉ ÏÂ'¤Ä-ÎÕ¤ Ó��ÌØÎÉÊ Ó�ÏÓ�Â ÏÂÞÉÓÌÅÎØ: ÍÁÓÉ×ÎÅ �ÅÒÅÎÏÒÍÕ×ÁÎÎÑ �ÒÉ ÎÅ��Ì�Ê×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ [31,32℄. ïÓÎÏ×ÎÏÀ ÔÅÈÎ�ÞÎÏÀ ÔÒÕÄÎ�ÓÔÀ, ËÏÔÒÁ×ÉÎÉËÁ¤ �ÒÉ ÒÅÁÌ�ÚÁ��§ �ÒÏÇÒÁÍÉ ÏÂÞÉÓÌÅÎØ �ÒÉ Æ�ËÓÏ×ÁÎÏÍÕ d, ¤ÎÅÏÂÈ�ÄÎ�ÓÔØ ×ÉÚÎÁÞÅÎÎÑ ÞÉÓÌÏ×ÉÈ ÚÎÁÞÅÎØ �ÅÔÌÅ×ÉÈ �ÎÔÅÒÁÌ�×. ðÒÉd = 2 � d = 3 �� ÚÎÁÞÅÎÎÑ ÂÕÌÉ ÚÎÁÊÄÅÎ� â. î�ËÅÌÅÍ, ä. íÅÊÒÏÎÏÍ� ½. âÅÊËÅÒÏÍ (ÍÏÌ.) [28℄, �ÒÉ ÎÅ��ÌÉÈ ÚÎÁÞÅÎÎÑÈ 0 � d � 4 Ä×Ï{ ÔÁÔÒÉ�ÅÔÌÅ×� �ÎÔÅÒÁÌÉ ÏÔÒÉÍÁÎ� × [29℄. ÷ ÒÏÚÄ�ÌÁÈ 3 � 4 �ÒÉ×ÅÄÅÎ� ÏÂ-ÞÉÓÌÅÎ� × ÔÁË�Ê ÓÈÅÍ� ÚÎÁÞÅÎÎÑ ËÒÉÔÉÞÎÉÈ �ÏËÁÚÎÉË�× ÍÏÄÅÌ� ¶ÚÉÎÁ[38℄ ÔÁ m-×ÅËÔÏÒÎÏ§ ÍÏÄÅÌ� [43℄ �ÒÉ ÚÎÁÞÅÎÎÑÈ d Í�Ö ×ÅÒÈÎØÏÀ ÔÁÎÉÖÎØÏÀ ËÒÉÔÉÞÎÉÍÉ ×ÉÍ�ÒÎÏÓÔÑÍÉ. ðÒÉ �ØÏÍÕ �- ÔÁ -ÆÕÎË��§ ÍÏ-ÄÅÌÅÊ ÏÔÒÉÍÁÎ� × ÔÒÉ�ÅÔÌÅ×ÏÍÕ ÎÁÂÌÉÖÅÎÎ� ÄÌÑ ÄÏ×�ÌØÎÏ§ ×ÉÍ�ÒÎÏÓ-Ô� �ÒÏÓÔÏÒÕ [40℄. òÁÚÏÍ �Ú ÏÔÒÉÍÁÎÉÍÉ × [29℄ ÞÉÓÌÏ×ÉÍÉ ÚÎÁÞÅÎÎÑÍÉ�ÅÔÌÅ×ÉÈ �ÎÔÅÒÁÌ�× �� ×ÉÒÁÚÉ ÄÏÚ×ÏÌÑÀÔØ �ÒÏ×ÅÓÔÉ ÁÎÁÌ�Ú ËÒÉÔÉÞ-ÎÏ§ �Ï×ÅÄ�ÎËÉ ÚÇÁÄÁÎÉÈ ÍÏÄÅÌÅÊ �ÒÉ ÄÏ×�ÌØÎ�Ê ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ.äÌÑ ÏÔÒÉÍÁÎÎÑ ÎÁÄ�ÊÎÉÈ ÚÎÁÞÅÎØ ËÒÉÔÉÞÎÉÈ �ÏËÁÚÎÉË�× × Ä�ÌÑÎ�� d�ÏÂÌÉÚÕ ÎÉÖÎØÏ§ ËÒÉÔÉÞÎÏ§ ×ÉÍ�ÒÎÏÓÔ� ÎÅÏÄÈ�ÄÎÏ ×ÄÏÓËÏÎÁÌÉÔÉ �ÒÏ-�ÅÄÕÒÕ �ÅÒÅÓÕÍÏ×Õ×ÁÎÎÑ ÁÓÉÍ�ÔÏÔÉÞÎÉÈ ÒÑÄ�× ÄÌÑ ÒÅÎÏÒÍÇÒÕ�Ï×ÉÈÆÕÎË��Ê. �ÕÔ Ú ��¤À ÍÅÔÏÀ ÍÉ ÄÏ�Ï×ÎÉÌÉ �ÒÏ�ÅÄÕÒÕ �ÅÒÅÓÕÍÏ×Õ×ÁÎ-ÎÑ ÔÒÉ�ÅÔÌÅ×ÏÇÏ ÒÑÄÕ ÚÁ ðÁÄÅ-âÏÒÅÌÅÍ �ÅÒÅÓÕÍÕ×ÁÎÎÑÍ ÞÏÔÉÒÉ�ÅÔ-



17 ðÒÅ�ÒÉÎÔÌÅ×ÏÇÏ ÒÑÄÕ ÏÂÉÒÁÀÞÉ ÞÏÔÉÒÉ�ÅÔÌÅ×ÉÊ ÞÌÅÎ ÚÁ ×�ÌØÎÉÊ �ÁÒÁÍÅÔÒ[40,43℄. ãÅÊ ×�ÌØÎÉÊ �ÁÒÁÍÅÔÒ ×ÉÚÎÁÞÁ¤ÔØÓÑ �Ú ×�ÄÏÍÉÈ ÔÏÞÎÉÈ ÒÅ-ÚÕÌØÔÁÔ�× ÄÌÑ ÈÁÒÁËÔÅÒÉÓÔÉË ËÒÉÔÉÞÎÏ§ �Ï×ÅÄ�ÎËÉ ÍÏÄÅÌÅÊ, ÝÏ ÎÁÓ��ËÁ×ÌÑÔØ. ïÄÎ�¤À �Ú �ÅÒÅ×ÁÇ ÎÁÛÏÇÏ ��ÄÈÏÄÕ ¤ ÔÅ, ÝÏ ×�Î ÄÏÚ×ÏÌÑ¤ÒÏÚÇÌÑÎÕÔÉ ×ÓÀ Ä�ÌÑÎËÕ ×ÉÍ�ÒÎÏÓÔÅÊ 1 < d < 4 ÄÌÑ ÍÏÄÅÌ� ¶ÚÉÎÁ �2 < d < 4 ÄÌÑ m-×ÅËÔÏÒÎÏ§ ÍÏÄÅÌ�.â�ÌØÛ�ÓÔØ �Ú ÒÏÂ�Ô �ÒÏ ÄÏÓÌ�ÄÖÅÎÎÑ ËÒÉÔÉÞÎÏ§ �Ï×ÅÄ�ÎËÉ �ÒÉ ÄÏ-×�ÌØÎÏÍÕ ÎÅ��ÌÏÍÕ ÚÎÁÞÅÎÎ� d ÂÁÚÕÀÔØÓÑ ÎÁ ÁÎÁÌ�ÔÉÞÎÏÍÕ �ÒÏÄÏ×-ÖÅÎÎ� ÚÁ d, ÝÏ ÍÁ¤ ÆÏÒÍÁÌØÎÉÊ ÈÁÒÁËÔÅÒ (�Å ÎÅ ÓÔÏÓÕ¤ÔØÓÑ, Ú×ÉÞÁÊ-ÎÏ, ËÒÉÔÉÞÎÏ§ �Ï×ÅÄ�ÎËÉ ÎÁ ÆÒÁËÔÁÌØÎÉÈ ÒÁÔËÁÈ). úÏËÒÅÍÁ, ÎÁÛ��ÄÈ�Ä, ÔÁË ÓÁÍÏ ÑË ÔÅÈÎ�ËÁ "-ÒÏÚËÌÁÄÕ ÂÁÚÕ¤ÔØÓÑ ÎÁ ÁÎÁÌ�ÔÉÞÎÏÍÕ�ÒÏÄÏ×ÖÅÎÎ� �ÅÔÌÅ×ÉÈ �ÎÔÅÒÁÌ�× R d~k � R kd�1dk. ÷ ÒÏÂÏÔ� [54℄ ÎÁ-×�ÔØ ��ÄÄÁ×Á×ÓÑ ÓÕÍÎ�×Õ ÔÏÊ ÆÁËÔ, ÝÏ ×ÉËÏÎÕÀÞÉ ÔÁËÅ ÁÎÁÌ�ÔÉÞÎÅ�ÒÏÄÏ×ÖÅÎÎÑ ÍÏÖÎÁ Ï�ÉÓÁÔÉ ÆÅÒÒÏÍÁÇÎ�ÔÎÅ ×�ÏÒÑÄËÕ×ÁÎÎÑ ÄÌÑ ÎÅ-��ÌÉÈ d. �ÁËÉÍ ÞÉÎÏÍ, ÄÏÂÒÅ Ó��×�ÁÄ�ÎÎÑ ÎÁÛÉÈ ÄÁÎÉÈ ÄÌÑ ÍÏÄÅÌ�¶ÚÉÎÁ �Ú ÄÁÎÉÍÉ ÏÔÒÉÍÁÎÉÍÉ �ÎÛÉÍÉ ÍÅÔÏÄÁÍÉ (Õ Ä�ÌÑÎËÁÈ d, ÄÅ ��ÍÅÔÏÄÉ ÚÁÓÔÏÓÏ×Î�) ¤ ÝÅ ÏÄÎÉÍ ÎÅ�ÒÑÍÉÍ Ó×�ÄÞÅÎÎÑÍ ×ÚÁ¤ÍÎÏ§ ×�Ä�Ï-×�ÄÎÏÓÔ� Í�Ö `�ÒÏÓÔÏÒÏ×ÉÍÉ ×ÉÍ�ÒÎÏÓÔÑÍÉ', ÝÏ ×ÉÎÉËÁÀÔØ × Ò�ÚÎÉÈÓÈÅÍÁÈ.óÌ�Ä ÔÁËÏÖ ÚÁÚÎÁÞÉÔÉ, ÝÏ × ÔÏÊ ÞÁÓ ÑË ÄÌÑ ÍÏÄÅÌ� ¶ÚÉÎÁ � m-×ÅËÔÏÒÎÏ§ ÍÏÄÅÌ� ÚÁ�ÒÏ�ÏÎÏ×ÁÎÉÊ ÎÁÍÉ ÍÅÔÏÄ ÄÏÓÌ�ÄÖÅÎÎÑ ¤ ÏÄÎÉÍ�Ú ÍÏÖÌÉ×ÉÈ Ó�ÏÓÏÂ�× ÁÎÁÌ�ÚÕ ËÒÉÔÉÞÎÏ§ �Ï×ÅÄ�ÎËÉ, Õ ×É�ÁÄËÕ ÒÏÚ×Å-ÄÅÎÏ§ ÍÏÄÅÌ� ¶ÚÉÎÁ �ÅÒÅÎÏÒÍÕ×ÁÎÎÑ �ÒÉ Æ�ËÓÏ×ÁÎÏÍÕ d ¤ ¤ÄÉÎÉÍ ÕÔÅÏÒÅÔÉËÏ-�ÏÌØÏ×�Ê ÒÅÎÏÒÍÇÒÕ�Ï×�Ê ÓÈÅÍ�, ÝÏ ÄÏÚ×ÏÌÑ¤ ÏÔÒÉÍÁÔÉ ÎÁ-Ä�ÊÎ� ÚÎÁÞÅÎÎÑ ËÒÉÔÉÞÎÉÈ �ÏËÁÚÎÉË�× �ÒÉ ÄÏ×�ÌØÎ�Ê ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓ-ÔÏÒÕ.îÁ ÚÁË�ÎÞÅÎÎÑ ÈÏÞÕ �ÏÄÑËÕ×ÁÔÉ ÍÏ§Í ËÏÌÅÇÁÍ: íÉËÏÌ� û�ÏÔÕ,�ÁÒÁÓÏ×� ëÒÏÈÍÁÌØÓØËÏÍÕ, �ÁÒÁÓÏ×� ïÄÕÛË�ÎÕ, �ÁÒÁÓÏ×� ñ×ÏÒÓØËÏ-ÍÕ ÔÁ áÎÄÒ�¤×� óÔÏÓÉËÕ ÚÁ Ó��×�ÒÁ�À Õ ×ÉËÏÎÁÎÎ� Ò�ÚÎÉÈ ÅÔÁ��× �ÒÅÄ-ÓÔÁ×ÌÅÎÉÈ ÔÕÔ ÄÏÓÌ�ÄÖÅÎØ.ì�ÔÅÒÁÔÕÒÁ1. î. î. âÏÇÏÌÀÂÏ×, ä. ÷. ûÉÒËÏ×, äÏËÌÁÄÙ áî óóóò 103, 203(1955); ibid 103, 391 (1955); Nuovo.Cim. 3, 845 (1956).2. E. C. G. Stuekelberg, A. Petermann, Helv. Phys. Ata 25, 499(1953).3. M. Gell-Mann, F. E. Low, Phys. Rev. 95, 1300 (1954).4. äÉ×., ÎÁ�ÒÉËÌÁÄ, D.V. Shirkov, in: Renormalization Group, Eds.D. Shirkov, D. Kazakov, and A. Vladimirov (World Sienti�, Sin-
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òÉÓ. 1. ëÒÉÔÉÞÎÉÊ �ÏËÁÚÎÉË ËÏÒÅÌÑ��ÊÎÏ§ ÄÏ×ÖÉÎÉ � ÑË ÆÕÎË��Ñ ×É-Í�ÒÎÏÓÔ� d. ë×ÁÄÒÁÔÉËÁÍÉ �ÏËÁÚÁÎ� ÎÁÛ� ÒÅÚÕÌØÔÁÔÉ, ÏÔÒÉÍÁÎ� ÚÁ ÄÏ-�ÏÍÏÇÏÀ ÒÅÎÏÒÍÇÒÕ�Ï×ÏÇÏ ��ÄÈÏÄÕ �ÒÉ Æ�ËÓÏ×ÁÎ�Ê ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓ-ÔÏÒÕ �Ú ×ÒÁÈÕ×ÁÎÎÑÍ ÔÏÞÎÉÈ ÄÁÎÉÈ [38℄, Ú�ÒÏÞËÉ �ÏËÁÚÕÀÔØ ÒÅÚÕÌØ-ÔÁÔÉ [14℄, ÔÒÉËÕÔÎÉËÉ �ÏËÁÚÕÀÔØ ÄÁÎ� ÒÏÂ�Ô [26℄. ì�Î�ÑÍÉ ÚÏÂÒÁÖÅÎ�ÒÅÚÕÌØÔÁÔÉ "0 = d � 1 ÒÏÚËÌÁÄÕ ÄÌÑ ÍÏÄÅÌ� ÍÁÊÖÅ �ÌÏÓËÏ§ �Ï×ÅÒÈ-Î� �ÏÄ�ÌÕ. úÇÏÒÉ ×ÎÉÚ: ÏÄÎÏ{ [7℄, ÔÒÉ{ [8℄, Ä×Ï{ [7℄ � ÞÏÔÉ�ÅÔÌÅ×Å [9℄ÎÁÂÌÉÖÅÎÎÑ.
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òÉÓ. 2. ëÒÉÔÉÞÎÉÊ �ÏËÁÚÎÉË �ÁÒÎÏ§ ËÏÒÅÌÑ��ÊÎÏ§ ÆÕÎË��§ � ÑË ÆÕÎË-��Ñ ×ÉÍ�ÒÎÏÓÔ� d. ë×ÁÄÒÁÔÉËÁÍÉ �ÏËÁÚÁÎ� ÎÁÛ� ÒÅÚÕÌØÔÁÔÉ, ÏÔÒÉÍÁÎ�ÚÁ ÄÏ�ÏÍÏÇÏÀ ÒÅÎÏÒÍÇÒÕ�Ï×ÏÇÏ ��ÄÈÏÄÕ �ÒÉ Æ�ËÓÏ×ÁÎ�Ê ×ÉÍ�ÒÎÏÓÔ��ÒÏÓÔÏÒÕ �Ú ×ÒÁÈÕ×ÁÎÎÑÍ ÔÏÞÎÉÈ ÄÁÎÉÈ [38℄, Ú�ÒÏÞËÉ �ÏËÁÚÕÀÔØ ÒÅ-ÚÕÌØÔÁÔÉ [14℄, ÔÒÉËÕÔÎÉËÉ �ÏËÁÚÕÀÔØ ÄÁÎ� ÒÏÂ�Ô [26℄. ì�Î�Ñ ÏÔÒÉÍÁÎÁ�Ú ÒÏÚ×'ÑÚËÕ ÄÌÑ ÍÏÄÅÌ� ËÒÁ�ÌÉÎÉ [10℄.
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1.5 2.0 2.5 3.0 3.5 4.0d0.51.01.52.02.5 �
2 2 2 2 2 2 2 2 2 2
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? ? ? ? ? ? ? ? ? ?

4
4 4 4 4 4 4 4 4

44444m =1????? m = 4����� m = 322222m = 2

òÉÓ. 3. ëÒÉÔÉÞÎÉÊ �ÏËÁÚÎÉË �ÁÒÎÏ§ ËÏÒÅÌÑ��ÊÎÏ§ ÆÕÎË��§ � ÑË ÆÕÎ-Ë��Ñ ×ÉÍ�ÒÎÏÓÔ� d ÄÌÑ m = 2; 3; 4;1 [43℄.
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òÉÓ. 4. úÎÁÞÅÎÎÑ ÍÁÒ�ÎÁÌØÎÏ§ ×ÉÍ�ÒÎÏÓÔ� Ó��ÎÕ m ÑË ÆÕÎË��Ñ ×É-Í�ÒÎÏÓÔ� �ÒÏÓÔÏÒÕ Õ Ä×Ï{ [31℄ (Ë×ÁÄÒÁÔÉËÉ) � ÔÒÉ�ÅÔÌÅ×ÏÍÕ [35℄ (ÈÒÅÓ-ÔÉËÉ) ÎÁÂÌÉÖÅÎÎÑÈ.
�ÁÂÌ. 1. ëÒÉÔÉÞÎ� �ÏËÁÚÎÉËÉ �, � ÏÔÒÉÍÁÎ� Õ ÒÅÎÏÒÍÇÒÕ�Ï×ÏÍÕ ��Ä-ÈÏÄ� �ÒÉ Æ�ËÓÏ×ÁÎ�Ê ×ÉÍ�ÒÎÏÓÔ� [38℄ (ÓÔÏ×�ÞÉËÉ 2,3) Õ �ÏÒ�×ÎÑÎÎ� ÚÄÁÎÉÍÉ, ÏÔÒÉÍÁÎÉÍÉ ÚÁ ÄÏ�ÏÍÏÇÏÀ �ÎÛÉÈ ��ÄÈÏÄ�× (ÄÉ×. ÔÅËÓÔ).äÁÎ� Ú ÒÏÂÏÔÉ [15℄ äÁÎ� Ú ÒÏÂÏÔÉ [18℄ äÁÎ� Ú ÒÏÂÏÔÉ [19℄d � � � � � � � �1.250 2.593 .728 1.5-4.5 .30-1.00 1.7-3.4 .758-.83 3.6832-3.7750 .7532-.75441.375 1.983 .616 1.6-2.6 .30-0.80 1.6-2.9 .635-.679 2.3535-2.3747 .6362-.63981.500 1.627 .519 1.45-1.85 .35-0.65 1.49-1.84 .567-.631 1.7547-1.7596 .5312-.53281.650 1.353 .420 1.30-1.44 .30-0.50 1.27-1.38 .450-.507 1.3780-1.3795 .4226-.42381.750 1.223 .363 1.20-1.26 .30-0.40 1.18-1.26 .396-.425 1.2234-1.2255 .3630-.36341.875 1.098 .303 1.09-1.11 .27-0.33 1.11-1.13 .312-.322 1.0902-1.0906 .3006-.30102.000 1.000 .250 1.0 .25 .247-.253
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2.0 2.5 3.0 3.5 4.0d0.500.600.700.800.901.001.10
� ? ? ? ? ? ? ? ? ? ? ? ? ?� � � � � �2

òÉÓ. 5. úÎÁÞÅÎÎÑ ËÒÉÔÉÞÎÏÇÏ �ÏËÁÚÎÉËÁ ËÏÒÅÌÑ��ÊÎÏ§ ÄÏ×ÖÉÎÉ ÓÌÁÂÏÒÏÚ×ÅÄÅÎÏ§ ÚÁÍÏÒÏÖÅÎÏ§ ÍÏÄÅÌ� ¶ÚÉÎÁ ÑË ÆÕÎË��Ñ ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏ-ÒÕ.ûÔÒÉÈÏ×Á ËÒÉ×Á { ÒÅÎÏÒÍÇÒÕ�Ï×ÉÊ ��ÄÈ�Ä �ÒÉ Æ�ËÓÏ×ÁÎ�Ê ×ÉÍ�Ò-ÎÏÓÔ� �ÒÏÓÔÏÒÕ, �ÅÒÅÓÕÍÏ×ÁÎÅ Ä×Ï�ÅÔÌÅ×Å ÎÁÂÌÉÖÅÎÎÑ [31℄, ÓÕ��ÌØÎÁËÒÉ×Á { ÒÅÎÏÒÍÇÒÕ�Ï×ÉÊ ��ÄÈ�Ä �ÒÉ Æ�ËÓÏ×ÁÎ�Ê ×ÉÍ�ÒÎÏÓÔ� �ÒÏÓÔÏ-ÒÕ, �ÅÒÅÓÕÍÏ×ÁÎÅ ÔÒÉ�ÅÔÌÅ×Å ÎÁÂÌÉÖÅÎÎÑ [35℄. ú�ÒÏÞËÉ { ÒÅÚÕÌØÔÁÔÉ,ÏÔÒÉÍÁÎ� ÍÅÔÏÄÏÍ ÍÁÓÛÔÁÂÎÉÈ �ÏÌ�× [27℄, ÒÏÍÂÉËÉ { �ÅÒÅÓÕÍÏ×ÁÎÉÊ[31℄ "1=2-ÒÏÚËÌÁÄ [48℄. ë×ÁÄÒÁÔÉËÏÍ ÚÏÂÒÁÖÅÎÉÊ ÎÁÊÔÏÞÎ�ÛÉÊ �Ú ×�-ÄÏÍÉÈ ÁÎÁÌ�ÔÉÞÎÉÈ ÒÅÚÕÌØÔÁÔ�× ÄÌÑ ÔÒÉ×ÉÍ�ÒÎÏ§ ÔÅÏÒ�§ [49℄.
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�ÁÂÌ. 2. úÎÁÞÅÎÎÑ ËÒÉÔÉÞÎÉÈ �ÏËÁÚÎÉË�× �,  ÑË ÆÕÎË��§ d ÄÌÑ m =2; 3; 4 [43℄. m = 2 m = 3 m = 4d �  �  � 2.0 1 1 1 1 1 12.1 1.850 3.510 2.149 4.067 2.443 4.6242.2 1.329 2.540 1.512 2.884 1.687 3.2192.3 1.103 2.122 1.235 2.372 1.358 2.6102.4 .971 1.878 1.072 2.072 1.166 2.2532.5 .881 1.713 .962 1.869 1.036 2.0132.6 .816 1.593 .882 1.721 .941 1.8372.7 .765 1.500 .820 1.606 .868 1.7012.8 .725 1.425 .770 1.513 .810 1.5922.9 .691 1.363 .729 1.437 .762 1.5023.0 .662 1.310 .694 1.371 .721 1.4263.1 .639 1.266 .665 1.317 .687 1.3613.2 .618 1.226 .638 1.267 .656 1.3033.3 .598 1.190 .615 1.223 .629 1.2513.4 .580 1.156 .593 1.182 .604 1.2043.5 .564 1.124 .574 1.144 .582 1.1613.6 .549 1.095 .556 1.110 .562 1.1233.7 .535 1.069 .540 1.079 .544 1.0873.8 .522 1.044 .525 1.050 .528 1.0563.9 .511 1.022 .512 1.025 .514 1.027
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�ÁÂÌ. 3. úÎÁÞÅÎÎÑ ËÒÉÔÉÞÎÉÈ �ÏËÁÚÎÉË�× �, �, � ÑË ÆÕÎË��§ d ÄÌÑÓÌÁÂÏ ÒÏÚ×ÅÄÅÎÏ§ ÚÁÍÏÒÏÖÅÎÏ§ ÍÏÄÅÌ� ¶ÚÉÎÁ. ä×Ï�ÅÔÌÅ×Å (ËÏÌÏÎËÉ2,3,4) [31℄ � ÔÒÉ�ÅÔÌÅ×Å (ËÏÌÏÎËÉ 5,6,7) [35℄ ÎÁÂÌÉÖÅÎÎÑ.d � � � � � �2.0 1.012 .198 -0.024 0.966 0.097 0.0672.1 0.960 .167 -0.016 0.923 0.084 0.0622.2 0.914 .141 -0.011 0.884 0.073 0.0562.3 0.873 .119 -0.007 0.848 0.064 0.0492.4 0.837 .100 -0.009 0.816 0.055 0.0412.5 0.804 .083 -0.010 0.787 0.047 0.0332.6 0.774 .069 -0.012 0.760 0.040 0.0252.7 0.747 .057 -0.017 0.735 0.034 0.0162.8 0.722 .047 -0.022 0.712 0.028 0.0072.9 0.699 .038 -0.027 0.691 0.023 -0.0023.0 0.678 .031 -0.034 0.671 0.019 -0.0123.1 0.658 .024 -0.040 0.652 0.015 -0.0213.2 0.640 .019 -0.048 0.634 0.012 -0.0303.3 0.622 .014 -0.053 0.618 0.009 -0.0383.4 0.606 .010 -0.060 0.602 0.006 -0.0463.5 0.587 0.004 -0.0543.6 0.572 0.002 -0.0613.7 0.558 0.001 -0.0663.8 0.544 0.000 -0.066
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