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V. ShpytkoWEYL-TYPE QUANTIZATION RULESANDN-PARTICLE CANONICAL REALIZATIONOF THE POINCAR�E ALGEBRA IN THE TWO-DIMENSIONALSPACE-TIME
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õäë: 531/533; 530.12: 531.18PACS: 03.30.+p, 03.65.-w, 03.65.Geë×ÁÎÔÕ×ÁÎÎÑ ÷ÁÊÌ�×ÓØËÏÇÏ ÔÉ�Õ ÔÁ N-ÞÁÓÔÉÎËÏ×Á ÒÅÁÌ�ÚÁ��Ñ ÁÇÅ-ÂÒÉ ðÕÁÎËÁÒÅ Õ Ä×Ï×ÉÍ�ÒÎÏÍÕ �ÒÏÓÔÏÒ�-ÞÁÓ�÷. û�ÉÔËÏáÎÏÔÁ��Ñ. õ ÒÁÍÁÈ ÆÒÏÎÔÁÌØÎÏ§ ÆÏÒÍÉ ÄÉÎÁÍ�ËÉ Õ Ä×Ï×ÉÍ�ÒÎÏÍÕ�ÒÏÓÔÏÒ�-ÞÁÓ� ÒÏÚÇÌÑÄÁ¤ÔØÓÑ Ë×ÁÎÔÕ×ÁÎÎÑ ËÁÎÏÎ�ÞÎÏ§ ÒÅÁÌ�ÚÁ��§ ÁÇÅÂÒÉ ðÕ-ÁÎËÁÒÅ, ÝÏ ×�Ä�Ï×�ÄÁ¤ ÓÉÓÔÅÍ� N ×ÚÁ¤ÍÏÄ�ÀÞÉÈ ÞÁÓÔÉÎÏË. úÁ ÄÏ�ÏÍÏ-ÇÏÀ �ÒÁ×ÉÌ Ë×ÁÎÔÕ×ÁÎÎÑ ÷ÁÊÌ�×ÓØËÏÇÏ ÔÉ�Õ �ÏÂÕÄÏ×ÁÎÏ ÕÎ�ÔÁÒÎ� �ÒÅÄ-ÓÔÁ×ÌÅÎÎÑ ÇÒÕ�É P(1; 1). ðÏËÁÚÁÎÏ, ÝÏ ×ÉÍÏÇÁ ÚÂÅÒÅÖÅÎÎÑ ÁÌÇÅÂÒÉ ì���¤§ ÇÒÕ�É ÏÂÍÅÖÕ¤ ÍÎÏÖÉÎÕ �ÒÁ×ÉÌ Ë×ÁÎÔÕ×ÁÎÎÑ, ÁÌÅ ÎÅ ÕÓÕ×Á¤ ÓÁÍÁÓÏÂÏÀ ÎÅÏÄÎÏÚÎÁÞÎÏÓÔ� �ÒÏ�ÅÄÕÒÉ Ë×ÁÎÔÕ×ÁÎÎÑ. íÎÏÖÉÎÁ �ÒÁ×ÉÌ Ë×ÁÎ-ÔÕ×ÁÎÎÑ ÒÏÚÂÉ×Á¤ÔØÓÑ ÎÁ ËÌÁÓÉ ÅË×�×ÁÌÅÎÔÎÏÓÔÉ. ðÒÁ×ÉÌÁ Ë×ÁÎÔÕ×ÁÎÎÑ �ÚÔÏÇÏ Ö ÓÁÍÏÇÏ ËÌÁÓÕ �ÒÉ×ÏÄÑÔØ ÄÏ ÔÏÇÏ Ö ÓÁÍÏÇÏ Ó�ÅËÔÒÕ ÍÁÓ ÔÁ Å×ÏÌÀ��§Ë×ÁÎÔÏ×ÁÎÏ§ ÓÉÓÔÅÍÉ i ÄÁÀÔØ ÕÎ�ÔÁÒÎÏ ÅË×�×ÁÌÅÎÔÎ� �ÒÅÄÓÔÁ×ÌÅÎÎÑ ÇÒÕ�ÉP(1; 1). ðÒÁ×ÉÌÁ Ë×ÁÎÔÕ×ÁÎÎÑ �Ú Ò�ÚÎÉÈ ËÌÁÓ�× ÄÁÀÔØ ÕÎ�ÔÁÒÎÏ ÎÅÅË×�×Á-ÌÅÎÔÎ� �ÒÅÄÓÔÁ×ÌÅÎÎÑ ÔÁ �ÒÉ×ÏÄÑÔØ ÄÏ Ò�ÚÎÉÈ ×ÉÒÁÚ�× ÄÌÑ Ó�ÏÓÔÅÒÅÖÕ×Á-ÎÉÈ ×ÅÌÉÞÉÎ.Weyl-type quantization rules and N-parti
le 
anoni
al realization ofthe Poin
ar�e algebra in the two-dimensional spa
e-timeV. ShpytkoAbstra
t. The quantization of 
anoni
al realization of Poin
ar�e algebra 
orre-sponding to N -parti
le intera
ting system in the two-dimensional spa
e-timeM 2 in the front form of dynami
s is 
onsidered. Unitary realizations of thegroup P(1; 1) are obtained by means of a set of Weyl-type quantization rules.We demonstrate that the requirement of preservation of Lie algebra of thisgroup restri
ts the set of quantization rules but does not by itself remove theambiguity of quantization pro
edure. The set of quantization rules fall apartinto equivalen
e 
lasses. The quantization rules from the same equivalen
e
lass give the same mass spe
trum, evolution of the quantized system and leadto equivalent unitary representations of the group P(1; 1). The quantizationswhi
h belong to di�erent 
lasses lead to non-equivalent unitary representationsand may result in di�erent values for observable quantities.ðÏÄÁ¤ÔØÓÑ × Journal of Mathemati
al Physi
sSubmitted to Journal of Mathemati
al Physi
s
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1 ðÒÅ�ÒÉÎÔI. Introdu
tionThe problem of quantization of 
lassi
al theory o

upies a prominentpla
e in the theoreti
al physi
s in 20-th 
entury. Sin
e the very begin-ning of appearan
e of the quantum me
hani
s it has been known aboutthe deep di�eren
e between the 
lassi
al and the quantum des
ription {the deterministi
 
hara
ter of the 
lassi
al me
hani
s 
ontrasts with theprobabilisti
 interpretation of the quantum me
hani
s.At the same time it has been realized that the quantum and 
lassi-
al me
hani
s are only di�erent levels of the des
ription of the physi
alreality and therefore they must have some 
ommon features. Variousattempts to 
oordinate this two 
ontrary fa
ts and 
onstru
t quantumdes
ription the stru
ture of whi
h "remembers" some essential featuresof the 
lassi
al me
hani
s have led to various treatments in quantizationproblem [1{6℄.The basi
 stru
ture of the 
lassi
al Hamiltonian me
hani
s for anun
onstrained system is a 2N-dimensional phase spa
e P ' R2N (ingeneral 
ase a symple
ti
 manifold) with symple
ti
 form !. Phase spa
e
an be (lo
ally) parametrized by 
anoni
al variables qa; pa; a = 1; N .The state of the 
lassi
al system is des
ribed by a point in P. Observablequantities are identi�ed with smooth fun
tions on P. They form thespa
e C1(P). Symple
ti
 form determines on C1(P) the stru
ture ofLie algebra (whi
h is 
alled Poisson algebra) by means of the Poissonbra
ket [7℄.In the quantum me
hani
s a state is des
ribed by a ve
tor j i insome Hilbert spa
e H and physi
al observables are self-adjoint operatorsin H. Corresponden
e between the 
lassi
al and quantum pi
tures is es-tablished within the framework of 
ertain quantization pro
edure whi
his meant as a linear map Q : f 7! ^f of the Poisson algebra into the setof self-adjoint operators in the Hilbert spa
e H.The maximal group of automorphisms of the phase spa
e whi
hpreserve the symple
ti
 stru
ture is the in�nite dimensional groupSymp(P; !) of 
anoni
al transformations (symple
tomorphisms). Quan-tum 
ounterpart of su
h transformation is the group U(H) of unitarytransformations. It is well known that not every 
anoni
al transforma-tion of a 
lassi
al system leads after quantization to a unitary transfor-mation in the quantum 
ase. This shows that these two groups are notisomorphi
 [2℄.For every symmetry group, whi
h is some Lie group G, the 
lassi
alHamiltonian des
ription provides a 
anoni
al realization of this group.The symmetry group of a 
lassi
al system generates 
anoni
al transfor-
ICMP{99{10E 2mations and as we have mentioned above, after quantization su
h 
las-si
al transformations do not ne
essarily lead to unitary transformationson the quantum level of des
ription. Besides, they may violate 
ommu-tation relations of the Lie algebra of G. Thus, we 
annot a priori be surethat any 
lassi
al symmetry leads after quantization to the quantumone. Moreover, di�erent quantization rules may preserve some types ofsymmetries and break out other ones. It is natural to demand the preser-vation of physi
ally important symmetries. Therefore, we shall requirefor a quantization pro
edure the ful�lment of 
onditionQ(ff; gg) = i[ ^f; ^g℄ (1.1)only for some subalgebra of the Poisson algebra. It is 
lear that 
anoni
algenerators 
orresponding to physi
ally important symmetries have tobelong to this subalgebra. This means that after quantization we 
ometo a unitary representation of the symmetry groupG a
ting in the Hilbertspa
e H.On the other hand, it is well known that there exist a lot of di�erenttreatments to the quantization problem. Starting from some 
lassi
alsystem di�erent quantization pro
edures may result in non-equivalentquantum systems. From this point of view it is very important to un-derstand whether there exists su
h a subalgebra of the Poisson algebrawhi
h minimizes the ambiguities of the quantization pro
edure.In the relativisti
 me
hani
s of intera
ting parti
les the main alge-brai
 stru
ture is Lie algebra p(1; 3) of Poin
ar�e group P(1; 3) and thedes
ription of a system of N intera
ting parti
les must be Poin
ar�e invari-ant in the 
lassi
al 
ase as well as in the quantum one. The Hamiltonianformalism leads to a 
anoni
al realization of p(1; 3). Therefore, the quan-tization pro
edure must preserve the stru
ture of the Poin
ar�e algebra,i.e. 
anoni
al generators of the Poin
ar�e group have to be transformedinto Hermitian operators whi
h satisfy 
ommutation relations of thisalgebra. In the relativisti
 
ase, the quantization problem is of spe
ialinterest be
ause Poin
ar�e invarian
e 
onditions lead to the 
ompli
ateddependen
e of intera
tion potentials on 
anoni
al 
oordinates and mo-menta. In most 
ases 
lassi
al relativisti
 Hamiltonians depend on theprodu
ts of non-
ommutative (in terms the of the Poisson bra
ket) quan-tities. This raises the question of symmetrization of non-
ommutativeoperators in the quantum des
ription. Di�erent ordering methods mayresult in di�erent expressions for physi
al observable quantities [8℄.The ten generators of the Poin
ar�e group are realized in terms of
anoni
al 
oordinates and momenta. As a rule, 
anoni
al 
oordinatesdo not 
oin
ide with the 
ovariant parti
le 
oordinates owing to the no-



3 ðÒÅ�ÒÉÎÔintera
tion theorem [9℄. Poin
ar�e group is split into two parts { kinemat-i
al and dynami
al. The kinemati
al part 
ontains the generators inde-pendent of intera
tion and is 
alled stability group G�. It determines theHamiltonian form of relativisti
 dynami
s and is automorphism groupof simultaneity hypersurfa
e � [10℄. The hypersurfa
e � determines ge-ometri
al form of dynami
s [11℄. The generators whi
h 
onstitute thedynami
al part depend on intera
tion. Dira
 
alled them Hamiltonians[10℄. Di�erent forms of dynami
s for N-parti
le system lead to di�er-ent numbers of generators independent of intera
tion. The front formof dynami
s [10,12,13℄ has the largest possible stability group G� forN-parti
le system { only three generators are Hamiltonians.To 
onstru
t the relativisti
 des
ription whi
h 
ontains only oneHamiltonian it is ne
essary to 
hoose in the four-dimensional Minkowskyspa
e M 4 a Poin
ar�e-invariant hypersurfa
e �. Unfortunately su
h a hy-persurfa
e does not exist. In other words, G� 6= P(1; 3) [11℄. This fa
tmeans that Lagrangian of N-parti
le system with an intera
tion must bea fun
tion L : J1� ! R de�ned on the in�nite order jet spa
e of �brebundle � : F ! R; (t; xia ) 7! t [14℄. The last statement is the Lagrangianvariant of no-intera
tion theorem [15℄. To avoid the diÆ
ulty related withthe presen
e of time derivatives of in�nite order in Lagrangian fun
tionwe have to go beyond the 
lass of geometri
al forms of dynami
s. De-termining simultaneity 
onditions only for points of parti
le world lines(not for the whole spa
e-time) we 
ome to isotropi
 forms of dynami
s[16℄.In the two-dimensional spa
e-time M 2 the hypersurfa
e � whi
h de-termines the front form of dynami
s for arbitrary N-parti
le system be-
omes isotropi
 [17℄. The front form 
orresponds to the foliation of M 2by isotropi
 hyperplanes �F :x0 + x = t: (1.2)The Poin
ar�e group P(1; 1) is the automorphism group of the foliation(1.2). In this form of dynami
s Poin
ar�e-invarian
e 
onditions for N -parti
le system allow the existen
e of intera
tion Lagrangians whi
h donot 
ontain derivatives higher than the �rst order. Only one generatorof p(1; 1) 
ontains an intera
tion and me
hani
al des
ription is in somesense similar to the nonrelativisti
 one. The two-dimensional variant ofthe front form permits the 
onstru
tion of the number of exa
tly solvable
lassi
al and quantum relativisti
 models [18℄-[21℄.Due to the 
ertain simpli
ity of the relativisti
 des
ription in the frontform in M 2 , we are able to elu
idate the pe
uliarities of the quantizationpro
edure in the relativisti
 
ase [18℄-[20℄ and to understand how the
ICMP{99{10E 4Poin
ar�e invarian
e redu
es the quantization ambiguities.The aim of this arti
le is the quantization of the 
anoni
al realizationof the Poin
ar�e algebra 
orresponding to N -parti
le relativisti
 systemwith an intera
tion (Se
. II) within the framework of the two-dimensionalvariant of the front form of dynami
s. Using the set of Weyl-type quanti-zation rules we 
onstru
t in Se
. III unitary representations of the groupP(1; 1). We study the in
uen
e of di�erent quantization rules on quan-tized system and propose some 
lassi�
ation method of non-equivalentquantizations of the 
anoni
al realization of the Lie algebra of P(1; 1).In Se
.IV we apply the obtained results to N-parti
le relativisti
 systemwith os
illator-like intera
tion.II. Hamiltonian des
ription of N-parti
le system in the front formof dynami
s in M 2The 
lassi
al Hamiltonian des
ription of the system of N stru
turelessparti
les with masses ma (a = 1; N) in the two-dimensional Minkowskyspa
e M 2 in the framework of the front form of dynami
s (1.2) leads tothe 
anoni
al realization of the Lie algebra of the Poin
ar�e group P(1; 1)with generators H;P;K [17℄. They 
orrespond to energy, momentum,and boost integral. Due to the positiveness of the momentum variables(pa > 0) [12,17℄ in the front form of dynami
s, the phase spa
e of N-parti
le Hamiltonian system is P = RN+ � RN with standard Poissonbra
ketff; gg = NXa=1� �f�xa �g�pa � �g�xa �f�pa� : (2.1)We use more 
onvenient in the front form quantities P� = H�P withthe following Poisson bra
ket relations of the Poin
ar�e algebra p(1; 1)fP+; P�g = 0; fK;P�g = �P�: (2.2)The generators are determined in terms of parti
le 
anoni
al variablesxa; pa [17℄ as follows:P+ = NXa=1 pa; K = NXa=1xapa; (2.3)P� = NXa=1 m2apa + 1P+V (rpb; r1
=r) (2.4)



5 ðÒÅ�ÒÉÎÔand we 
an see that only one generator, namely P�, depends on intera
-tion. The Poin
ar�e-invariant fun
tion V des
ribes the parti
les intera
-tion and depends on 2N�1 indi
ated arguments, where ra
 = xa�x
; r =r12; a; b = 1; N; 
 = 2; N . In this 
ase, the parti
le 
anoni
al 
oordinates
oin
ide with 
ovariant ones and we 
an pass to the Lagrangian de-s
ription by means of the inverse of usual Legendre transformation. In
ontrast to the nonrelativisti
 me
hani
s, this transformation is nonlin-ear and, therefore, purely paired intera
tions in one formalism do not
orrespond to su
h ones in the other formalism [17℄.Generators (2.3), (2.4) determine the square of the mass fun
tion ofthe systemM2 = P+P� = P+ NXa=1 m2apa + V (rpb; r1
=r): (2.5)The �rst terms in Eqs. (2.4), (2.5) 
orresponds to the free-parti
le sys-tem.The des
ription of motion of the system as a whole may be per-formed by 
hoosing P+ and Q = K=P+ as new (external) variables.There exist a lot of possibilities of the 
hoi
e of inner variables. If(�; q) = (�1; ::::; �N�1; q1; :::; qN�1) determine the set of inner 
anoni
alvariables,fqa; �bg = Æab; fQ;P+g = 1; a; b = 1; N � 1;fqa; Qg = f�a; P+g = 0; (2.6)su
h that the inner momenta �b do not depend on the parti
le 
anoni
al
oordinates, thenM2 =M2f (�) + F (q; �); F (q; �) = V (rpb; r1
=r) (2.7)and Hamiltonian equations of motion take the form_Q = 1=2� M22P+ ; _P+ = 0; (2.8)_qa = 12P+ �M2��a ; _�a = � 12P+ �M2�qa : (2.9)One of the possible 
hoi
es of inner variables is [19℄:�a = Pa+ � pa+12P(a+1)+ ; qa = P(a+1)+(Qa � xa+1); (2.10)
ICMP{99{10E 6where a; b = 1; N � 1 and we use the following notationsPa+ = aXi=1 pi; Qa = P�1a+ aXi=1 xipi;PN+ = P+; QN = Q: (2.11)Variables (2.10) satisfy (2.6) and the free-parti
le squared mass fun
tionin Eq. (2.7) has the formM2f (�) = NXa=1 m2a1=2� �a�1 NYi=a(1=2 + �i)�1: (2.12)In the two-parti
le 
ase variables (2.10) 
oin
ide with the variables pro-posed in Ref.[12℄.III. Quantization of N-parti
le 
anoni
al realization of thePoin
ar�e algebra in M 2To perform the quantization pro
edure, we have to determine �rstlyquantum operators 
orresponding to the parti
ular 
anoni
al variablesxa; pa. Then for a given set of 
lassi
al observables a = a(x; p) we 
on-stru
t 
orresponding quantum operators ^A. Let ^xa; ^pa be Hermitian op-erators 
orresponding to the 
lassi
al parti
le 
oordinates and momentawith the following 
ommutation relations[^xa; ^pb℄ = iÆab: (3.1)The original Weyl appli
ation [22℄ is a basis for the whole set of quan-tization rules WF : a 7! ^A, whi
h map bije
tively a family of 
lassi
alreal fun
tions a(x; p) 2 C1(P) to a family of Hermitian operators ^A insome Hilbert spa
e H. For P � R2N , the formal de�nition is given in theexpli
it form [5,23℄ as follows^A = Z (dk)(ds)~a(k; s)F(k; s) exp"iXa (ka^xa + sa^pa)# ; (3.2)where a(k; s) is Fourier transform of the fun
tion a(p; q). Fun
tionF(k; s) determines the type of quantization. Di�erent 
hoi
es of F(k; s)
orrespond to di�erent ordering 
onventions. We shall 
all the elementsof the family of quantizations (3.2) Weyl-type quantization rules. Forthe original Weyl quantization F(k; s) = 1. Let us restri
t ourselves to



7 ðÒÅ�ÒÉÎÔreal fun
tions F(k; s) 2 C1(R2N ), i.e. F(k; s) = F�(k; s). Every quan-tization rule must obey the following 
ondition:Q(1) = ^1; (3.3)where the unity means fun
tion on P and in r.-h. side ^1 is the unitoperator. As a result, for the family of quantizations (3.2) we obtainF(0; 0) = 1 : (3.4)Hermiti
ity 
ondition means:F(k; s) = F(�k;�s): (3.5)For a system of N spinless parti
les we shall work with a momentumspa
e basis given byjpi = jp1i 
 jp2i 
 � � � 
 jpNi ; (3.6)where jpai is eigenve
tor of operator ^pa : ^pajpai = pajpai. The wavefun
tions  (p) = hpj i des
ribing the physi
al (normalized) states in thefront form of dynami
s 
onstitute the Hilbert spa
e HFN = L2(RN+ ; d�FN )with the inner produ
t [18℄( 1;  ) = Z d�FN (p) �1(p) (p); (3.7)whered�FN (p) = NYa=1 dpa2pa�(pa) (3.8)is the Poin
ar�e-invariant measure and �(pa) is Heaviside step fun
tion.Operators a
t on wave fun
tions  (p) 2 HFN as integral operators:( ^A )(p) = Z d�FN (p0) eA(p; p0) (p0): (3.9)The kernel 
orresponding to operator (3.2) has the formeA(p; p0) = 1(2�)N Z (dx)(dz) exp(i NXa=1�p0a�pa)xa�� (3.10) NYa=1 Æ�za � pa+p0a2 �2ppap0a!F �i ��x ; i ��z� a(x; z) ;
ICMP{99{10E 8where we take into a

ount Eq.(3.5). We understand the expressionF (i�=x; i�=z) as a formal series:F �i ��x ; i ��z� = 1Xi1;:::;iNj1;:::;jN �i1+:::+iN+j1+:::+jNF(0; 0)�i1k1 : : : �iN kN�j1s1 : : : �jN sN �� NYa=1 1ia!ja! �i ��xa�ia �i ��za�ja : (3.11)Condition (3.5) leads to the equalities�F(0; 0)�ka = �F(0; 0)�sa = 0; a = 1; N : (3.12)Now let us 
onsider the quantization pro
edure of 
lassi
al 
anon-i
al generators (2.3), (2.4) of p(1; 1). Substituting expressions (2.3) ofthe generators K, P+ into (3.10) and using (3.4), (3.12) we obtain thefollowing operators^P+ = P+ ; ^K = i NXa=1 pa ��pa � NXa=1 �2F(0; 0)�ka�sa : (3.13)The Weyl-type quantization rules transform the generator P� into inte-gral operator (3.9) with the kerneleP�(p; p0) = 1(2�)N Z (dx)(dz) exp(i NXa=1�p0a � pa)xa�� NYa=1 Æ�za�pa+p0a2 �2ppap0a!� (3.14)F �i ��x; i ��z�0BB� NXa=1 m2aza +V (rzb; r1
=r)NPa=1 za 1CCA :After quantization we want to obtain a unitary realization of the groupP(1; 1). Therefore Hermitian operators (3.13), (3.14) have to satisfy thequantum 
ommutation relations of the Poin
ar�e algebra p(1; 1)[ ^P+; ^P�℄ = 0 ; [ ^K; ^P�℄ = �i ^P�: (3.15)The last term in the expression (3.13) of the boost operator ^K has noin
uen
e on 
ommutation relations (3.15). Thus, the quantization prob-lem redu
es in fa
t to the 
onstru
tion of Hermitian operator ^P�. Thatin its turn determines the form of the fun
tion F .



9 ðÒÅ�ÒÉÎÔProposition 1. So that the Weyl-type quantizations 
ould lead to uni-tary realizations of the group P(1; 1), the fun
tion F has to be of thefollowing form:F = F(ks) ; (3.16)where the fun
tion F on the right-hand side depends on the all possibleprodu
ts of arguments: k1s1; :::; k1sN ; k2s1; :::; k2sN ; ::: .Proof: In order to satisfy relations (3.15) the kernel (3.14) must obeythe following 
onditions:NXa=1�pa ��pa + p0a ��p0a� eP�(p; p0) = � eP�(p; p0) ; (3.17)NXa=1(pa � p0a) eP�(p; p0) = 0 : (3.18)Equation (3.18) is obtained as a result of 
ommutation of the operators^P+ and ^P�. It holds if the kernel eP�(p; p0) is proportional to Æ-fun
tionÆ(P+ � P 0+). The 
lassi
al expression for P� is translational invariantfun
tion. Therefore equation (3.18) holds for arbitrary Weyl-type quan-tization rule.Equation (3.17) is the 
onsequen
e of 
ommutation of the operators^K and ^P�. It means that the kernel eP�(p; p0) must be homogeneousfun
tion of the order -1. To satisfy this 
ondition the fun
tion F mustobey the following homogeneity equationF(�k; ��1s) = F(k; s) : (3.19)The only possibility to satisfy this equation is (3.16).Thus, we see that not every Weyl-type quantization rule preserves
ommutation relations (3.15) of the Lie algebra of the Poin
ar�e groupP(1; 1). The set of quantization rules with the fun
tion F of the form(3.16) transforms arbitrary 
lassi
al fun
tion depending only on momen-tum variables (A = A(p1; :::; pN )) into operator whi
h a
ts on wave fun
-tions of momentum representation (3.7) as multipli
ation operator andhas the 
lassi
al form: A(^p1; :::; ^pN) = A(p1; :::; pN ). Su
h quantizationrules transform the intera
tion fun
tion V from (2.4) into operator whi
h
ommutes with ^K and ^P+;h ^K; ^V i = h ^P+; ^V i = 0 : (3.20)
ICMP{99{10E 10It should be noted that the set of Weyl-type quantization rules withthe fun
tion F of the form (3.16) does not in
lude normal rule of orderingof non
ommuting operators (see [23℄).Let us introdu
e the following variablesy1 = x1 ; y2 = P+ = NXa=1 pa ;{a = rpa ; yb = r1br ; b = 3; N : (3.21)In terms of variables (3.21) the di�erential operators �=�xa, �=�pa takethe form��xb = �P+{+ ��yb ; b = 3; N ; ��pa = {+P+ ��{a + ��P+ ;��x2 = �P+{+  NXa=1{a ��{a � NXd=3 yd ��yd! ; (3.22)��x1 = ��y1 + P+{+  NXa=1{a ��{a + NXd=3(1� yd) ��yd! ;where {+ = NPa=1{a. As a result of translational invarian
e of the 
lassi
algenerator P�, it does not depend on y1:P� = {+P+ NXa=1 m2a{a + 1P+ V ({1; :::;{N ; y3; :::; yN ) : (3.23)As it follows from (3.11), (3.22) formal series F (�i�=x;�i�=z) ex-pressed in terms of variables (3.21) 
ontains di�erentiations with re-spe
t to P+. Therefore not every Weyl-type quantization rule with thearbitrary fun
tion F of the form (3.16) will transform the produ
tP+P� = M2 (fP+; P�g = 0) of 
lassi
al fun
tions into the 
orrespond-ing produ
t of quantum (
ommutating) operators ^P+ ^P� = ^M2. Thismeans that not every quantization rule WF , preserving the stru
ture ofLie algebra of the group P(1; 1), preserves 
ommutability of the followingdiagramP+; P� M2=P+P�- M2?WF ?WF (3.24)^P+; ^P� ^M2= ^P+ ^P�- ^M2 :



11 ðÒÅ�ÒÉÎÔIn the 
lassi
al 
ase the squared total mass fun
tion M2 is an invariantof the group P(1; 1). Thus, to obtain in the quantum 
ase the algebrai
stru
ture whi
h is most 
losely related to the 
lassi
al one, the quantumKasimir operator ^M2 = ^P+ ^P� should be a quantization result of the
lassi
al fun
tion M2 = P+P�.Proposition 2. If the fun
tion F has the following formF = F(�1;�2) ; (3.25)where�1 = NXa=1 kasa ; �2 = NXa=1 NXb=1a6=b kasb; (3.26)then diagram (3.24) is 
ommutative.Proof: If F = F(�1;�2), then kernel (3.10) takes the form:eA(p; p0) = 1(2�)N Z (dx)(dz) exp(i NXa=1�p0a � pa)xa�� NYa=1 Æ�za � pa + p0a2 �2ppap0a!F � ^�1; ^�2� a(x; z) ; (3.27)whereF( ^�1; ^�2) = 1Xi=1 1Xj=1 �i+jF(0; 0)(��1)i(��2)j 1i!j! ( ^�1)i( ^�2)j (3.28)and ^�1 = � NXa=1 �2�xa�za ; ^�2 = � NXa=1 NXb=1a6=b �2�xa�zb : (3.29)Let us 
onsider the a
tion of the sum of partial derivativesNPa=1 �2=(�xa�pa) on a translation-invariant fun
tionNXa=1 �2f(P+;{; y3; :::; yN )�xa�pa =

ICMP{99{10E 12" 1 + NX
=1{
 ��{
!� ��{1 � ��{2�++ nXd=3 �(1� yd) ��{1+yd ��{2 � ��{d � ��yd� f(P+;{; y3; :::; yN ) : (3.30)As follows from the last equation, su
h an a
tion does not 
ontain dif-ferentiations with respe
t to P+. MoreoverNXa=1 �2f(P+;{; y3; :::; yN )�xa�pa =� NXa=1 NXb=1a6=b �2f(P+;{; y3; :::; yN )�xa�pa : (3.31)Thus, the proposition follows from the translation-invarian
e of P�.We shall also 
onsider partial 
ases withF = F(�1; 0) = F1(�1) ; (3.32)F = F(0;�2) = F2(�2) : (3.33)Quantization rule with F = F1 has been 
onsidered, for example, in Ref.[24℄.If F = F(�0) = F0 ; �0 = �1 +�2 (3.34)then, as it follows from (3.31), (3.26), (3.28)F( ^�0)f(P+;{1; :::;{N ; y3; :::; yN ) =f(P+;{1; :::;{N ; y3; :::; yN ) : (3.35)Thus, the quantization rule WF0 leads to the same operators ^P�; ^P+as well as the original Weyl quantization does. The operator ^K takes theform ^K = i NXa=1 pa ��pa � dF0(0)d�0 : (3.36)



13 ðÒÅ�ÒÉÎÔIf F = F0 anddF0(0)d�0 = 0 ; (3.37)then we obtain the same operators ^K; ^P� as in the 
ase of the orig-inal Weyl quantization. This means that quantization rules 
onne
tedwith the 
lasses of fun
tions F(�1;�2) and F(�1;�2)F0, where F0 hasproperty (3.37), lead exa
tly to the same unitary realization of the groupP(1; 1).If 
ondition (3.37) is not satis�ed, then quantization rules WF andWFF0 give us di�erent expressions for ^K but they lead to the samerealization of 
ommutative ideal h = ( ^P+; ^P�).In the front form of dynami
s the evolution of the quantum systemis des
ribed by the S
hr�odinger-type equationi�	�t = ^H	; (3.38)where 	 2 HFN and^H = 12( ^P+ + ^P�) = 12( ^P+ + ^M2= ^P+): (3.39)Putting 	 = �(t; P+) , where  is a fun
tion of some Poin
ar�e-invariantinner variables, we obtain the stationary eigenvalue problem for the op-erator ^M2:^M2 = ^P+ ^P� =M2n;� : (3.40)The ideal h generates by means of the Eqs (3.38), (3.40) the evolutionof the system and the mass spe
trum.Boost operator (3.13) obtained from 
lassi
al expression (2.3) bymeans of arbitrary Weyl-type quantization rule WF preserving 
ommu-tation relation of the Poin
ar�e algebra p(1; 1) generates Lorentz trans-formation�e�i� ^K � (p) = exp i NXa=1 �2F(0; 0)�ka�sa ! (e��p): (3.41)We see that di�erent quantization rulesWF ; WF 0 preserving 
ommu-tation relation of p(1; 1) lead to boost transformations whi
h distinguishon phase fa
tor:�e�i� ^K0 � (p) = ei� �e�i� ^K � (p); (3.42)
ICMP{99{10E 14where� = NXa=1��2F(0; 0)�ka�sa � �2F 0(0; 0)�ka�sa � : (3.43)These Lorentz transformations are physi
ally equivalent, be
auseexp (�i� ^K 0) (p) and exp (�i� ^K) (p) belong to the some ray. Thus,quantizations whi
h lead to the same realization of the ideal h give equiv-alent unitary representations of the group P(1; 1). Therefore, it is naturalto introdu
e the followingDe�nition 1. Quantizations WF , WF 0 whi
h lead to the same realiza-tion of the ideal h are 
alled equivalent:WF 'WF 0 : (3.44)Proposition 3. Quantization rules WF , WF 0 preserving the 
ommu-tation relations of p(1; 1), where F = F(ks;�0); F 0 = F(ks; 0), areequivalent:WF(ks;�0) 'WF(ks;0): (3.45)Proof: This follows immediately from (3.35) and (3.23).Corollary 1.WF(ks)F0 'WF(ks): (3.46)For the spe
ial 
lass of quantization rules whi
h preserve in additionto the 
ommutation relation of p(1; 1) the 
ommutability of the diagram(3.24), we haveWF1(�1) 'WF2(��2); WF2(�2) 'WF1(��1): (3.47)Hen
e, we see that the Weyl-type quantization rules whi
h preservethe 
ommutation relation of the Poin
ar�e algebra p(1; 1) fall apart intoequivalen
e 
lasses. Rules from di�erent 
lasses give non-equivalent uni-tary representations of the group P(1; 1) and may result in di�erentexpressions for su
h important observable quantity as the mass spe
-trum of the system. We shall demonstrate this fa
t by the example ofN-parti
le system with os
illator-like intera
tion in the next se
tion.



15 ðÒÅ�ÒÉÎÔIV. Ambiguities of quantization of N-parti
le system withos
illator-like intera
tionIn the 
ase of the free parti
le system (V = 0), arbitrary quantiza-tion rule of the type (3.16) transforms the 
lassi
al 
anoni
al generatorsP+; P� into the quantum operators whi
h in momentum representation(3.7) have the same form as the 
orresponding 
lassi
al quantities. Theexpression for the boost operator ^K depends on the 
lass of quantiza-tion rules WF , but di�erent Weyl-type quantizations (3.16) of the freeparti
le 
anoni
al realization of the Lie algebra p(1; 1) give equivalentunitary representations of the Poin
ar�e group P(1; 1).Let us 
onsider an example of N-parti
le system with intera
tion. Letus 
hoose the intera
tion fun
tion V in the following formV = !2XXa<b r2abpapb; !2 > 0: (4.1)The fun
tion (4.1) des
ribes N-parti
le os
illator-like intera
tion [19℄. Inthe nonrelativisti
 limit su
h a system is redu
ed to the nonrelativisti
os
illator system. In terms of the variables (2.10) the intera
tion fun
tionV takes the formV = F (q; �) = !2 N�1Xa=1 (1=4� �2a)q2a NYj=a+1(1=2 + �j)�1: (4.2)The system with intera
tion (4.1) has N � 2 additional integrals ofmotion �j , whi
h mutually 
ommutef�i; �kg = 0; i; k = 2; N � 1: (4.3)In terms of the variables (2.10) they have the form�2j+1 = jXd=1 m2d1=2��d�1 jYi=d(1=2+�i)�1 + m2j+11=2��j ++!2 j�1Xd=1(1=4��2d)q2d jYi=d+1(1=2 + �i)�1 + !2(1=4��2j )q2j ; (4.4)where �2N =M2; j = 1; N � 1. They 
an be represented by means of there
ursive relations�2j+1 = �2j1=2 + �j + m2j+11=2� �j + !2(1=4� �2j )q2j ; (4.5)
ICMP{99{10E 16where we denote �21 = m21.Quantum me
hani
al des
ription for this system have been 
on-stru
ted by means of the ordinary Weyl quantization in Ref. [19℄. Herewe shall 
onsider the Weyl-type quantization rules 
onne
ted with thefun
tion F1 (see (3.32)). The Weyl-type quantization rules di�er fromthe ordinary Weyl quantization in the presen
e of the nontrivial operatorF( ^�1) a
ting on the 
lassi
al generator P� in the expression for kernel(3.14). We 
onsider in this se
tion quantization rules whi
h preserve the
ommutability of diagram (3.20). Therefore the quantization problemof the 
anoni
al generators redu
es to the 
onstru
tion of quantum in-tera
tion operator ^V . This gives us immediately the expression for theoperator ^P�:^P� = ^M2= ^P+: (4.6)Hen
e, �rst of all, we have to �nd the a
tion of F( ^�1) on 
lassi
al inter-a
tion fun
tion (4.1). In terms of the variables (2.10) this gives us thefollowing resultF( ^�1)V = F1V = !2P+ N�1Xa=1 � (1=4� �2a)q2aP(a+1)+ +2F 01(0)qa�(a� 1)=2� (a+ 1)�a�P(a+1)+ +F 001 (0)a�(a� 3)=2� (a+ 1)�a�Pa+ ! ; (4.7)where F 01(0) = dF1(0)=d�1; Pa+ = P+QNj=a(1=2 + �j). Moreover,
hanging every 
lassi
al fun
tions Zk by FZk we redu
e the quanti-zation pro
edure to the quantization of the 
lassi
al problem with thenew set of \
lassi
al observables" FZk via the original Weyl rule andwe 
an immediately use the results of Ref. [19℄. Using equality (4.7),expressions (4.4), for integrals of motion �j , we obtainF1�2j= m2j1=2� �j�1 + j�1Xk=1 m2k1=2� �k�1 j�1Yi=k(1=2 + �i)�1 ++ j�2Xk=1 !2j�1Qi=k+1(1=2+�i)"(1=4��2k)q2k �2F 01(0)qk�1�k2 +(k+1)�k�+F 001 (0)�k(k�1)1=2+�k�k(k+1)�#+



17 ðÒÅ�ÒÉÎÔ+!2"(1=4��2j�1)q2j�1�2F 01(0)qj�1�2�j2 +j�j�1�++F 001 (0)� (j�1)(j�2)1=2+�j�1 � j(j�1)�#; (4.8)where F1�2N = F1M2 . Re
urren
e relations (4.5) are transformed intoF1�2j + !2j(j � 1)F 001 (0) =F1�2j�1 + !2(j � 1)(j � 2)F 001 (0)1=2 + �j�1 + m2j1=2� �j�1 ++!2�(1=4��2j�1)q2j�1�2F 01(0)[(2�j)=2+j�j�1℄qj�1�: (4.9)The separation of motion of the system as a whole by means of 
anon-i
al variables (2.10) leads on the quantum level to the de
omposition ofthe Hilbert spa
e HFN into the tensor produ
t HFN = hint 
Hext, where"inner" and "external" spa
es are realized, 
orrespondingly, by fun
tions (�), and f(P+) with the inner produ
ts(f1; f) = 12 1Z0 dP+P+ f�1 (P+)f(P+); (4.10)( 1;  ) = 1=2Z�1=2  N�1Yk=1 d�k1=2� 2�2k! �1(�) (�): (4.11)All the operators ^�j a
t only in hint. When we pass from the fun
tions with inner produ
t (4.11) to the fun
tions'(�) =  (�)N�1Yb=1 (1=2� 2�2b )�1=2 (4.12)with the inner produ
t('1; ') = 1=2Z�1=2 '�(�)'(�)N�1Ya=1 d�a ; (4.13)then 
lassi
al fun
tions F1Zk depending only on the inner variables aretransformed into the following integral operators [19℄( ^Z')(�) = 1=2Z�1=2 W (�; �0)'(�0)N�1Yn=1 d�n; (4.14)
ICMP{99{10E 18with the kernelW (�; �0)= N�1Yd=1 [(1=2+�0d)(1=2+�d)℄(d�1)=2D�1d+1!�� 1Z�1 F1Zk (~q; ~�)exp iN�1Xa=1 ~qa(�a��0a)Ya!N�1Yb=1 d~qb� (4.15)whereDa = NYj=a(1=2 + �j) + NYj=a(1=2 + �0j); (4.16)Ya = 4D�2a+1 NYj=a+1(1=2 + �j)(1=2 + �0j): (4.17)The quantities ~q; ~� have the form~qa = Da+12Da  DaqaQN�1j=a+1(1=2 + �j)++ a�1X�=1(�0����)q� N�1Yj=�+1 1=2 + �0j1=2 + �j1A ; (4.18)~�a = D�1a+10��a NYj=a+1(1=2+�j) + �0a NYj=a+1(1=2+�0j)1A : (4.19)Substituting the expressions for the integrals F1�2j into kernel (4.15)we obtain expression for the operators ^�2j :^�2j= j�1Xk=1 m2k1=2��k�1 j�1Yi=k(1=2+�i)�1+ m2j1=2��j�1 �j�2Xk=1 !2j�1Qi=k+1(1=2+�i) "(14��2k) �2��2k� i(1�k)F 01(0)+2�i(1+k)F 01(0)+1��k! ���k�i(1+k)F 01(0)�14#�



19 ðÒÅ�ÒÉÎÔ�!2 "(1=4� �2j�1) �2��2j�1 � i(2� j)F 01(0)++2�iF 01(0)j + 1��j�1! ���j�1��iF 01(0)j � j4 + j(j � 1)F 001 (0)� (4.20)and boundary 
onditionslim�j!�1=2(1=4� �2j )�'j��j = lim�j!�1=2'j(�j) = 0; (4.21)whi
h ensure the hermiti
ity of (4.20). The operators ^�2j 
an be deter-mined by means of the following re
ursive relations^�2j + !2�j(j�1)F 001 (0)� j�14 � =^�2j�1+!2 �(j�1)(j�2)F 001 (0)� j�24 �1=2 + �j�1 ++ mj1=2��j � !2"(1=4��2j�1) �2��2j�1 � i(2�j)F 01(0)++2�iF 01(0)j + 1��j�1! ���j�1 � iF 01(0)j � 14# : (4.22)Putting j = N we have the expression of the total mass operator ^M2.Operators (4.20) mutually 
ommute[^�j ; ^�k℄ = 0 (4.23)and therefore they have a 
ommon set of eigenfun
tions. Thus, we seethat the Weyl-type quantization rulesWF1 preserve additional (
on
ern-ing to the Poin
ar�e-invarian
e) symmetries whi
h are responsible for theintegrability of the system.Let '(�) be an eigenfun
tion of ^M2 = ^�2N . Putting '(�) =QN�1i=1 'i(�i) redu
es the eigenvalue problem for the operators ^�j to thesystem of N � 1 di�erential equation of the hypergeometri
 type(�2j�1 + !2 ((j�1)(j�2)F 001 (0)� (j � 2)=4)1=2 + �j�1 +

ICMP{99{10E 20+ mj1=2� �j � !2 "(14��2j�1) �2��2j�1�� i(2�j)F 01(0)+2�iF 01(0)j+1��j�1! ���j�1��iF 01(0)j � j4 + j(j�1)F 001 (0)� �2j!2#)'i(�i) = 0; (4.24)where Qj�1i=1 'i(�i) is an eigenfun
tion and �2j is an eigenvalue of theoperator ^�2j and �2j�1 is an eigenvalue of ^�2j�1. Solving system (4.24) andtaking into a

ount boundary 
onditions (4.21) we �nd the fun
tions'nj (�j) = Cnj (1=2� �j)aj (1=2 + �j)bjP (2aj ;2bj)nj (2�j); (4.25)and the eigenvalues of the quantum integrals ^�j�2j = !2 a0 + jXk=1(ak + nk + 1=2)!2 +!2 �(j � 1)�14 � jF 001 (0)�+ (jF 01(0))2� : (4.26)Here aj =sm2j+1!2 � (F 01(0))2; (4.27)bj = a0 + j�1Xk=1(ak + nk + 1=2);nk are integers: nk = 0; 1; 2; :::, and P (2aj ;2bj)nj (2�j) are Ja
obi polynomi-als. The 
onstants Cnj are determined by the equality:jCnj j2 = nj !(2nj+1+2aj+2bj)�(nj+1+2aj+2bj)�(nj + 1 + 2aj)�(nj + 1 + 2bj) : (4.28)Thus, the mass spe
trum of the system isM2n = " NXa=1qm2a � (!F 01(0))2 + ! N�1Xb=1 (nb + 1=2)#2 ++!2 �(N � 1)�14 �NF 001 (0)�+ (NF 01(0))2� : (4.29)



21 ðÒÅ�ÒÉÎÔThe dis
rete spe
trum exists only for real aj . This leads to the inequality!jF 01(0)j � minfmag; a = 1; N; (4.30)whi
h gives additional restri
tion for the type of quantization rulesWF1 .In the two-parti
le 
ase mass spe
trum (4.29) 
oin
ides with the re-sult of Ref.[8℄ where the ambiguity in the quantization pro
edure of thetwo-parti
le os
illator-like intera
tion (4.1) have been 
onsidered withinframework of purely algebrai
 method and two 
lasses of ordering ruleswithout spe
ifying any representation.We see that the mass spe
trum depends essentially on the 
hoi
e ofquantization rule. In the 
ase F1 = 1 we 
ome to the spe
trum of thesystem with the intera
tion (4.1) whi
h has been obtained by the originalWeyl quantization in Ref.[19℄. In this work the generalization of the pureos
illator-like intera
tion has been 
onsidered too. This new intera
tionfun
tion 
ontains also the terms whi
h are linear in the 
oordinates:V ! ~V = V + �XXa<b rab(pa � pb): (4.31)The original Weyl quantization gives the following result (see Ref.[19℄):M2n = " NXa=1rm2a � �24!2 + ! N�1Xb=1 (nb + 1=2)#2++N � 14 !2 + �2N24!2 : (4.32)Comparing the equalities (4.29), (4.32) we see that the quantizationsWF1 , F 01(0) 6= 0; F 001 (0) = 0 of the 
lassi
al system with the pureos
illator-like intera
tion (4.1) gives the terms in the expression for massspe
trum (4.29) whi
h we 
an treat as a presen
e of the linear intera
tionwith � = �2!2F 01(0): (4.33)Then su
h a quantum system is equivalent to those whi
h is obtainedfrom the 
lassi
al system with the intera
tion (4.31) by means of the orig-inal Weyl quantization. Thus, the use of di�erent quantization rules maylead to essentially di�erent quantum results. Moreover di�erent quanti-zations may lead to quantum systems with physi
ally di�erent intera
-tions!In the nonrelativisti
 
ase all the ambiguities in the mass spe
trum(4.29) vanish and we obtain well known energy spe
trum of nonrela-tivisti
 system with the os
illator intera
tion. But the �rst relativisti

ICMP{99{10E 22
orre
tion to the nonrelativisti
 energy depends on the type of quanti-zation:E � ~! N�1Xb=1 (nb + 1=2) ++~2!22
2 8<:1m N�1Xb=1 (nb+1=2)!2��F 01(0)�2 NXa=1 1ma++ 1m �(N � 1)�14 �NF 001 (0)�+ (NF 01(0))2�� : (4.34)Here we renewed 
onstants ~; 
.Let us note that for the quantization of the os
illator-like intera
tionwe have used only quantizations preserving the 
ommutability of thediagram (3.24). Using the quantization rules WF (3.16), whi
h preserveonly the 
ommutation relations of the Poin
ar�e algebra p(1; 1), we 
ouldobtain more ambiguous results for the mass spe
trum.IV. Con
lusionsWe have 
onsidered the problem of 
onstru
tion of a unitary represen-tation of the group P(1; 1) by means of quantization of the 
lassi
al
anoni
al realization of the Poin
ar�e algebra 
orresponding to N -parti
lerelativisti
 system with an intera
tion in the two-dimensional spa
e-timeM 2 in the front form of dynami
s.The Lie algebra of the Poin
r�e group P(1; 1) has three generators:P+; P�;K. Two of them, namely, P+ ; P� belong to the 
omutativeideal h. These two generators determine the square of 
lassi
al totalmass fun
tion M2 = P+P� and the Hamiltonian (evolution generator)H = 12 (P++M2= ^P+). The stru
ture of the Lie algebra of P(1; 1) permitsto redu
e the quantization problem to the quantization of 
lassi
al gen-erator P�. This generator is the only one whi
h 
ontains an intera
tion.On the quantum level, operators belonging to the ideal h generate theevolution and the mass spe
trum of the system via Eqs (3.38), (3.40).For the 
onstru
tion of a unitary realization of the group P(1; 1)we have applied only Weyl-type quantization rules (3.2). It has beendemonstrated that the requirement of preservation of the Lie algebrap(1; 1) restri
ts the set of quantization rules but does not by itself removethe ambiguity of the quantization pro
edure.In the 
lassi
al 
ase the square of total mass fun
tion M2 is the in-variant of the group P(1; 1). Thus, to obtain in the quantum 
ase the



23 ðÒÅ�ÒÉÎÔalgebrai
 stru
ture whi
h is most 
losely related to the 
lassi
al one, thequantum Kasimir operator ^M2 = ^P+ ^P� must be the quantization resultof the 
lassi
al expressionM2 = P+P�. This additional requirement im-poses additional restri
tion on the family of the Weyl-type quantizationrules. But it does not destroy the ambiguity of the quantization either.We have also demonstrated that the Weyl-type quantization rules aresplit into equivalen
e 
lasses. Quantization rules from the same equiva-len
e 
lass lead to the same realization of the ideal h and therefore givethe same mass spe
trum and the evolution of quantized system. Theylead to equivalent unitary representations of the group P(1; 1). The quan-tizations whi
h belong to di�erent 
lasses lead to non-equivalent uni-tary representation of P(1; 1) and give di�erent mass spe
tra. We havedemonstrated this fa
t by the example of the N -parti
le system withthe os
illator-like intera
tion. As it has been shown, in the expressionsof the mass spe
trum (4.29) there appear the terms whi
h one 
an treatas the presen
e of the additional linear intera
tion. Thus, the 
hoi
e ofdi�erent quantizations may 
hange the type of intera
tion and lead toquantum systems with physi
ally di�erent intera
tions. This unexpe
tedresult means that if we start with the 
lassi
al des
ription of a me
han-i
al system then quantization rule seems to be the essential part of thede�nition of the 
orresponding quantum system.A
knowledgmentsI am extremely grateful to Professor V. Tretyak for his interest to thework and en
ouragement. The author would like to thank A. Duviryakfor very helpful dis
ussions.Referen
es1. Feynman R.P., Hibbs A.R. Quantum me
hani
s and path integrals.| M
Graw-Hill Book Company, New York, 1965.2. Kirillov A.A. Geometri
 quantization. // In Itog. Nauk. Tek., 1985.Vol.4, p. 141{178. | Mos
ow, VINITI, 1985 (in Russian).3. Hurt N.E. Geometri
 quantization in a
tion. | D. Reindel Pub-lishing Company, 1983.4. Bayen F., Flato M., Fronsdal C., Li
hnerowi
z A., Sternheimer D.Deformation theory and quantization. I. Deformation of symple
ti
stru
tures. // Ann. Phys. (N.Y.), 1978, 111, No 1, p. 61{110.5. Fronsdal C. Some ideas about quantization. // Rep. Math. Phys.,1978, 15, No 1, p. 111{145.

ICMP{99{10E 246. Karasev M.A., Maslov V.P. Nonlinear Poisson bra
kets. Geometryand quantization. | Nauka, Mos
ow, 1990.7. Gotbillon C. G�eom�etrie di�erentielle et m�e
ani
ue analytique. |Colle
tion M�ethodes Hermann, Paris, 1969; Abraham R., MarsdenJ. Foundation of me
hani
s. | The Benjamin/Commings Publish-ing Company, 1978. | 806 p.8. Tretyak V., Shpytko V. Quantization of the relativisti
 os
illator-like intera
tion in the two-dimensional model of the front form ofdynami
s // Colle
ted physi
al papers of Shev
henko S
ienti�
 So-
iety in Lviv, 1996, 2, p. 275-289 (in Ukrainian).9. Currie D.G., Jordan J.F., Sudarshan E.C.G. Relativisti
 invari-an
e and Hamiltonian theories of intera
ting parti
les. // Rev.Mod. Phys., 1963, 35, No 2, p.350-375; Chelkowski S., NietendelJ. Su
hanek R. No-intera
tion theorems in relativisti
 parti
le dy-nami
s. // A
ta Phys. Pol., 1980, B11, No 11, p. 809{825.10. Dira
 P.A.M. Forms of relativisti
 dynami
s. // Rev. Mod. Phys.,1949, 21, No 3, p.392-399.11. Gaida R.P., Klu
hkovsky Yu.B., Tretyak V.I. Forms of relativisti
dynami
s in the 
lassi
al Lagrangian des
ription of parti
le system.//Teor. Mat. Fiz., 1983, 55, No 1, p.88{105 (in Russian).12. Leutwyler H., Stern J. Relativisti
 dynami
s on a null plane. //Ann. Phys. (N.Y.), 1978, 112, No 1, p. 94-164.13. M.G. Fuda. A new pi
ture for light front dynami
s. // Ann. Phys.(N.Y.), 1990, 197, p. 265-299.14. Gaida R.P., Klu
hkovsky Yu.B., Tretyak V.I. Lagrangian 
lassi
alrelativisti
 me
hani
s of a system of dire
tly intera
ting parti
les.I. //Theor. Math. Phys., 1980, 44, No 2, p. 687-697.15. Klu
hkovsky Yu.B., Tretyak V.I. Tangent Lie-Ba
klund transfor-mation and stru
ture of quasi-invariant Lagrangians. // In: Meth-ods of Studying Di�erential Equations and Integral Operators,Naukova Dumka, Kyiv, p. 91-97 (in Russian).16. Duviryak A.A., Tretyak V.I., Classi
al relativisti
 two-body dynam-i
s on the light 
one. // Cond. Mat. Phys., 1993, No 1, p.92-107 (inUkrainian); Duviryak A. The time-asymmetri
 Fokker-type inte-grals and the relativisti
 me
hani
s on the light 
one // A
ta Phys.Pol. B, 1997, 28, p. 1087-1109.17. Sokolov S.N., Tretyak V.I., Front form of relativisti
 Lagrangiandynami
s in two-dimensional spa
e-time and its relation to Hamil-tonian des
ription. // Teor. Mat. Fiz., 1986, 67, No 1, p.102-114(in Russian).18. Tretyak V.I., Shpytko V.Ye. Some quantum-me
hani
al models in



25 ðÒÅ�ÒÉÎÔthe front form of relativisti
 dynami
s in the two-dimensional spa
e-time./ Preprint of the Institute for Applied Problems of Me
han-i
s and Mathemati
s IAPMM-13-88, Lviv 1988, 25 p. (in Rus-sian); Tretyak V., Shpytko V. Weyl quantization rule in the two-dimensional model of the front form of relativisti
 dynami
s // Ukr.Fiz. Z., 1995, vol. 40, No 11-12, p. 1250-1255 (in Ukrainian).19. Shpytko V. Exa
tly integrable model of relativisti
 N-body systemin the two-dimensional variant of the front form of dynami
s. //A
ta Phys. Pol., 1996, B27, No 9, p. 2057-2070.20. Tretyak V., Shpytko V. On the relativisti
 mass spe
tra of the two-parti
le system. // J. Nonlin. Math. Phys., 1997, 4, No 1-2, p.161-167.21. Shpytko V. Time-asymmetri
 s
alar and ve
tor intera
tions in thetwo-dimensional model of the front form of dynami
s.{ Lviv, 1998.{ (Prepr./A
ad. S
i. Ukraine. ICMP-98-12E, 47 p.)22. Weyl H. The theory of groups and quantum me
hani
s. | DoverPubli
ations, in
., 1931.23. Agarwal G.S., Wolf E. Cal
ulus for fun
tions of non
ommuting op-erators and general phase spa
e methods in quantum me
hani
s.// Phys. Rev. D., 1970., 2, No 10., p.2161-2225.24. Cohen L. Generalized phase-spa
e distribution fun
tions // J.Math. Phys., 1966, 7, p.781-786.

ICMP{99{10E 26



ðÒÅ�ÒÉÎÔÉ ¶ÎÓÔÉÔÕÔÕ Æ�ÚÉËÉ ËÏÎÄÅÎÓÏ×ÁÎÉÈ ÓÉÓÔÅÍ îáî õËÒÁ§ÎÉÒÏÚ�Ï×ÓÀÄÖÕÀÔØÓÑ ÓÅÒÅÄ ÎÁÕËÏ×ÉÈ ÔÁ �ÎÆÏÒÍÁ��ÊÎÉÈ ÕÓÔÁÎÏ×. ÷ÏÎÉÔÁËÏÖ ÄÏÓÔÕ�Î� �Ï ÅÌÅËÔÒÏÎÎ�Ê ËÏÍ�'ÀÔÅÒÎ�Ê ÍÅÒÅÖ� ÎÁ WWW-ÓÅÒ-×ÅÒ� �ÎÓÔÉÔÕÔÕ ÚÁ ÁÄÒÅÓÏÀ http://www.i
mp.lviv.ua/The preprints of the Institute for Condensed Matter Physi
s of the Na-tional A
ademy of S
ien
es of Ukraine are distributed to s
ienti�
 andinformational institutions. They also are available by 
omputer networkfrom Institute's WWW server (http://www.i
mp.lviv.ua/)

÷ÏÌÏÄÉÍÉÒ ´×ÇÅÎÏ×ÉÞ û�ÉÔËÏë×ÁÎÔÕ×ÁÎÎÑ ÷ÁÊÌ�×ÓØËÏÇÏ ÔÉ�Õ ÔÁ N-ÞÁÓÔÉÎËÏ×ÁÒÅÁÌ�ÚÁ��Ñ ÁÇÅÂÒÉ ðÕÁÎËÁÒÅ Õ Ä×Ï×ÉÍ�ÒÎÏÍÕ �ÒÏÓÔÏÒ�-ÞÁÓ�òÏÂÏÔÕ ÏÔÒÉÍÁÎÏ 6 ÌÉ�ÎÑ 1999 Ò.úÁÔ×ÅÒÄÖÅÎÏ ÄÏ ÄÒÕËÕ ÷ÞÅÎÏÀ ÒÁÄÏÀ ¶æëó îáî õËÒÁ§ÎÉòÅËÏÍÅÎÄÏ×ÁÎÏ ÄÏ ÄÒÕËÕ ÓÅÍ�ÎÁÒÏÍ ×�ÄÄ�ÌÕ ÔÅÏÒ�§ ÍÅÔÁÌ�× � Ó�ÌÁ×�×÷ÉÇÏÔÏ×ÌÅÎÏ �ÒÉ ¶æëó îáî õËÒÁ§ÎÉ

 õÓ� �ÒÁ×Á ÚÁÓÔÅÒÅÖÅÎ�


