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õäë: 532; 539.199; 536.77; 541.64PACS: 36.20.-r; 82.35.+t; 36.40.QvóÔÁÔÉÓÔÉÞÎÁ ÍÏÄÅÌØ ÌÁÎ�ÀÖË�× �ÏÎÎÉÈ ÇÒÕ� �ÏÌ�ÍÅÒÎÏÇÏÔÉ�Õ, Ú'¤ÄÎÁÎÉÈ �ÏÄ×�ÊÎÉÍÉ ×ÏÄÎÅ×ÉÍÉ Ú×'ÑÚËÁÍÉI.÷.óÔÁÓÀË, �.÷.çÏÌÕÂÅ�ØáÎÏÔÁ��Ñ. úÁ�ÒÏ�ÏÎÏ×ÁÎÏ Ë×ÁÎÔÏ×Ï - ÓÔÁÔÉÓÔÉÞÎÕ ÍÏÄÅÌØ ÄÌÑ Ï�ÉÓÕ�ÒÏ�ÅÓ�× �ÏÌ�ÍÅÒÉÚÁ��§ ËÏÍ�ÌÅËÓ�× ÕÒÁÎ�ÌÕ UO2[(OH)2UO2℄2+n Ú ×ÒÁ-ÈÕ×ÁÎÎÑÍ ÓÔÁÔÉÓÔÉÞÎÏÇÏ ÈÁÒÁËÔÅÒÕ ÒÏÚ�ÏÄ�ÌÕ �ÒÏÔÏÎ�× ÎÁ ×ÏÄÎÅ×ÉÈÚ×'ÑÚËÁÈ. ÷ÒÁÈÏ×ÁÎÏ ÅÆÅËÔÉ×ÎÕ ËÏÒÏÔËÏÄ�ÀÞÕ ×ÚÁ¤ÍÏÄ�À Í�Ö �ÒÏÔÏ-ÎÁÍÉ, ÄÁÌÅËÏÄ�ÀÞÕ ÅÌÅËÔÒÏÓÔÁÔÉÞÎÕ �ÒÏÔÏÎ - �ÒÏÔÏÎÎÕ ×ÚÁ¤ÍÏÄ�À ÁÔÁËÏÖ ÇÒÁÎÉÞÎ� ÅÆÅËÔÉ ÄÌÑ Ï�ÉÓÕ ×Ó�È ÍÏÖÌÉ×ÉÈ ËÏÎÆ�ÇÕÒÁ��Ê �ÏÎ-ÎÉÈ ÇÒÕ� ÎÁ Ë�Î�ÑÈ �ÏÌ�ÍÅÒÎÏÇÏ ËÏÍ�ÌÅËÓÕ. ðÒÉ �Å×ÎÉÈ ÇÒÁÎÉÞÎÉÈÕÍÏ×ÁÈ ÄÏÓÌ�ÄÖÅÎÏ ÚÁÌÅÖÎÏÓÔ� ×�ÌØÎÏ§ ÅÎÅÒÇ�§ � È�Í�ÞÎÏÇÏ �ÏÔÅÎ��ÁÌÕ�ÏÎÎÏ§ ÇÒÕ�É ×�Ä ÞÉÓÌÁ �ÏÎÎÉÈ ÇÒÕ� × �ÏÌ�ÍÅÒÎÏÍÕ ÌÁÎ�ÀÖËÕ. ïÂÇÏ-×ÏÒÅÎÏ ÕÍÏ×É ÆÏÒÍÕ×ÁÎÎÑ ËÏÍ�ÌÅËÓ�× Ò�ÚÎÏ§ ÄÏ×ÖÉÎÉ.Statistial model of polymer like hains of ioni groups linkedby double hydrogen bondsI.V.Stasyuk, T.V.Golubets'Abstrat. The quantum - statistial model for the desription of poly-merization proess of uranile omplexes UO2[(OH)2UO2℄2+n are pro-posed allowing for the statistial harater of distribution protons on thehydrogen bonds. The e�etive short - range on�gurational interationbetween protons, long - range eletrostati proton - proton interationsas well as boundary e�ets with the desription of all on�gurations ofioni groups on the ends of polymer omplex are onsidered. At the er-tain boundary onditions the dependenes on the number of ioni groupsin polymer hain are investigated. The onditions of omplex formationsof various lengths are disussed.
 ¶ÎÓÔÉÔÕÔ Æ�ÚÉËÉ ËÏÎÄÅÎÓÏ×ÁÎÉÈ ÓÉÓÔÅÍ 1999Institute for Condensed Matter Physis 1999



1 ðÒÅ�ÒÉÎÔ1. Objet of studies.The objet of our study are polymer omplexes UO2[(OH)2UO2℄2+n ofuranile with sheet-like double bridges of ioni groups OH� (Fig. 1) [1,2℄.Objets of suh a type are formed under the inuene of hydrolysis andradiolysis of eletrolyti water solutions.

Figure 1. The shemati strutureof polymer omplex of uranile.
Strong dependene [3{5℄ of aomplex formation on the pH lev-el of environment, metal ion on-entration, and temperature is aharateristi feature of uranileions' behaviour UO2+2 in ele-trolyti water solutions. The de-sription of the inuene of afore-said fators on the proess ofpolymerization of suh objetswith the partiipation of hydrogenbonds from the mirosopi pointof view is an atual problem.The main purpose of this workis the investigation of thermody-namis of the polymerization pro-ess allowing for the statistialharater of distribution protonson hydrogen bonds. We take intoaount e�etive short-range on�gurational interations between pro-tons surrounding an intermediate ioni groups, long-range eletrostatiproton-proton interations as well as boundary e�ets with the desrip-tion of all on�gurations of ioni groups on the ends of polymer omplex.For this intention, we formulate quantum - statistial model and pro-vide alulation of the free energy of polymer omplex and hemial po-tential of ioni group. Their dependenes on the number of ioni groupsin polymer hain at the ertain boundary onditions are investigated.The stability of omplexes of various lengths is onsidered.2. Model of polymer hain.The struture, shown at (Fig. 1), an be presented as a moleular om-plex, where pairs of hydrogen bonds join in series ioni groups. A ase isonsidered, when the groups (A) and (B) at the ends of a polymer arethe same as to their properties as intermediate ioni groups (C).
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Let's intro-due the basisof 4N statesjli = jj1; l1 i 
: : :
 jjk; lk i 
: : : 
 jjN; lN i(lk = 1 : : : 4), where jjk; lk i = jk;Szk1; Szk2 i are single-site states whihare determined by possible values Szkr = �1=2 of a pseudospin ompo-nent for r hydrogen bond (r = 1 { \upper", r = 2 { \lower") on k doublebridge and N is a total number of pairs of hydrogen bonds.E�etive short-range on�gurational interation between protons be-longing to an intermediate ioni group we shall present as follows:Hk;k+1 = w01 ^X11k ^X44k+1 + w0 � ^X11k ^X22k+1 + ^X11k ^X33k+1 + ^X33k ^X44k+1++ ^X22k ^X44k+1�+ "1 � ^X22k ^X22k+1 + ^X33k ^X33k+1�+ "� ^X11k ^X11k+1++ ^X44k ^X44k+1�+ "2 � ^X22k ^X33k+1 + ^X33k ^X22k+1�+ w � ^X44k ^X22k+1+^X44k ^X33k+1 + ^X33k ^X11k+1 + ^X22k ^X11k+1�+ w1 ^X44k ^X11k+1

Figure 2. Energies of protonon�gurations.
where w01, w1, w0, w, "1, "2, "are energies of proton on�gurations(Fig. 2) in a potential minima nearioni group and ^Xpqk = jk; pi hk; qj -Hubbard operators.Hamiltonian of a proton subsys-tem onsists of two parts ^H = ^HS+^HL, where^HSm = (m+ 2)"+ mPk=1Ppq Bpq�� ^Xppk ^Xqqk+1 + ^HA1 + ^HBm+1stands for the short - range on�g-urational interation, and^HLm = �a2(Ze)23 m+1Xl;l0=1(l6=l0) ( ^X11l � ^X44l )( ^X11l0 � ^X44l0 )jl� l0j3 (1)is an eletrostati dipole - dipole long - range part. Herem = N�1 is thenumber of intermediate ioni groups, Ze { e�etive harge of proton, a {



3 ðÒÅ�ÒÉÎÔdistane between potential minimums of protons on the hydrogen bond, { distane between entres of ioni groups and Bpq (p; q = 1 : : : 4) is asquare matrix:fBpqg = 0BBB� 0 w0+w2 � " w0+w2 � " w01 � "� 2Æw0+w2 � " "1 � " "2 � " w0+w2 � "w0+w2 � " "2 � " "1 � " w0+w2 � "w1 � "+ 2Æ w0+w2 � " w0+w2 � " 0 1CCCA (2)Boundary e�ets are desribed by the terms ^HA1 =Pp �Ap ^Xpp1 (\left"end group) and ^HBm+1=Pq �Bq ^Xqqm+1 (\right" end group) whih are inlud-ed in a general expression (see eq. (2)) for model Hamiltonian�A1=�A�"+Æ �A2=�1A�" �A3=�2A�" �A4=�0A�"�Æ�B1=�0B�"�Æ �B2=�1B�" �B3=�2B�" �B4=�B�"+Æ (3)where Æ = (w0 � w)=2 and �0i; �j ; �lk (i; j; k = A;B; l = 1; 2) are quan-tities whih an take values of on�guration energies from the set ofpossible ones (Fig. 2) depending on the number of protons joined out-side to the boundary ioni groups (A) and (B).3. Transfer matrix approah.At the alulation of the free energy of a proton subsystem we use anexpressionFm = � 1� lnZm where Zm = ZSmDe�� ^HLmES (4)where ZSm=Sphe�� ^HSmi is partition funtion of the system with the short- range interations only andDe�� ^HLmES = 1Sp he�� ^HSmiSp he�� ^HLme�� ^HSmi (5)denotes the statistial average on the initial basis with Hamiltonian ^HSm.We shall alulate trae in ZSm using a transfer - matrix method [6℄.By introduing auxiliary diagonal matries ^A=Pp e���Ap ^Xpp; ^D=Pq e���Bq ^Xqq (see setion 2, eq. (3)), and using properties of diretprodut of matries as well as ommutation relation [Xppk ;Xqqk+1℄=0 for pro-jeting operators, we shall obtain a formula for evaluation of partition
ICMP{99{05E 4funtion:ZSm = e��(m+2)"Sp264e�� ^HA1 e�� mPk=1Ppq Bpq ^Xppk ^Xqqk+1e�� ^HBm+1375 == e��(m+2)" ~� ^Ahe�� ^Bim ^D (6)here ~� [: : :℄ is the sum of all elements of the produt of matries^A�e�� ^B�m^D and �e�� ^B�pq=e��Bpq s a transfer-matrix of the system.The transfer-matrix is given by the following expression:�e�� ^B�pq=0BBBBB� 1 e���w0+w2 �"� e���w0+w2 �"� e�2�Æe��(w01�")e���w0+w2 �"� e��("1�") e��("2�") e���w0+w2 �"�e���w0+w2 �"� e��("2�") e��("1�") e���w0+w2 �"�e2�Æe��(w1�") e���w0+w2 �"� e���w0+w2 �"� 1

1CCCCCA (7)The next step is to use a unitary transformation ^U�1e�� ^B ^U whih willput the transfer-matrix (7) to a diagonal form. This allows to present�e�� ^B�m=^U ^�m ^U�1, where ^� is a diagonal matrix � ^U�1e�� ^B ^U=^�� with eigne-values �k .4. Free energy.We onsider the ase when the most probable among various proton on-�gurations near ioni group are the two-proton ones (that orrespondsto the hemial formulae [UO2(OH)2℄2+), and the proton on�gurationswith four or zero protons (energies w01 and w1, see Fig. 2) are prati-ally absent. A great number of works testi�es to this fat [8,9℄, whereon�guration interation mehanism as used not only for desription ofmoleular systems, but also for rystals with hydrogen bonds. Furtheron we use this fat, putting w01 and w1 !1. In this ase at �nite valuesof the parameter Æ = (w0 � w) =2 it is easy to see that the eigenvalues ofthe transfer { matrix (7) are the following:�1 = 12 (1 + 2 + 1) + 12q(1 + 2 � 1)2 + 4�2 �3 = 1 � 2�2 = 12 (1 + 2 + 1)� 12q(1 + 2 � 1)2 + 4�2 �4 = 1where 1 = e��("1�") 2 = e��("1�") � = 2e���w0+w2 �"�



5 ðÒÅ�ÒÉÎÔCorrespondingly, we obtain a on�gurational ontribution to the par-tition funtion of the system:ZSm = 14 (�m1 + �m2 ) ��+A�+B + �+A�+B�+ 14 (�m1 � �m2 ) � 1p'2+1 ��+A�+B++�+B�+A�� 'p'2+1 ��+A�+B + �+A�+B��+ (1�2)m2 ��A��B � 12��A��B (8)here notations are introdued (' = 1+2�12� ):��A = e��(�A�"+Æ) � e��(�0A�"�Æ) ��B = e��(�B�"+Æ) � e��(�0B�"�Æ)��A = e��(�1A�") � e��(�2A�") ��B = e��(�1B�") � e��(�2B�")We alulate the full partition funtion of system using the expres-sions (4) and (5) with the help of the umulant expansion of a statistialmean value De�� ^HLmES.Let's introdue a notation � = ��a2(Ze)23 (� = 1=kT ); then
e�� ^Um�S=
e�� ^Rm�S, where^Rm = m+1Xl;l0=1 ( ^X11l � ^X44l )( ^X11l0 � ^X44l0 )jl � l0j3 (l 6= l0) (9)We will take into aount a small values of � parameter that orre-sponds to high - temperature expansion. Then, when the terms up to theseond order are taken into aount, we obtain the following expressionfor free energy:F (m) = "(m+ 2)� 1� h ln�Sphe�� ^HSmi���h ^RmiS++�22 �
( ^Rm)2�S�h ^Rmi2S�i (10)where mean value h ^RmiS and dispersion 
( ^Rm)2�S�h ^Rmi2S an be alu-lated using the relation (9).5. Averages.We demonstrate the sheme of alulating of D ^Xp1p1i1 : : : ^Xpnpnin ES aver-ages appearing at this stage on the example of pair orrelation funtionD ^Xrrl ^Xssl0 ES .

ICMP{99{05E 6Using (6) we haveD ^Xrrl ^Xssl0 ES =  Pn1;n2:::nm+1 ÆrnlÆsnl0 e��A(n1)e��Bn1n2 e��Bn2n3 :::::: e��Bnmnm+1 e��D(nm+1); where  = e��(m+2)"=Sphe�� ^HSmi (11)Using a notation V pq = e��Bpq for transfer - matrix we obtain from(11) a following four alternatives (l0 > l):Variant I (1 < l < l0 < m+ 1)D ^Xppl ^Xqql0 ES =  Pn1;nm+1 e��A(n1)hn1j ^V l�1jpi
p�� ^V l0�l��q���
q�� ^Vm�l0+1��nm+1�e��D(nm+1)Variant II (1 < l < m+ 1 and l = m+ 1)D ^Xppl ^Xqql0 ES = Pn1 e��A(n1)hn1j ^V l�1jpihpj ^Vm�l+1jqie��D(q)Variant III (l = 1 and 1 < l0 < m+ 1)D ^Xppl ^Xqql0 ES =  Pnm+1 e��A(p)
p�� ^V l0�1��q�
q�� ^Vm�l0+1��nm+1�e��D(nm+1)Variant IV (l = 1 and l0 = m+ 1)D ^Xppl ^Xqql0 ES = e��A(p)hpj ^Vmjqie��D(q):6. SummaryThe results presented below are obtained by means of numerial alula-tions. They show the dependenes of free energy F (m) on the length ofpolymer hain (number of intermediate ioni groups m ) for the di�erentboundary onditions at various temperatures.We have used the values for energies of proton on�guration inter-ation: "1 and "2 in the range 100 : : :150 m�1; w and w0 in the range600 : : :800 m�1 (Ze = 1=4e). These values are harateristi for thesystems [8,9℄ with hydrogen bonds.The parameters a and  we took from strutural data [7℄ (a = 0:5�Aand  = 6:064�A). These distanes are spei� of hydrogen-bonded rys-talline ompounds with uranile (�T=298K = �0; 08). The seond orderterm in umulant expansion (5) gives a ontribution no greater than 25-30 % of the linear one. The main results an be summarized as follows:



7 ðÒÅ�ÒÉÎÔ1. In the ontext of aepted approah for the proposed model weobserve the e�et of linear dependene of the hain free energy onnumber of links at inreasing of m. In this ase the free energyper one ioni group goes into saturation. Taking into aount thelong - range interation do not ause essenial hanges. The oneexeption is shown in the Fig. 3(b) that orresponds to lower tem-perature. This is a result of using of high - temperature expansionapproximation at the onsideration of the long - range interation.2. We an eluidate the role of deviation of the F(m) dependenefrom the linear one by onstruting orresponding dependenes forderivative �F=�m = �. This quantity plays the role of hemialpotential of ioni group UO2+2 in the polymer hain. The equilibri-um state of hain in the surrounding medium (eletrolyti solution)an be determined by the ondition � = ~�, where ~� is hemial po-tential of ioni group in surrounding medium. At � < ~� preferableis the assoiation of the ioni groups into hains. Whereas at � > ~�the state with ioni group in solution is more stable.3. As it is evident from graphs in Fig. 4, we an separate three regions(I,II,III) of possible values of hemial potential ~�. It orrespondsto essentially di�erent behaviour of investigated system. In theregion I (~� > �) the formation of hain with arbitrary length takesplae. In the region III (� > ~�) a hain falls to piees. Of speialinterest is a ase when ~� is situated in area II. The hain is unstablefor dereasing dependene �(m) at m < m� (see Figs. 4(a), 4(b)),wherem� is de�ned by ondition �(m�) = ~�(m�). Whereas, atm >m� the reation of hains with a large number of links leads to morestable states. Here m� plays a role of lowest ritial size of hain.When � is inreasing with m (Fig. 4()), the states with m < m�are stable. In this ase short hains are preferable. Nonmonotonidependene of �(m) (Fig. 4(b)) an lead to existene of hainswith some de�nite length whih an be obtained from onditionof minimal value of �(m). Suh a behaviour takes plae when ~� issituated in region II.4. The graphs represented in Fig. 3 and Fig. 4 orrespond to om-plexes with di�erent proton on�gurations at their ends. As it isevident from the beforesaid, the hains stability depend ritiallyon the boundary onditions. The realisation of the ertain bound-ary proton on�gurations has a statistial harater. That is whythe more onsistent desription of this e�et should use a great
ICMP{99{05E 8anonial ensemble at the desription of proton subsystem. It givesa possibility of loser examination of the surrounding medium rolein the uranile polymer omplex formation.7. AknowledgementThis work was supported by the INTAS-Ukraine-95-0133 projet. Theauthors are pleased to express their gratitude to the INTAS.Referenes1. I. R. Yukhnovskii, A. L. Ivankiv, V. V. Ignatyuk, G. S. Dmytriv,M. V. Tokarhuk. Problems of desription of nulear physial andhemial proesses in nulear magma inside objet \Shelter". I. Ra-diolysis in a system \nulear magma - water". - L'viv, 1996. - 15p. -(The preprints of the Institute for Condensed Matter Physis of theNational Aademy of Sienes of Ukraine).2. Davydov Yu. P.,Yefremenkov V. M., Skriptsova A. V. Investigationof polymerization U(VI) in solutions. - Radiokhimiya, 1973, No 3,p. 452-454.3. Davydov Yu. P. State of radionulides in solutions. Minsk.,"Sieneand tehnique ", 1978, 224p.4. Nazarenko V. A. , Antonovyh V. P., Nevskaya E. M. Hydrolysis ofions of metals in the diluted solutions. M.: Atomizdat, 1979, 192p.5. Fishtik I. F., Vataman I. I. Thermodynamis of hydrolysis of metal'sion. Kishinev, \Shpiintsa", 1988, p.293.6. G. Ziman. The theoretial physis of uniformly disordered systems.- M., Mir, 1982, 591p.7. Volod'ko L. V., Komjak L. I. ,Umrejko D. S. Uranile ompounds.-Minsk.: BGU, 1981, v.1,2.8. I. V. Stasyuk, Yu. V. Sizonenko, R. Ya. Stetsiv. Eletron states andadiabati potential of the hydrogen bond.- L'viv, 1997. - 30p. - (Thepreprint of the Institute for Condensed Matter Physis of the Na-tional Aademy of Sienes of Ukraine).9. I. V. Stasyuk, O. L. Ivankiv, N. I. Pavlenko. Orientational - tun-nelling model of one-dimensional moleular systems with hydrogenbonds. - Journal of Physial studies, 1997, v.1, No 3, p.418-429.



9 ðÒÅ�ÒÉÎÔ

Figure 3. Free energy F (m) of polymer hain as a funtion of number ofioni groups m with an aount for: (1) { the short-range on�gurationinteration only, (2) and (3) { the short - range interation and thelong - range one in the �rst and seond orders of umulant expansionrespetively. Temperature and energies of proton on�guration (" = 0):(a) { T = 298K, "1 = "2 = 125m�1, w0 = w = 800m�1 (�A = �B =w, �1A = �1B = "1, �2A = �2B = "2, �0A = �0B = w0); (b) { T = 150K,"1 = "2 = 125m�1, w0 = w = 800m�1 (�A = �B = w, �1A = �1B = "1,�2A = �2B = "2, �0A = �0B = w0); () { T = 298K, "1 = "2 = 125m�1,w0 = 200m�1, w = 800m�1 (�A = �B = ", �1A = �1A = �2A = �2B = w0,�0A = �0B =1); (d) { T = 298K, "1 = "2 = 0m�1, w0 = w = 800m�1(�A = �0B =1, �1A = �2A = w, �1B = �2B = w0, �0A = �B = ");
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Figure 4. The hemial potential �(m) as a funtion of number of ion-i group m alulated allowing for the short - range and long - rangeinteration between protons (Themperature and energies of proton on-�gurations are the same as in Figure 3 in the ases (a)-(d)).
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