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Awnoranis. I[lobymoBana MiKpOCKOMiYHA MOIE/Ib [jIdA OMUCY ITAHAMIKT
MTPOTOHHOI MiICHCTEMH B CYIEPIOHHUX KPUCTAJIAX 3 BOIHEBUMU 3B’ A3Ka-
MU, B AKifi ONUCAHO MEXaHi3M MPOTOHHOTO TPAHCIIOPTY, & TAKOXK edeKT
3MilIeHHA CyCiaHix KuCHIB npu (pOpMyBaHHI BOIHEBOIO 3B’#A3Ka, IO Be-
J1e 110 CUJIbHOI IIPOTOH-(DOHOHHOI B3AEMOMII Ta 10 YTBOPEHHs [IPOTOHHO-
ro noJiapory. Ha ocHoBi momesni, sika OmmCye IPOTOHHI BIIOPSAIKYBAH-
Hs, BPAXOBAHO TAaKOXK Bipryasbhuil (B cynepionnux dasax) abo Bo-
PAIKOBAHUI XapakTep CUCTEMU BOAHEBUX 3B a3KiB. [IporoHHA MPOBiI-
Hicrb obuuncsiena B pamkax repii Ky6o (sk npuksiai posisanaiuch Kpu-
craiu kyacy MsH(XOy),). IIpoananizoBano remuneparypHi 3a/1exHOCT
nposiguocTi. BusHadeno eprii aktuBariii, a TAKOXK BILJINB HA, 1X 3HATEHHS
BHYTPINIHIX JAJEKOMIIOYUNX TOJIiB, IO BUHUKAIOTH B PE3YIbTATI MPOTOH-
HUX BIIOPAIKYBAHb.

Protonic Conductivity at the Superionic Phase Transitions
N. Pavlenko

Abstract. Microscopic model for the description of the proton subsys-
tem dynamics in superionic crystals with hydrogen bonds is developed.
Besides the including the proton transport mechanism, the effect of the
nearest oxygens displacement at the hydrogen bond formation is account-
ed for. The latter fact is the reason for the strong proton-phonon coupling
that leads to the polaronic effect. Using the occupation number formal-
ism the virtual (in superionic phases) or ordered (in low-temperature
phases) character of the hydrogen-bonded system is taken into account
on the basis of the proton ordering model. The protonic conductivity
studies are carried out in the frame of Kubo theory for the cases of supe-
rionic phases as well as at low-temperature phases with different types
of proton ordering (as an example the M3H(XOy4)2 -class of crystals is
considered). Temperature dependences of conductivity are analyzed. The
activation energies for the static conductivity are determined; in this case
the influence of internal field which appears as the result of the proton
ordering is investigated.
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1. Introduction

Hydrogen-bonded superionic crystals are well known for their proton or-
derings at low temperatures as well as for high protonic conductivity
which increases significantly in the high-temperature superionic phases.
In this case the conductivity phenomenon is connected with the dynami-
cal disordering of the hydrogen-bond network resulting in the increase of
the number of possible positions for protons. It is generally accepted from
the results of the neutron scattering studies [1-3] that the proton trans-
port proceeds in the frame of the two-stage Grotthuss mechanism. This
process includes the transfer of the proton within the hydrogen bond (in-
trabond motion) and breaking of the hydrogen bond together with the
reorientation of ionic group involved in the hydrogen bond formation
(interbond transfer). Despite the detail experimental investigations of
the proton migration process there still exist unresolved problems in the
theoretical description of this phenomenon. It is caused by the complex-
ity of the problem of proton transport in the two- or three-dimensional
hydrogen-bond network.

In this work the crystals which belong to MsH(XOy4), (M=K, Rb,
Cs, NHy; X=Se, S) family are considered as the objects for the proton-
ic conductivity investigations. In these compounds the conductivity is
significantly higher in the conducting planes formed by the vertex O(2)-
oxygens connected by the vitrual hydrogen bonds in superionic phases.

The crystals of this class are isomorphic that explains the similarity of
phase sequences occurring in them. In most cases the superionic phase
of trigonal symmetry transforms on cooling into ferroelastic phase of
monoclinic or triclinic symmetry with the further ferroelectric ordering.
The typical crystalline structure of the unit cell in the superionic phase
with coordinate R,, = mia; +msas+msas in rhombohedral coordinate
system with the lattice vectors

a_\/§11a_\/§11a_01
1= 200,2610,30 2 = 200,2610,30 3 = 700,30

is shown in Fig. 1. There are two XO4 groups and three virtual hydrogen
bonds f = 1,2, 3 adjacent to the upper group XOY in the elementary unit
cell. Another three hydrogen bonds near the lower X0 group belong to
the neighbouring unit cells with the vectors R,, — ay.

In the low-temperature phase the frozen-in hydrogen bonds form well-
defined sequences of dimers consisting of XO4 tetrahedra connected by
the O(2)'-H-O(2)" hydrogen bridges. The two types of ordering with the
different character of the dimer sequences can occur in this crystal class.
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In the first case (phase III for (NH4)3H(SeO4)2 (TAHSe), phase III for
RbsH(SeO4)2 (TRHSe)) the doubling of the unit cell along one of the
translation vectors ay corresponds to the star {ka} = {3b1, $b2, 1bs}
in Kovalev notations [4]. In the case of ks = b3 the alternating dimer
sequences along a; and a directions are formed.

O
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Figure 1. Projection of the rhombohedric primitive cell of TAHSe with
lattice vectors a1, as, as on the (001) plane in the hexagonal coordinate
system in phase II. The open, solid and hatched big circles correspond
to the possible positions of O(2) oxygens with the different values of z;
A (z=0),B (2 =1/3) and C (2 = —1/3) denote the positions of Se
atoms in SeQO) groups. The small circles indicate the proton positions
within the hydrogen bond.

Another type of ordering (phase IV in TAHSe, phase II in
(NH4)3H(SO4)2) is distinguished by the parallel sequences of dimers
which include hydrogen bridges of the same index f. However, the hy-
drogen bonds are shifted alternatively by +6 (§ = 0.025b where b is the
lattice parameter in phase IV) in the (z,y) plane. This corresponds to
the ordering with the vector kg = %(bl + bz + b3).

The rearrangements of the hydrogen-bond network at the superionic
phase transitions have been studied in the framework of the lattice-gas-
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type model in [5]. In this case the Hamiltonian has the following form:

!

H= % D T (mm gt g = Y Mg (L.1)
e ms

where n,,y = {0, 1} is the proton occupation number for position f in the
primitive unit cell at R,,; @7 (mm') is the energy of the proton inter-
actions, p denotes the chemical potential which determines the average
proton concentration.

The investigations of the thermodynamic properties of the proton
subsystem have been carried out in [5,6] using the mean-field approxi-
mation as well as taking into account the short-range proton correlations
and the gaussian fluctuations of the molecular field. The influence of the
ionic group reorientations on the phase sequence has been also studied in
[7]. It turned out that this effect is of the primary importance for the de-
scription of the phase sequence occurring in TAHSe with two superionic
(I, IT) and two ferroelastic III and IV phases.

This work uses the previous results concerning the proton orderings
for the evaluation of the protonic conductivity. It is shown that the
distinction of the different types the hydrogen bonding (virtual in the
superionic phases and ordered at the low temperatures) leads to the
temperature dependences of the protonic conductivity that is similar to
the experimentally observed.

2. Polaronic effect and proton dynamics

It is well-known from [8-10] that the creation of the hydrogen bond in-
duces the deformation of the XO4 group involved in the bond formation.
In particular, this process is accompanied by the shortening of the dis-
tance between the vertex oxygens O(2)" and O(2)"” that leads to the
localization of the proton between the oxygens (so-called polaronic ef-
fect) as well as to the increase of the activation energy for the bond
breaking and hopping of the protonic polaron to another localized posi-
tion in the lattice. To account this fact one should determine the normal
vibration modes of the vertex oxygens in the conducting planes.

The potential energy of the oxygen subsystem in the harmonic ap-
proximation is given by:

¢ =¢o+ Z Z Z bap(mk;m' k' uo (mk)ug(m'k'"),

mm' kk’ af=1,3
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where k = 1,2 is the sublattice number of the m-th unit cell and the
force constants

bapg(mk;m'k") = ¢
BT -~ Qua(mk)Oug(m'k") |,

Taking into account the interaction between nearest neighbours in (z, y)-
plane (the distances between upper and lower sublattice oxygens O(2) in
cell which is about 7.3A exceeds the separation between nearest oxygens
in (z,7)-plane which amounts to 3.5 A) the matrices ¢(mk;m’k') can be
represented in the following form:

a c
p(mlm +a1,2) = ( c a+2/\/§c>’

a —c
p(mlim + a,,2) = ( —c a+2/V3c )’

a+ V3¢ 0 )

¢(m1;m+a3,2)=< 0 o c/\3

b(mk; m) = (’5 2)

Considering only displacements of the O(2) oxygens in (z,y)-plane,
we have the following dynamical matrix:

Dll D12
D(k) = |:D21 D22 ] )

where

a(eikal + eikﬂ,z)_'_ c(eikﬂ,l _ eika2)
Dizy = | (VA
= (a + 2\/36)(6““” + eik:a2)+ )

(a — V/3c)etkas
] , D*' (k) = D'?(—k).

c(eikal _ eikag )

h 0O

11\ — N22(L) —

D (k) =D>*(k) = [0 h
The problem of determination of the normal vibrational modes thus

reduces to the evaluation of the eigenvalues (vibration frequencies) and

polarization vectors of the matrix D(k). In particular, for the case k = 0

we have:

w1/3(0) = h+ (3a + V3¢), w/4(0) = h — (3a + V3e), (2.1)
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1 0
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U = — 5 U>s = —— , 22
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0 -1
3 \/§ 0 ) 4 \/5 1 )
1 0

that points on the existence of the two different types (in-phase and an-
tiphase) of the oxygen vibrations with different frequencies. The similar
situation is observed in other symmetric points of the Brillouin zone.

We should take into account the change of the proton potential on the
hydrogen bond due to the antiphase vibrations of the oxygens that leads
to the shortening of the bond length. Thus the modes j = 2 and j =4
are considered with the coordinates of the polarization vectors us and
uy approximated by their values for k = 0. After that the interaction of
the protons with the oxygen vibrations can be represented in the second
quantization form:

Hyrpn = Z Z'rmf(kj)(bkj + bJ—rkj)nmfa (2.3)
mf kj

where sz, br; are the phonon creation and annihilation operators of j-th
optical branch for the vector k. The coefficients 7,7 (kj) are given by:

Tm1(kj) = —\/%VV {(um(l) — 1/\/§ujy(1))eikRm

—(u;2(2) — 1/\/?_>ujy(2))eik(Rm+a1)} 7

i) = | gz VY e )+ 1/ VB ()R
—(uj0(2) + 1/\/§ujy(2))eik<ﬂm+az>} , (2.4)

Tma(k9) = =y 2Nthj(k)VV% {y (e =

e,

_po
where VV = %, Tmy is the proton coordinate on the f-th
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bond of the m-th unit cell; V(r,,; — R.,,) is the interaction potential
between the proton and the oxygen O(2) of the upper ionic group XOy.

Besides that, the vibration energy of the oxygen subsystem in the
harmonic approximation is given by:

Hypp =Y Two; (k)b b (2.5)
kj

From the recent results of x-ray and neutron scattering studies [11]
it is shown that the O(2)'-O(2)" separation length can be reduced to
2.4 A in the superionic phases that provides near barrierless proton trans-
fer within the hydrogen bond [12]. Thus the description of the proton
mobility can be based on the assumption of the one-minimum proton
potential on the bond (in other words we neglect the intrabond proton
transfer process). With this conjecture the proton transport process can
be considered as the dynamical breaking and creation of the hydrogen
bonds connected with the HXOy ionic group rotations:

H; =Qgr Z {C;bfcmf’ + C;+af—af,,fcmf’ + H-C-} . (2.6)
Ay
Here cg > Cmyg are the proton creation and annihilations operators. We
represent the interbond proton hopping as the quantum tunneling with
the corresponding transfer integral Q.

Using the canonical Lang-Firsov transformation to the new equilib-
rium states of relaxed oxygens with the proton between them

i = oS He
where
o Tms (KJ)
S:anfvmf, U f :zzignf%(bkj—bfkj). (2.7)
- hw; (k)
mf vekj
we have the following Hamiltonian:
. ~ 1 ~
D SRS DL
mf mm/
5
> hw;(k)b b + H,,
kj
H = Qg Z {c;fcmf/Xffr(mm)+ (2.8)

m
F#f!

c:z—i-af—afr,fcmf'Xff’ (m + ayp— af’7m)} + H.ec.,
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where the band narrowing factor
Arppr(mm! [kj)
X¢p(mm) e A
fpmm’) =e * ,
Ay (mm|[kj) = T g (k) = Towr g2 (K3).

Here

fi = +Z |Thw]

= Ty (k)T pr (—kj
Dsp(mm') = ®pp (mm') —22 ! hzu](k]:)( )
kj

are the proton chemical potential and the energy of interaction between
protons which are renormalized due to the lattice polarization and for-
mation of the protonic polaron as the result.

The description of the proton ordering using the Hamiltonian (2.8)
without the directly included transfer term have been performed in [5].
It is shown that whereas MFA gives the qualitatively correct results con-
cerning the phase transition sequence in M3H(X0Oy,), crystals, additional
consideration of the gaussian fluctuations of the molecular field signifi-
cantly decreases the transition temperature. It provides the possibility
to compare quantitatively the results of the theoretical studies with the
experimental data. Thus for the evaluation of the protonic conductivity
we will use the temperature dependences of the thermodynamical func-
tions, average proton occupancies 7,y and proton chemical potential
obtained in gaussian approximation.

3. Protonic conductivity

The conductivity of protons can be found in the framework of the Kubo
linear response theory [13,14]:

:l - i(w+tie)t 7 g
y /0 dte /0 AN (E — iBA)J(0)), (3.1)

where the proton current is given by:

e eQR
J = E[H,LE = Z Rff/ fcmf/Xff/(mm)
m f#f

+c;fcm+af,af,7f/Xff/ (mym+ay—ayp)+ H.cl], (3.2)
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and x = me NmfTmy is the proton polarization operator. Here the vec-
tors connected the centers of the hydrogen bonds Ry = Ryp(mm) =
Tmf —Tmjf’ -

It is well-known that the proton current can be represented as a
sum of two terms. The first part corresponds to the coherent motion
with the bandwidth narrowed by the phonon average (X (mm')) that
take into account the decrease of the proton transfer integral Qp due
to the oxygens vibrations. The second part (polaronic current) describes
the phonon-activated proton hopping between the localized sites in the
lattice:

e eQR
Jp = [H,2] = Z > Ryplcf, semp Xy g (mm)
m fFEf
+c;fcm+af,af,,erffr(m,m—|—af —ayp)+ Hel, (3.3)

where the operators X ;s (mm') = Xy (mm') — (X (mm')) character-
ize the phonon scattering processes which accompany the proton trans-
fer. Further we will consider the polaronic transport which corresponds
to the phonon activated hopping because of the dominant contribution
of this part to the total protonic conductivity at the high temperatures.
In this case the correlation function (J(z)J(0)) (z =t —ihA) in (3.1)
will be evaluated in the second order perturbation theory on the hopping
term g at the strong proton-phonon coupling limit. This allows us to
decouple the following averages

(sz (Z)cm’f’ (Z)Xffr (mm') |z621f1 cm’lf{ Xf1f{ (M1m’1)> —
(ch s (@)emrp (2)Eh 5 emn ) (X pr(mm") [ X g, 7 (mamy))
to the proton and phonon parts which can be evaluated separately. The
proton correlators can be obtained taking the proton part of the Hamil-
tonian (2.8) in the mean-field approximation:
(e @em g (2)eh, pemyp) = 5y (m —mi)dp g, (m' —ma)
A p(l — ﬁmrf,)e;_ihf(m)*%’ (m')+® g (mm)(fom g =R )] - (3.4)
where the internal field acting on the proton on the f-th bond of the

m-th unit cell v¢(m) =3, B fpr (mm )iy -
Evaluation of the phonon correlation function yields:

Uypr = (Xpp(mm')| . Xpr s (m'm)) = PP, (3.5)

exp Z |ATsp (mm!|kj)|? cosw;(k)(z + 1/2ihp3)

o (hw;(k))? shl Bhw; (k)
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Here

PYp= (Xpp(mm)(Xpp(m/m)) = (3.6)

A71pp(mm'|kj 1
exp Z| f];le |2 ) thiﬁhwj(k:)

The processes we are interested in going on in the temperature range
near the superionic phase transition. This provides a possibility to as-
sume
2

Ny -
Z |ATs o (mm/ |k ) o> 1,

e (eo; (k))2sh B (k)
that is valid at the high temperatures and in the strong proton-phonon
coupling regime. In this case expansion of the exponent in (3.5) in the
vicinity of z = ——zhﬂ gives us:

T il L S
-2 (hw; (k)2 thBhw; (k) (=+1/2ikB)2

Uppp=e * e &z (3.7
where the parameter 7 which characterizes the average hopping time
length between two localized positions is given by:
2

Z |ATs o (mm/ | k)

h*shiphw; (k) (38)

Taking the Einstein approxnnatlon for the optical phonon frequencies

wa(k) = wy(k) = wo, we have 72 = ngﬂ;f with the polaron binding
energy Ey = A;gw 32, M is the oxygen mass.

We use the procedure proposed in [15] with the deformation of in-
tegration contour in the complex plane for the integration of obtained
expressions (3.5), (3.7) over ¢ and A. The resulting expression for the real
part of the conductivity along the direction given by the vector r is the
following;:

e?0% 2 hSh 2
a(w)" — " \/_S ﬂ w/ —5/12BE, CE % (39)
Bt ve hw/2
_ _ ;= 2 , 2
D (R p)*np(1—nyp et /200y emm lwhas )
I
where v, is the lattice volume, arp = ®o(1 — 7ty + 7ip)/20, &9 =
®15(m,m+ a1 —az) = B15(m,m+ a1 — az) = Pag(m,m + as — as) is
the interaction between the nearest neighbours. R;Z 18 the projection
of R¢y on 7.
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4. Analysis of the transport coefficients

After consideration of (3.9) it becomes apparent that several different
activation energies exist in the system:
pif 5 > 1 ® _ _ 3 _ _ 9
1 =SBy — (1 =iy +ip) + =BG (L— Ty +7pr)? By, (41)
12 4 80

which correspond to the contribution of the different transfer processes
(here we imply the transfer between the different sublattices) and appear
in the expression for conductivity with different weights which change
with temperature. It should be noted that the total activation energy
(4.1) consists of the polaronic part (first term) and the part which ap-
pears in the result of the interproton interactions and proton orderings.
The temperature dependence of the different phonon-activated transfer
processes is determined by the redistribution of the average proton oc-
cupancies of three sublattice f = 1,2, 3. In particular, in the superionic
phase wheb the hydrogen-bond network is disordered, only one activa-
tion energy exists E0 = 2 Ey — $®o + &®3/Eo.

In the low-temperature phase with the phase III (TAHSe)-type pro-
ton ordering (’ﬁ,l =1,n, =ng = 0or 'FLQ =1,n =ng = 0) in the
saturation state E2* = 2 E, — 19, + <I>0/E0 with zero weight and
E? = EP = 2E, > EY if By > <I>0, that holds in the case of
the strong polaronic effect. In the phase with the ordering of phase IV
(TAHSe)-type (i3 = 1, iy = s = 0) the activation energy E3! = E3% =
%EO. Therefore the activation energy in the ordered phases is always
higher than in the superionic phase that agrees with the experimental
observations [16,17].

Temperature dependences of the conductivity evaluated using (3.9)
along two different directions (210) and (010) in the (001) plane are
shown in Figs. 2, 3 for the different values of the polaron binding en-
ergy FEy and for the different types of the phase transitions. One can
see that at 7 < 7y; (75 is the superionic phase transition temperature)
the conductivity strongly increases that corresponds to the kink in the
Arrhenius coordinates. Furthermore, the increase of the energy Ey leads
to the lower values of o that is evident due to the stronger localization
of the proton on the hydrogen bond.

evaluated from (4.1) are the following: in the superionic phase E? =
0.18 ¢V and in the saturation states of the ordered phases E, = 0.2 eV,
that is, this is lower than the experimentally obtained value ~ 0.3 eV
at 7 = 7. To obtain the better fit to the experimental data is the low-
temperature region it is necessary to take into account the additional
short-range proton correlations which arise due to the polaronic effect
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Figure 2. Temperarure dependences of the protonic conductivity 6 =
0 /co, where ¢y = 2¢2a30%/7/hw.|a|? for b = bja = 1, (a = [®11(k =
0) — ®12(k = 0)]/v6, b = [®11(k3) — ®12(k3)]/V/2, the case of the phase
transition II-IV is observed) ®¢/|a| = 0.55, Ej = Ey/|a|; (b) the case of
Ey/|a] = 2 in Arrhenius coordinates.

0.10 g —2.00 1

i~ 1 ~ — (210
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E _— E::%g ]
1 oeee Foos ~3.00
1 coooe E'=5.0 ]
0.06 B ]
0.04 ST ]
E ’ -4.00 4
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] -~ T ] 1/1
0.00 PRIy e -5.00 Lt
0.0 0.4 0.8 1.2 0.83 133 143

Figure 3. Temperarure dependences of the protonic conductivity & for
b = 3 (the case of the phase transition II-III is observed); (b) Ey/|a| = 2
in Arrhenius coordinates.
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and lead to the larger values of the activation energy in the ordered
phases. The relation Ey < 202 follows immediately from the values of
the parameters in Fig. 4 that is valid for the case of the strong proton-
phonon coupling (small-polaron regime) [18].

10" 1

g, 0 'em”

soooe xPeriment

Eo

=5.2; Qr'=0.15

Figure 4. Comparison of the temperature dependences of the protonic
conductivity, measured for the crystal TAHSe and calculated using (3.9),
"= = Qpr/la| (in this case Qg = 109 cm ™, hiwy = 455 em™1).

Fig. 4 shows the comparison of the obtained conductivity for TAHSe
with the experimental measured values. The value of VV' can be found
from the evaluated in [12] dependence of the proton potential on the
distance between oxygens, in this case VV = 2.4 eV/A. We can see that
whereas in superionic phase both curves agree well, at the low temper-
atures the measured conductivity is lower. The observed drop od ¢ at
the phase transition is steeper than calculated one. The values of the
activation energy

Conclusions

In this work the protonic conductivity in superionic crystals has been
analyzed in the frame of the proton ordering model with additional tak-
ing into account the reorientational proton transfer processes. The one-
minimum approximation has been considered for the proton potential
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within the hydrogen bond. The expression for the conductivity is ob-
tained using the Kubo theory for the regime of the strong coupling be-
tween protons and antiphase vibrational modes of the oxygens involved
in the H-bond formation that leads to the shortening of this bond, lo-
calization of the proton and to the strong polaronic effect as the result.
The following key points should be stressed. Firstly, we note that tak-
ing into account the rearrangement of protons at the superionic phase
transition provide the possibility to obtain the temperature dependence
of the protonic conductivity with the characteristic kink observed in ex-
periments. Secondly, the evaluated activation energy in the superionic
phase is lower than in the ordered phases due to the proton localization
on the hydrogen bond as well as to the redistribution of the protons at
the phase transition. The large polaron binding energy induces the sig-
nificantly decrease of the conductivity value. And finally, to obtain the
better fit of our results with experiment in the low-temperature phas-
es, the short-range correlations between protons should be considered
additionally.
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