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Анотацiя. Розглянуто вплив корельованого переносу на перенос
заряду та тепла в сильноскорельованих матерiалах, що описуються
моделлю Фалiкова-Кiмбала. В рамках теорiї динамiчного середнього
поля отримано точнi розв’язки для густини станiв та транспортних
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розмiщена мiж нижньою та верхньою Габбардiвськими зонами, з
незначним внеском у термоелектричнi властивостi.
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lated hopping for the Falicov-Kimball model on Bethe lattice
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Abstract. An influence of correlated hopping of the charge and heat
transport in the strongly correlated material described by the Falicov-
Kimball model is considered. An exact solutions for the density of states
and transport coefficients are derived within the dynamical mean field
theory for the Bethe lattice. It is obtained that “quasiparticle” scatter-
ing time in Boltzmann relations is governed by the two particle resonant
contributions leading to large increasing of the charge and heat conduc-
tivities and thermoelectric power. Besides, an additional narrow band of
localized states placed between the lower and upper Hubbard bands is
observed with minor contribution in thermoelectric properties.
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1. Introduction

The effects of electron correlations on various phenomena in different ma-
terials, from the one- and two-dimensional organic conductors, through
three-dimensional solids, up to the optical lattices, are attracting a con-
siderable interest for more then half a century. The majority of publica-
tion considered only the local Coulomb correlations of the Hubbard or
Anderson type, U

∑

i n̂i↑n̂i↓. However, as noticed by Hubbard in his sem-
inal article, [1] the second quantized representation of the inter-electron
Coulomb interaction should also take into account, besides the local
term, the nonlocal contributions. He pointed to the inter-site Coulomb
interaction

∑

ij Vij n̂in̂j and the so-called correlated hopping

∑

ijσ

t
(2)
ij (n̂iσ̄ + n̂jσ̄)c†iσcjσ and

∑

ijσ

t
(3)
ij n̂iσ̄c

†
iσcjσn̂jσ̄ , (1.1)

which reflects the fact that the overlap of different many-body states
is not the same, so that the value of inter-site hopping depends on the
occupation of these states. The origin of the correlated hopping can
either be a direct inter-site interaction or an indirect effective one. [2, 3]
The problems arising from the local Coulomb interaction are the subject
of famous Hubbard model which is widely investigated in the theory of
strongly correlated electron systems.

The correlated hopping attracted much less attention.1 It was con-
sidered in connection with the new mechanisms of high temperature
superconductivity, [5,6] properties of organic compounds [7] and molec-
ular crystals, [8] electron-hole asymmetry, [9] and enhancement of mag-
netic properties. [10] Recently, the correlated hopping has been exam-
ined in relation to the quantum dots [11–13] and fermionic [14, 15] and
bosonic [16–18] atoms on optical lattices.

Due to its nonlocal character, the correlated hopping is difficult to
treat theoretically and the exact results, derived for some special cases,
are of great importance, as they can be used for benchmarking vari-
ous approximations. The simplest model of strongly correlated electrons
is the Falicov-Kimball model [19] which considers the local interaction
between the itinerant d electrons and localized f electrons. It is a bi-
nary alloy type model and its ground state phase diagram for the one-
dimensional (D = 1) and two-dimensional (D = 2) cases displays a

1The name used for such contributions is not well established yet. Apart from the
term “correlated hopping”, many other terms circulate, such as “assisted hopping”,
“bond-charge interaction (repulsion)”, “occupation-dependent hopping”, “correlated
hybridization”, etc. Similar contributions in the theory of disordered systems are also
known as an “off-diagonal disorder” [4].
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variety of modulated phases. [20–23] On the other hand, the dynamical
mean field theory (DMFT) [24–26] yields an exact solution of the Falicov-
Kimball model in infinite dimensions, based on which the phase diagram
and phase transitions in ordered phase were investigated and different
spectral functions and responses were calculated. [27] The extension to
correlated hopping was also considered and the DMFT solutions with a
nonlocal self-energy were obtained. [28–30]

In this article we study the effect of correlated hopping on the charge
and heat transport for the Falicov-Kimball model on the Bethe lattice.
The correlated hopping makes the Falicov-Kimball model similar to the
binary alloy model with off-diagonal disorder [4] which was studied long
ago by Hoshino and Niizeki. [31] Using the Mott’s relation and consid-
ering the special case of the hopping matrix with zero determinant (see
below) they obtained the thermoelectric power of the model. More re-
cently, [32] the general case of the hopping matrix was addressed on a
D → ∞ hypercubic lattice with the Gaussian density of states (DOS).
Unfortunately, the Gaussian DOS possesses several difficulties related
to the infinite bandwidth (the interacting DOS decreases exponentially)
and finite “quasiparticle” scattering time at ω → ±∞. [33] On the other
hand, the Bethe lattice with semi-elliptic density of states has a finite
bandwidth and zero “quasiparticle” scattering time whenever the DOS
is zero, so it is much closer to the real three-dimensional systems. [34] In
this paper, we calculate the single particle and the two particle properties
and show that, unlike the single particle density of states, the transport
properties show a number of surprising features due to the correlated
hopping. In the D = ∞ Falicov-Kimball model, the phase transitions to
the ordered phases could occur at very low temperatures but since the
phase diagram for the model with correlated hopping is not known, we
present the results obtained for the homogeneous phase all the way down
to T = 0.

The paper is organized as follows. In section 2, we present the DMFT
solutions for the Falicov-Kimball model with correlated hopping on
Bethe lattice. Section 3 provides derivation of the charge and energy
transport coefficients in the homogeneous phase. In section 4 we con-
sider peculiarities of the charge and heat transport when we change the
value of correlated hopping and doping. The results are summarized in
section 5.
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2. DMFT formalism for correlated hopping on Bethe

lattice

2.1. The model Hamiltonian

The Hamiltonian of the Falicov-Kimball model [19] with correlated hop-
ping has the form

H = Hloc + Ht,

Hloc =
∑

i

[Unidnif − µfnif − µdnid] ,

Ht =
∑

〈ij〉

t∗ij√
Z

[

t1d
†
idj + t2d

†
idj (nif + njf )

+ t3d
†
idjnifnjf

]

, (2.1)

where Hloc describes local correlations between the itinerant d-electrons
and localized f -electrons and Ht collects nonlocal terms on the Bethe
lattice with infinite coordination number Z → ∞ including the nearest-
neighbor inter-site hopping with amplitude t1 and nonlocal correlations
with amplitudes t2 and t3 — the so-called correlated hopping. Because
the number of localized states is conserved, [nif , H ] = 0, one can intro-
duce the projection operators P+

i = nif and P−
i = 1 − nif , and define

the projected d-electron operators

di =

(

P+
i di

P−
i di

)

, (2.2)

such that the nonlocal term assumes the matrix form, [29]

Ht =
∑

〈ij〉

t∗ij√
Z

[

t++P+
i d†idjP

+
j + t−−P−

i d†idjP
−
j

+ t+−P+
i d†idjP

−
j + t−+P−

i d†idjP
+
j

]

=
∑

〈ij〉

t∗ij√
Z
d
†
itdj , (2.3)

where the hopping matrix is

t =

∥

∥

∥

∥

t++ t+−

t−+ t−−

∥

∥

∥

∥

(2.4)
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and the connection between the hopping matrix elements and the initial
hopping amplitudes reads

t−− = t1, t1 = t−−,

t+− = t−+ = t1 + t2, t2 = t+−(−+) − t−−, (2.5)

t++ = t1 + 2t2 + t3, t3 = t++ + t−− − t+− − t−+.

Our aim is to find the transport properties of the model. As shown below,
in the limit of large coordination number, the transport coefficients are
related to single particle Green’s function.

2.2. The single particle Green’s function

The off-diagonal Green’s function for projected d-electrons is defined by
the matrix Gij = ‖Gαβ

ij ‖, where α, β = ±. On the imaginary time-axis
we have

Gij(τ − τ ′) = −
〈

T di(τ) ⊗ d
†
j(τ

′)
〉

, (2.6)

where T is the imaginary-time ordering operator, ⊗ denotes the direct
(Cartesian) product of two vectors and the angular bracket denotes the
quantum statistical averaging with respect to H . The Green’s function
is calculated by treating Ht as perturbation, i.e., by expanding around
the atomic limit. This leads to the Dyson-type equation which can be
written in the matrix form as

Gij(ω) = Ξij(ω) +
∑

〈i′j′〉

Ξij′ (ω) ·
t∗j′i′√
Z
t ·Gi′j(ω), (2.7)

where Ξij(ω) is the irreducible cumulant [26, 35] which cannot be split
into two disconnected parts by removing a single hopping line. In the
Z → ∞ limit, the irreducible part becomes local

Ξij(ω) = δijΞ(ω) (2.8)

and can be computed by the DMFT. In that approach, the local Green’s
functions of the lattice is equated with the Green’s functions of an auxil-
iary impurity embedded in the self-consistent environment described by
the time-dependent mean fields (λ-fields). Introducing the unperturbed
DOS of the Bethe lattice in the Z = ∞ limit,

ρ(ǫ) =
2

πW 2

√

W 2 − ǫ2 , (2.9)
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we can write the DMFT equation in the matrix form as [29]

Glocal(ω) ≡ Gii(ω) =

+∞
∫

−∞

dǫρ(ǫ)Gǫ(ω)

=
[

Ξ
−1(ω) −Λ(ω)

]−1
= Gimp(ω), (2.10)

where Λ(ω) = ‖λαβ(ω)‖ is the matrix of λ-fields, Gimp(ω) is Green’s
function for the auxiliary impurity problem, and

Gǫ(ω) =
[

Ξ
−1(ω) − tǫ

]−1
, (2.11)

is the lattice Green’s function matrix. It is defined by its components

Gβα
ǫ (ω) =

Aβα(ω) −Bβαǫ

C(ω) −D(ω)ǫ + ǫ2 det t
, (2.12)

where we introduced the matrix adjugate to Ξ
−1(ω),

A(ω) = adjΞ−1(ω) = Ξ(ω)/ detΞ(ω) (2.13)

and the matrix adjugate of the hopping matrix t,

B = adj t = t
−1 det t , (2.14)

while the scalars C and D are given by

C(ω) = detA(ω) = detΞ−1(ω) = 1/ detΞ(ω), (2.15)

and

D(ω) = Tr [A(ω)t] = Tr
[

Ξ
−1(ω)B

]

. (2.16)

The DMFT equation (2.10) contains two unknowns: the irreducible part
Ξ(ω) and the dynamical mean field Λ(ω), both of which follow from
Gimp(ω). For the Falicov-Kimball model with correlated hopping, we
have

G++
imp(ω) = w1g1(ω),

G−−
imp(ω) = w0g0(ω),

G+−
imp(ω) = G−+

imp(ω) = 0, (2.17)
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where w1 = 〈P+〉 = 〈nf 〉, w0 = 〈P−〉 = 〈1 − nf 〉, and

g0(ω) =
1

ω + µd − λ−−(ω)
,

g1(ω) =
1

ω + µd − U − λ++(ω)
(2.18)

are the impurity Green’s functions in the absence and the presence of f -
particle, respectively. From Gimp(ω), we also compute the renormalized
density of states,

Ad(ω) = − 1

π

∑

α,β=±

ImGαβ
imp(ω)

= − 1

π
[w0 Im g0(ω) + w1 Im g1(ω)] . (2.19)

Note, for the Bethe lattice, the DMFT equation (2.10) simplifies to [29]

Λ(ω) =
W 2

4
tGimp(ω)t. (2.20)

In what follows, we use W = 2, which defines our energy scale in numer-
ical calculations. Substituting Eq. (2.18) in Eq. (2.20) yields a system of
equations

ω + µd − U − 1

g1(ω)

=
W 2

4

[

(t++)2w1g1(ω) + (t+−)2w0g0(ω)
]

,

ω + µd −
1

g0(ω)

=
W 2

4

[

(t+−)2w1g1(ω) + (t−−)2w0g0(ω)
]

(2.21)

which, in general, provide the 4th order polynomial equations for g0(ω)
and g1(ω).

Previous investigations of the Falicov-Kimball model with correlated
hopping [29] have shown that the shape of the renormalized DOS and
the transport properties depend strongly on the structure of hopping
matrix (2.4), and that one can distinguish five different cases (in what
follows, unless stated explicitly, we take t−− = t1 = 1):

ICMP–16–04E 7

(a) For t++ 6= 0, t+− 6= 0, and det t = 0, the right-hand parts of
equations (2.21) are proportional to each other, so that

1

t++

[

ω + µd − U − 1

g1(ω)

]

=
1

t−−

[

ω + µd −
1

g0(ω)

]

=
W 2

4

[

t++w1g1(ω) + t−−w0g0(ω)
]

; (2.22)

Note, the regular Falicov-Kimball model without the correlated
hopping belongs also to this case;

(b) For t++ = 0, t+− 6= 0, and det t 6= 0, one of the diagonal compo-
nents of the hopping matrix vanish, so that the direct hopping of
d-particles between the sites occupied by the f -particles is reduced;

(c) For t++ 6= 0, t+− = 0, and det t 6= 0, the hopping matrix is
diagonal and the hopping of d-particles is allowed only between
the sites with the same occupation of f -states;

(d) For t++ = 0, t+− = 0, and det t = 0 we are dealing with the simul-
taneous realization of all three previous cases, and the hopping of
d-particles is allowed only between the sites which are not occupied
by the f -particles;

(e) The most general case is obtained for t++ 6= 0, t+− 6= 0, det t 6= 0.

For the cases (a,b) and (c,d), the impurity Green’s functions g0(ω)
and g1(ω) are defined by cubic and a quadratic equations, respectively.
Within the solutions of these equations we choose only the one which
corresponds to the retarded Green’s functions with negative imaginary
parts. For the general case (e), the quartic polynomial equation with
real coefficients has either four real roots, or two real and two mutually
conjugated complex roots, or two pairs of mutually conjugated complex
roots. The correct physical solution is the one which gives both retarded
Green’s functions g0(ω) and g1(ω) with negative imaginary parts. It can
be shown that there is only one set of physical solutions. When ω has
only the real roots, the physical solution is obtained by using the spectral
relation

Re g0,1(ω) = − 1

π

∫ +∞

−∞

dω′ Im g0,1(ω
′)

ω − ω′
, (2.23)

which yields the correct retarded Green’s functions and the renormalized
single-particle density of states.
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For the local single-particle Green’s function

Gii(τ − τ ′) = −
〈

T di(τ)d†i (τ
′)
〉

, (2.24)

we have

Gii(ω) =
∑

α,β=±

Gαβ
imp(ω) = w0g0(ω) + w1g1(ω)

= [ω − Σ(ω) − λHF(ω)]
−1

, (2.25)

where λHF(ω) = w1λ
++(ω) + w0λ

−−(ω) is the Hartree-Fock dynamical
mean field, and

Σ(ω) = Uw1 +
Ũ2(ω)w1w0

ω − Ũ(ω)w0 − λ−−(ω)
(2.26)

is local self-energy, which is different from the nonlocal one for the lattice
Green’s function. [29] The parameter

Ũ(ω) = U + λ++(ω) − λ−−(ω) (2.27)

is an effective retarded Coulomb interaction. These expressions reveal the
dual nature of correlated hopping: on one hand, it modifies the hopping
amplitude in the Hartree-Fock term λHF(ω), and, on the other hand,
it leads to the nonlocal two-particle correlation which gives rise to the
retarded local interaction.

3. Transport coefficients in the presence of correlated

hopping

We now calculate the transport properties of correlated electrons using
the linear response theory. The Falicov-Kimball model with correlated
hopping satisfies the Boltzmann (Jonson-Mahan) theorem, [32,36–38] so
that all the transport coefficients can be obtained from the transport
integrals defined by a single transport function,

Llm =
σ0

e2

∫ +∞

−∞

dω

[

−df(ω)

dω

]

I(ω)ωl+m−2, (3.1)

where f(ω) = 1/(eω/T + 1) is the Fermi distribution function and I(ω)
is the transport function which is given below.

ICMP–16–04E 9

The conductivity, the Seebeck coefficient (thermoelectric power E =
S∇T ), and the electronic contribution in thermal conductivity follow
immediately from transport integrals as

σdc = e2L11, (3.2)

S =
1

eT
L
−1
11 L12, (3.3)

κe =
1

T

[

L22 − L21L
−1
11 L12

]

, (3.4)

respectively.
The DMFT expression for the transport function generalized to the

case of correlated hopping reads

I(ω) =
1

π

∫

dǫρ(ǫ)Φxx(ǫ) Tr [t ImGǫ(ω) t ImGǫ(ω)]

=
1

π

∑

αβα′β′

tαβtα
′β′

∫

dǫρ(ǫ)Φxx(ǫ) ImGβα′

ǫ (ω) ImGβ′α
ǫ (ω), (3.5)

where Φxx(ǫ) is the so-called lattice-specific transport DOS. [39] For
the D = ∞ hypercubic lattice with Gaussian DOS, we have Φxx(ǫ) =
W 2/2D, whereas for the Z = ∞ Bethe lattice with the semielliptic DOS,
the f -sum rule yields [40]

Φxx(ǫ) =
1

3Z

(

W 2 − ǫ2
)

. (3.6)

The integral over ǫ in Eq. (3.5) can now be evaluated and the final result
for the transport function depends on the value of det t.

For det t = 0, we find

I(ω) =
1

2π







Re Ψ′

[

C(ω)

D(ω)

]

−
Im Ψ

[

C(ω)
D(ω)

]

Im
[

C(ω)
D(ω)

]







, (3.7)

where

Ψ(ζ) =

∫

dǫ
ρ(ǫ)

ζ − ǫ
Φxx(ǫ),

Ψ′(ζ) =
dΨ(ζ)

dζ
. (3.8)
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For the semielliptic DOS, we find

Ψ(ζ) =
1

3

[

(W 2 − ζ2)F (ζ) + ζ
]

,

Ψ′(ζ) =
1

3

[

(W 2 − ζ2)F ′(ζ) + 1 − 2ζF (ζ)
]

, (3.9)

where

F (ζ) =

∫

dǫ
ρ(ǫ)

ζ − ǫ
=

2

W 2

(

ζ −
√

ζ2 −W 2
)

,

F ′(ζ) =
dF (ζ)

dζ
=

ζF (ζ) − 2

ζ2 −W 2
. (3.10)

The transport function (3.7) is similar to the one for the Falicov-Kimball
model without the correlated hopping, provided we replace the inverse
irreducible part Ξ−1(ω) = ω + µd − Σ(ω) by the expression

C(ω)

D(ω)
=

1

Tr [Ξ(ω)t]
. (3.11)

For det t 6= 0, the transport function reads

I(ω) =
1

2π

[

Re {Ψ′[E1(ω)] + Ψ′[E2(ω)]} − Im Ψ [E1(ω)]

ImE1(ω)
− Im Ψ [E2(ω)]

ImE2(ω)

− K(ω)

{

1

ImE1(ω)
Im

Ψ[E1(ω)]

[E1(ω) − E2(ω)] [E1(ω) − E∗
2 (ω)]

+
1

ImE2(ω)
Im

Ψ[E2(ω)]

[E2(ω) − E1(ω)] [E2(ω) − E∗
1 (ω)]

}]

, (3.12)

where E1 and E2 are the roots of the denominator in Eq. (2.12), C(ω)−
D(ω)ǫ + ǫ2 det t = 0, given by

E1(ω) =
D(ω)

2 det t

[

1 +

√

1 − 4C(ω)

D2(ω)
det t

]

, (3.13)

E2(ω) =
2C(ω)

D(ω)

[

1 +

√

1 − 4C(ω)

D2(ω)
det t

]−1

, (3.14)

and K(ω) reads

K(ω) = 2 Re[E1(ω)E∗
2 (ω)] − 1

det t
Re Tr[A∗(ω)Ξ−1(ω)]. (3.15)

In the limit det t → 0, the eigenvalue E1 diverges and its contribution in
the transport function vanishes, whereas E2(ω) → C(ω)/D(ω), so that
we recover the transport function given by expression (3.7).
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4. Results

In the first part of this section we present the results for the dependence
of the interacting density of states Ad(ω) and the transport function
I(ω) on the frequency ω and correlated hopping t2. We show the data
in the weak (U = 0.25) and the strong (U = 2) coupling regime, for
different concentrations of f -particles. In the second part, we show the
effect of correlated hopping on the transport coefficients in the weak and
the strong coupling limit.

4.1. The density of states and the transport function

In the weak coupling limit (U = 0.25, t3 = 0), the dependence of Ad(ω)
and I(ω) on ω and t2 is shown Fig. 1 in the false color plot. The concen-
tration of the f particles varies from nf = 0.5 to 0.9. The data show that
band edges of Ad(ω) and I(ω) are the same and that the band width
increases for t2 > 0 and t2 < −1, while it shrinks for −1 < t2 < 0. The
DOS is a smooth and almost semi-elliptic function for all values of t2,
except for t2 ≈ −(t1 + t3)/2 (t2 ≈ −0.5 for the case considered here,
t3 = 0), where the matrix element t++ becomes small and changes sign.
At half-filling, nf = 0.5, and in close vicinity of t2 = −0.5 (t++ = 0),
the DOS exhibits a tiny gap at ω = U [see the white dot in the insert in
Fig. 1(b)], with sharp peak at the bottom-edge of the upper band [see
Fig. 7 below]. For larger values of nf , the DOS starts to develop more
prominent gaps, creating, first, the two-band and, then, the three-band
structure. In the case of the two-band structure, the spectral weights
of the lower and upper bands are w0 = 1 − nf and w1 = nf , respec-
tively, which is similar to what one finds in the doped Mott-Hubbard
insulator phase of the Falicov-Kimball model without correlated hop-
ping. [34, 41, 42] As we approach the t++ = 0 point, an additional gap
appears in the upper Hubbard band and the two-peak structure is trans-
formed into a three-peak one; the spectral weights of the lower and upper
bands are the same w0 = 1−nf , while the spectral weight of the middle
band is 2nf − 1. For t++ → 0, the DOS of the middle band narrows to
a δ-peak.

The mid-band emerges because the probability of the neighboring
sites being occupied by the f -particles becomes, for nf > 1/2, macro-
scopically large, so that the clusters of sites occupied by the f -particles
are created. At the same time, the values of t2 are such that the hopping
matrix element t++ is very small and direct hopping of d-particles is sup-
pressed. Thus, the d-particles within the cluster are localized, producing
a band of localized states which are separated from the upper Hubbard
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Figure 1. (Color online) The density of states Ad(ω), left panels (a), (c),
(e), and the transport function I(ω), right panels (b), (d), (f), shown as
a function of frequency ω and correlated hopping parameter t2 on a false
color plot for U = 0.25, t3 = 0, and for f -particle concentrations (a,b)
nf = 0.5, (c,d) 0.75, and (e,f) 0.9 (top to bottom). Inserts represent
enlarged rectangular areas in the vicinity of t++ = 0 and ω = U . Dashed
line indicates the resonant frequency ωres given by Eq. (4.2).

band by the localization gap. As nf → 1, almost all the sites are occu-
pied by f -particles, so that the cluster covers the whole lattice and the
weight of the lower and upper band decreases as 1 − nf , while the DOS
is dominated by a narrow peak of localized states located at ω = U . The
presence of the clusters of localized states strongly affects the properties
of itinerant d-electrons around the Fermi level (the chemical potential
µd at zero temperature). For nd < 1−nf , the Fermi level is in the lower
band; for 1 − nf < nd < nf , it is fixed in the narrow mid-peak and the
localized d-states of clusters are filled; for nd > nf , the Fermi level is in
the upper band.

In the strong coupling limit, the interacting DOS and the transport
function are changed in a qualitative way. As shown in Fig. 2 (left panel),
the Mott-Hubbard gap extends over larger values of t2, including the case

ICMP–16–04E 13

Figure 2. (Color online) Same as in Fig. 1 for U = 2.

without the correlated hopping (Mott transition in the regular Falicov-
Kimball model). On the other hand, the localization band is pushed to
the upper Hubbard band and becomes very narrow; the corresponding
localization gap exists only in the close vicinity of the t++ = 0 value.

The transport function, shown in the right panel of Figs. 1 and 2,
shows a completely different behavior then the density of states. For
t2 > −(t1 + t3)/2, and t++ > 0, the transport function exhibits a
strong enhanced at ω = ωres. Numerical analysis of Eq. (3.12) shows
that the main contribution to I(ω) at ω ≃ ωres is coming from the term
Im Ψ [E2(ω)]/ImE2(ω). The resonant frequency ωres corresponds to the
λ-fields and the Green’s functions such that

λ++(ω)

λ−−(ω)
=

g0(ω)

g1(ω)
= η, (4.1)

which gives

ωres =
U

1 − η
(4.2)
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with

η =
(t+−)2

(t−−)2

− (t+−)2 −
√

(t+−)4 + 4w1w0 [(t++t−−)2 − (t+−)4]

2(t−−)2w0
. (4.3)

The resonant frequency is indicated in Figs. 1 and 2 by dashed lines. For
two special values of t2, given by the solutions of the equation η = 1 or

(t−−)2w0 + (t+−)2(w1 − w0) − (t++)2w1 = 0, (4.4)

the resonant frequency is shifted outside the bands and becomes infinite.
The regular Falicov-Kimball model, where t−− = t+− = t++ = t1,
is exactly at one of this special points with ωres → ±∞, so that the
transport function has no resonant contribution. On the other hand,
in the case t++ → 0 and the d-electron localization, ωres is within the
localized band, so that the resonant contributions become prominent for
t++ > 0 and are suppressed for t++ < 0.

Note, expressions (4.2) and (4.3) for the resonant frequency do not de-
pend on parameter W characterizing the semi-elliptic DOS and continue
to hold for other lattices with different unperturbed DOS, including the
Gaussian one. However, the hypercubic lattice with the Gaussian DOS
has no clear band edges and the resonant peak is within the band for
any value of correlated hopping. [32] For η = 1, we have ωres → ∞ and
there are no resonant contributions to transport.

4.2. Transport coefficients

4.2.1. Weakly correlated hopping

In the weak coupling regime, the interaction constants are much smaller
then the hopping integral: |U |, |t2|, |t3| ≪ |t1|. At half filling nf = nd =
1/2, the density of states Ad(ω) is a slightly deformed with respect to
the unperturbed, semi-elliptic one, i.e., the correlated hopping breaks
the electron-hole symmetry and makes Ad(ω) asymmetric [see Fig. 3(a)].
The width of the conduction band increases for t2 > 0 and decreases for
t2 < 0.

In contrast, the transport function I(ω), which is almost semi-elliptic
in the absence of the correlated hopping, becomes highly asymmetric as
soon as t2 6= 0. For t2 = ±0.05, when the resonant peak is outside the
conduction band, the transport function is somewhat enhanced close to
the band edges but it is still a smooth and almost a flat function around
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Figure 3. (Color online) The interacting DOS (panel a) and the transport
function (panel b) plotted versus frequency for U = 0.25 at half filling
(nf = nd = 1/2) and for t2 = −0.1, −0.05, 0, 0.05, 0.1 (t3 = 0).
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Figure 4. (Color online) Temperature dependences of the dc conductivity
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parameters as in Fig. 3.
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the chemical potential, µ ∼ U/2 [see Fig. 3(b)]. Hence, the transport
coefficients exhibit typical metallic behavior as functions of temperature
(see Fig. 4). For t2 = ±0.1, the resonant peak gives the main contribu-
tion to the transport function. At low temperatures, the resonant peak
is outside the Fermi window, −df(ω)/dω|ω≃ωres

≃ 0, and its contribu-
tion to the integral in Eq. (3.1) is negligibly small. Thus, the transport
coefficients still exhibit the metallic behavior. However, as temperature
increases and the resonant peaks enter the Fermi window, we observe,
first, an enhancement of the thermal conductivity, then, of the thermo-
electric power, and, eventually, of the electric conductivity (see Fig. 4).

In the weak coupling regime, the doping does not change much the
shape of the DOS and the transport function (see Fig. 5 for the case of
nf = 0.75 and nd = 0.25). The main effect of the doping is the shift
of the chemical potential to the bottom of conduction band, such that
µ ∼ −1. For t2 = 0.1, the resonant peak is in the vicinity of Fermi
level and we find that the electric and thermal conductivity, and the
thermopower are enhanced with respect to the half-filled case and with
respect to the values of t2 for which the resonant peak is absent (see
Fig. 6). For t2 = −0.1, the resonant peak is too far away from the
chemical potential to contribute to the electric and thermal conductivity
but the large asymmetry of I(ω), shown in Fig. 5(b), gives rise to a large
thermopower at high temperatures.

As shown in Fig. 2, an increase of local Coulomb interaction U shifts
the resonant frequency in the region of large positive and negative values
of t2, so that the resonant peaks do not affect much the transport proper-
ties for small values of correlated hopping t2. The only effect of correlated
hopping is to break the electron-hole symmetry and to make Ad(ω) and
I(ω) asymmetric functions of ω. Hence, in this part of the parameter
space, the transport coefficients behave similarly as in the case of the
doped Falicov-Kimball model without correlated hopping. [34, 41, 42]

A different behavior emerges for small values of the diagonal compo-
nent t++, when the direct hopping amplitude between the sites occupied
by f -particles is much reduced, while the hopping between occupied and
unoccupied, and between the unoccupied sites is large. For the Gaussian
density of states, this case was analyzed in Ref. [ [32]] (see Figs. 6 and 7
of Ref. [ [32]]). For the semi-elliptic density of states, we find similar be-
havior but the data reveal more details and we discover new interesting
regimes.

At half filling and t++ = 0 (t2 = −0.5), the DOS acquires a tiny
gap at the Fermi level, bounded by the singularity at the bottom of
the upper Hubbard band [see Fig. 7(a)]. The transport function also
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Figure 5. (Color online) The interacting DOS (panel a) and the transport
function (panel b) plotted versus frequency for U = 0.25, nf = 0.75, and
nd = 1 − nf = 0.25 and for t2 = −0.1, −0.03, 0, 0.03, 0.1.
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Figure 6. (Color online) Temperature dependences of the dc conductivity
σdc, thermal conductivity κe, and the Seebeck coefficient S is shown for
the same parameters as in Fig. 5.

displays a gap but the band-edge singularity is replaced by a step like
function [Fig. 7(b)]. The presence of the gap at Fermi level reduces the dc
conductivity and the thermal conductivity at low temperatures, whereas
it increases the thermopower due to the asymmetry of I(ω) around the
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chemical potential (see Fig. 8).
At high temperatures, when the gap is small with respect to kBT ,

the doped metallic or semiconductor behavior is restored. At half-filling
and t++ 6= 0, the gap closes rapidly and the DOS exhibits a smooth
peak around the chemical potential. For negative t++ (t2 < −0.5), the
gap is closed and the transport function is smooth, which results in the
metallic behavior. For positive t++ (t2 > −0.5), the transport function
acquires a resonant peak which enhances the transport coefficients at
low temperatures (see Fig. 8).

Away from half filling, the three band structure of Ad(ω) emerges for
small values of t++ (see Fig. 1). At t++ = 0 (t2 = −0.5) exactly (see
Fig. 9), Ad(ω) exhibits two broad bands [the lower (1) and the upper (2)
Hubbard bands with spectral weights 1−nf ], and a δ-peak (3) at ω = U
which is due to the band of localized d-states with a spectral weight
2nf − 1. Because we are considering the case nd = 1 − nf , the Fermi
level is in the gap between the lower Hubbard band and the localized
one. Unlike the single particle DOS, the transport function I(ω) has
only two contributions which are due to the lower and upper Hubbard
band. The absence of any feature at ω = U is obvious, if we recall that
for 2nf − 1 > 0, the third band in Ad(ω) is due to to the localized d-
states in the clusters of lattice sites occupied by f -electrons. Since these
localized states do not contribute much to the charge or heat transport,
the shape of I(ω) and the temperature dependences of the transport
coefficients (see Fig. 10) is similar to the one obtained for a doped Mott
insulator. [34, 41, 42]

Away from half-filling and for t++ 6= 0 (Fig. 9), the δ-peak of local-
ized d-states (3) first broadens in a band which merges with the upper
Hubbard band for larger values of |t++|. The contribution of the local-
ized state to transport function depends on the sign of t++. For negative
values of t++ < 0 (t2 < −0.5), the contribution of localized band to
the transport function first increases and then, after the localized band
merges with the upper one, decreases. For t++ > 0 (t2 > −0.5), the
resonant peak due to the localized states dominants the transport func-
tion. In both cases, the thermoelectric properties are enhanced; most
prominently for positive t++, when the resonant peak affects strongly
the transport properties (see Fig. 10).

4.2.2. Strongly correlated hopping

A large enough increase of the local Coulomb interaction U leads to the
reconstruction of the DOS and transport function. The Mott-Hubbard
gap becomes large and governs the transport properties at low temper-
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Figure 7. (Color online) The interacting DOS (panel a) and the transport
function (panel b) plotted versus ω for U = 0.25 at half filling (nf =
nd = 1/2) and for t2 = −0.47, −0.5, −0.53 (t3 = 0).

 0

 0.15

 0.3

 0.45

 0  0.2  0.4  0.6

T

σ

"
#

$ % &

t2' ) * + , - *

t2' ) * + . * *

t2' ) * + . / *

 0

 0.05

 0.1

 0.15

 0  0.2  0.4  0.6

T

κ
e

(b)

t20 1 2 3 4 5 2

t2=-0.500

t2=-0.530

 0

 0.5

 1

 1.5

 0  0.2  0.4  0.6

T

S

6 7 8

t29 : ; < > ? ;

t2=-0.500

t2=-0.530

Figure 8. (Color online) Temperature dependences of the (a) dc conduc-
tivity σdc, (b) thermal conductivity κe, and (c) Seebeck coefficient S is
shown for the same parameters as in Fig. 7.



20 Препринт

 0

 1

 2

 3

 4

-2 -1  0  1  2

t2=-0.46

t2=-0.48

t2=-0.50

t2=-0.52

t2=-0.54

 0

 1

 2

 3

 4

 0  0.1  0.2  0.3  0.4  0.5

ω

@
B

(ω
)

1 2

3

C D E

1
2

3

 0

 1

 2

 3

 4

 0  0.1  0.2  0.3  0.4  0.5

ω

@
B

(ω
)

1 2

3

C D E

1
2

3

 0

 0.4

 0.8

 1.2

 1.6

 2

-2 -1  0  1  2

t2=-0.46

t2=-0.48

t2=-0.50

t2=-0.52

t2=-0.54

 0

 0.4

 0.8

 1.2

 1.6

 2

 0  0.1  0.2  0.3  0.4  0.5

ω

I(
ω

)

(b)

 0

 0.4

 0.8

 1.2

 1.6

 2

 0  0.1  0.2  0.3  0.4  0.5

ω

I(
ω

)

(b)

Figure 9. (Color online) The interacting DOS (panel a) and the transport
function (panel b) plotted versus ω for U = 0.25, nf = 0.75, nd =
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atures. Besides, the upper Hubbard band becomes narrow with a high
density of states. At half filling and t++ = 0 (t2 = −0.5), the upper Hub-
bard band has a singularity at the bottom edge, whereas the transport
function shows only a step-like feature at this frequency (Fig. 11). The
temperature dependences of dc charge and thermal conductivities are
similar to the one for doped Mott insulators, [34,41,42] but the Seebeck
coefficient behaves differently: it is negative and displays anomalous be-
havior at low temperatures reflecting an anomalous temperature depen-
dence of chemical potential forced by the singularity on DOS (Fig. 12).
For the nonzero values of t++, the features in the upper Hubbard band
are blurred, both for the DOS and for the transport function. Again,
for the positive values of t++ > 0 (t2 > −0.5), the resonant peak gives
a dominant contribution to the transport function, which leads to an
increase of dc charge and thermal conductivities and makes Seebeck co-
efficient positive, shifting its anomalous behavior to lower temperatures.

An increase of doping leads, in the narrow interval of t++ values
around t++ = 0 (t2 = −0.5), to the three-band structure in the DOS
and the transport function [the lower Hubbard band, the upper Hubbard
band, and the band of localized states are shown in Fig. 13(a) by the
lines (1), (2), and (3), respectively]. At t++ = 0, the DOS acquires a δ-
peak [shown by vertical line (3) in Fig. 13(a)] coming from the localized
d-states which do not contribute to transport. Any deviation of t++ from
zero broadens the δ-peak in a narrow band which affects the transport
(see Fig. 14). At sufficiently large value of |t++| the band of localized
states [line (3) in Fig. 13] merges with the upper Hubbard band [line
(2)], so that the sharp features in DOS are blurred. Here, the resonant
peak gives the main contribution to transport function, which is large for
positive t++ (t2 > −0.5) and much smaller for negative one (t2 < −0.5).
This leads to an increase of the dc charge and thermal conductivity, and
to the change of the temperature dependence of the Seebeck coefficient,
which is now large and positive.

5. Discussion and conclusions

In this article we studied the effects of correlated hopping on the den-
sity of states and transport coefficients of a strongly correlated material
described by the Falicov-Kimball model. An exact solution for the one
particle and two particle quantities are obtained within the dynamical
mean field theory for the Bethe lattice with a semielliptic density of
states.

First, we have analyzed an influence of correlated hopping on the be-
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Figure 11. (Color online) The interacting DOS (panel a) and the trans-
port function (panel b) is plotted versus ω for U = 2 at half filling
(nf = nd = 1/2) and for t2 = −0.45, −0.5, −0.55 (t3 = 0).
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port function (panel b) for U = 2 and nf = 0.75, and nd = 1−nf = 0.25.
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Figure 14. (Color online) Temperature dependence of the dc conductivity
σdc, the thermal conductivity κe, and Seebeck coefficient S for the same
parameters as in Fig. 13.
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havior of the renormalized DOS Ad(ω) and transport function I(ω) which
defines the transport coefficients via the Boltzmann relations (Jonson-
Mahan theorem). Both quantities have the same band edges but com-
pletely different shapes. The renormalized DOS reflects the single particle
properties and the main effect of correlations is an effective narrowing
of the band widths with the simultaneous creation of the Mott gap and
the appearance of the band of localized states with doping. On the other
hand, the transport function I(ω) reflects the two-particle correlations
and its behavior is dominated by the resonant contribution. The fact
that the resonant peak continuously enters the region of the one-particle
localization for small values of |t++| allows us to conjecture that it de-
rives from the two particle interference in random media, e.g., weak
(anti)localization. [43] In certain sense, the correlated hopping mimics
the random media, with different values of the hopping integral corre-
sponding to the random distances between the atoms. From this point
of view, the condition of resonance (4.1) corresponds to the interference
condition for the single particle excitations following different trajectories
over the sites which are either occupied or unoccupied by the f -particles.

In our previous article, [32] we found that the charge and heat trans-
port of the particles described by the Falicov-Kimball model on a hyper-
cubic lattice exhibit a number of surprising features and assumed that
these anomalies are mainly due to the peculiarities of the Gaussian den-
sity of states, which does not have the clear-cut band edges and never
vanishes. To our surprise, similar behavior is obtained for the Bethe
lattice with the semi-elliptic density of states, so that the anomalous be-
havior of transport coefficients seems to be a common feature of systems
with correlated hopping.

For a wide range of the hopping parameter, t2, we find that the
anomalous features of I(ω) are due to the resonant two particle contribu-
tion. Contrary to that, the renormalized one particle DOS does not dis-
play any anomalies. The analytic expression for the resonant frequency,
Eq. (4.2), shows that by tuning the concentration of the itinerant elec-
trons we can bring the Fermi level in the proximity of the resonance and
increase substantially the conductivities and the thermoelectric power.
We also show that the reduction of the amplitude of correlated hopping
between the sites occupied by the f particles, t++ → 0, creates a band of
d states localized in the clusters of sites occupied by the f electrons. For
the f electron concentrations above the half filling, nf > 0.5, this band
contributes to the single particle DOS, in addition to the lower and upper
Hubbard bands. Depending on the d electron concentration, the Fermi
level for itinerant electrons can overlap either the lower (nd < 1 − nf )
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or the upper (nd > nf ) Hubbard band or the band of localized states
(1−nf < nd < nf). In each of these cases, the thermoelectric coefficients
exhibit a completely different behavior.

Finally, we remark that a strong enhancement of the conductivities by
correlated hopping, driven by the two-particle resonant states, has been
found for the Falicov-Kimball model with static interaction. It would be
of great interest to check whether similar transport anomalies emerge
in the models with dynamic interactions, e.g. in the Hubbard model
with correlated hopping, including the one with the Fermi liquid or the
superconducting ground state. [5, 6]
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42. Zlatić V., Boyd G.R., Freericks J.K., Phys. Rev. B, 2014, 89, 155101.
43. Bergmann G., Phys. Rev. B, 1983, 28, 2914.



CONDENSED MATTER PHYSICS

The journal Condensed Matter Physics is founded in 1993 and
published by Institute for Condensed Matter Physics of the National
Academy of Sciences of Ukraine.

AIMS AND SCOPE: The journal Condensed Matter Physics con-
tains research and review articles in the field of statistical mechanics
and condensed matter theory. The main attention is paid to physics of
solid, liquid and amorphous systems, phase equilibria and phase tran-
sitions, thermal, structural, electric, magnetic and optical properties of
condensed matter. Condensed Matter Physics is published quarterly.

ABSTRACTED/INDEXED IN: Chemical Abstract Service, Cur-
rent Contents/Physical, Chemical&Earth Sciences; ISI Science Citation
Index-Expanded, ISI Alerting Services; INSPEC; “Referatyvnyj Zhur-
nal”; “Dzherelo”.

EDITOR IN CHIEF: Ihor Yukhnovskii.

EDITORIAL BOARD: T. Arimitsu, Tsukuba; J.-P. Badiali, Paris;
B. Berche, Nancy; T. Bryk (Associate Editor), Lviv; J.-M. Caillol, Or-

say; C. von Ferber, Coventry; R. Folk, Linz; L.E. Gonzalez, Valladolid;
D. Henderson, Provo; F. Hirata, Okazaki; Yu. Holovatch (Associate
Editor), Lviv; M. Holovko (Associate Editor), Lviv; O. Ivankiv (Man-
aging Editor), Lviv; Ja. Ilnytskyi (Assistant Editor), Lviv; N. Jakse,
Grenoble; W. Janke, Leipzig; J. Jedrzejewski, Wroc law; Yu. Kalyuzh-
nyi, Lviv; R. Kenna, Coventry; M. Korynevskii, Lviv; Yu. Kozitsky,
Lublin; M. Kozlovskii, Lviv; O. Lavrentovich, Kent; M. Lebovka, Kyiv;
R. Lemanski, Wroc law; R. Levitskii, Lviv; V. Loktev, Kyiv; E. Lomba,
Madrid; O. Makhanets, Chernivtsi; V. Morozov, Moscow; I. Mryglod
(Associate Editor), Lviv; O. Patsahan (Assistant Editor), Lviv; O. Pizio,
Mexico; N. Plakida, Dubna; G. Ruocco, Rome; A. Seitsonen, Zürich;
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