
Ǒà¥¯à¨â¨ öáâ¨âãâã ä÷§¨ª¨ ª®¤¥á®¢ ¨å á¨áâ¥¬ ��� �ªà ù¨à®§¯®¢áî¤�ãîâìáï á¥à¥¤  ãª®¢¨å â  ÷ä®à¬ æ÷©¨å ãáâ ®¢. �®¨â ª®� ¤®áâã¯÷ ¯® ¥«¥ªâà®÷© ª®¬¯'îâ¥à÷© ¬¥à¥�÷   WWW-á¥à-¢¥à÷ ÷áâ¨âãâã §   ¤à¥á®î http://www.imp.lviv.ua/The preprints of the Institute for Condensed Matter Physis of the Na-tional Aademy of Sienes of Ukraine are distributed to sienti� andinformational institutions. They also are available by omputer networkfrom Institute's WWW server (http://www.imp.lviv.ua/)

�â áîª ö£®à � á¨«ì®¢¨ç�®à®¡©®¢ �«¥£ � â®«÷©®¢¨ç�â¥æ÷¢ �®¬  �à®á« ¢®¢¨ç�¯¥ªâà «ì÷ £ãáâ¨¨ â  ¤÷ £à ¬¨ áâ ÷¢ ®¤®¢¨¬÷à®£®÷®®£® ¯à®¢÷¤¨ª  Ǒ ã«÷�®¡®âã ®âà¨¬ ® 30 £àã¤ï 2010 à.� â¢¥à¤�¥® ¤® ¤àãªã �ç¥®î à ¤®î ö��� ��� �ªà ù¨�¥ª®¬¥¤®¢ ® ¤® ¤àãªã ¢÷¤¤÷«®¬ ª¢ â®¢®ù áâ â¨áâ¨ª¨�¨£®â®¢«¥® ¯à¨ ö��� ��� �ªà ù¨© �á÷ ¯à ¢  § áâ¥à¥�¥÷

� æ÷® «ì   ª ¤¥¬÷ï  ãª �ªà ù¨

���������	
� ö��������ö�����������������������
'

&

$

%

I.V.Stasyuk, O.Vorobyov, R.Ya.StetsivSPECTRAL DENSITIES AND DIAGRAMS OF STATES OFONE-DIMENSIONAL IONIC PAULI CONDUCTOR
ICMP{10{17E

���ö�



���: 538.931, 538.911PACS: 75.10.Pq, 66.30.Dn, 66.10.Ed�¯¥ªâà «ì÷ £ãáâ¨¨ â  ¤÷ £à ¬¨ áâ ÷¢ ®¤®¢¨¬÷à®£® ÷®-®£® ¯à®¢÷¤¨ª  Ǒ ã«÷ö.�.�â áîª, �.�®à®¡©®¢, �.�.�â¥æ÷¢�®â æ÷ï. �®¡®â  ¯à¨á¢ïç¥  ¢¨¢ç¥î ¥¥à£¥â¨ç®£® á¯¥ªâàã â ¤÷ £à ¬ áâ ÷¢, ®âà¨¬ ¨å ¬¥â®¤®¬ â®ç®ù ¤÷ £® «÷§ æ÷ù ¤«ï áª÷-ç¥®£® ÷®®£® « æî£®¢®£® ¯à®¢÷¤¨ª  ¢ ¯¥à÷®¤¨ç¨å £à ¨ç¨åã¬®¢ å. �¤®¢¨¬÷à¨© ÷®¨© ¯à®¢÷¤¨ª ®¯¨áãõâìáï óà âª®¢®î ¬®-¤¥««î, ¤¥ ÷®¨ à®§£«ï¤ îâìáï ïª ç áâ¨ª¨ Ǒ ã«÷, ¯à¨ æì®¬ã ¢à å®-¢ãõâìáï ÷®¨© ¯¥à¥®á ÷ ¤¢®ç áâ¨ª®¢  ¢§ õ¬®¤÷ï ¬÷�  ©¡«¨�ç¨-¬¨ áãá÷¤ ¬¨. �ã«® à®§à å®¢ ® â  ¯à®  «÷§®¢ ® á¯¥ªâà «ì÷ £ãáâ¨-¨ â  ¤÷ £à ¬¨ áâ ã â ª®ù á¨áâ¥¬¨ ¤«ï à÷§¨å â¥¬¯¥à âãà â  ¢¥«¨-ç¨ ¢§ õ¬®¤÷ù. Ǒà®  «÷§®¢ ® ã¬®¢¨ ¯¥à¥å®¤ã á¨áâ¥¬¨ § ®¤®à÷¤®-£® (áâ ã â.§¢. ¬®ââ÷¢áìª®£® ¤÷¥«¥ªâà¨ª ) ã ¬®¤ã«ì®¢ ¨© áâ  ç¥à¥§áâ  â¨¯ã ä §¨ § ¡®§¥-ª®¤¥á â®¬ (¯®¤÷¡®ù ¤®  ¤¯«¨®ù ä §¨ ¢¬®¤¥«ïå �®àáâª¨å ¡®§®÷¢).Spetral densities and diagrams of states of one-dimensionalioni Pauli ondutor.I.V.Stasyuk, O.Vorobyov, R.Ya.StetsivAbstrat. We fous on the features of spetra and diagrams of statesobtained via exat diagonalization tehnique for �nite ioni ondutorhain in periodi boundary onditions. One dimensional ioni ondutoris desribed with the lattie model where ions are treated in frames of'mixed' Pauli statistis. The ion transfer and nearest-neighbour inter-ation between ions are taken into aount. The spetral densities anddiagrams of states for various temperatures and values of interation areobtained. The onditions of transition from uniform (Mott insulator) tothe modulated (harge density wave state) through the superuid-likestate (similar to state with the Bose-Einstein ondensation observed inhard-ore boson models) are analyzed.Ǒ®¤ õâìáï ¢ Condensed Matter PhysisSubmitted to Condensed Matter Physis© öáâ¨âãâ ä÷§¨ª¨ ª®¤¥á®¢ ¨å á¨áâ¥¬ 2010Institute for Condensed Matter Physis 2010

ICMP{10{17E 11. IntrodutionIoni ondutors are a wide lass of physial and biologial objets rangi-ng from ie to DNA membranes. One of the most interesting sublass ofall are superioni ondutors that exhibit high temperature phase withhigh ondutivity that arises due to the motion of ions [1℄ or protons [2℄.Theoretial desription of systems with ioni ondutivity is mostfrequently based on the lattie models. Some of them treat ions as Fermi-partiles fousing on di�erent aspets of the ioni subsystem like long-range interations [3{5℄ or interation with phonons [6,7℄. Some reentattempts have also paid some attention to short-range interation be-tween partiles [8{12℄.However more orret onsideration of ions should be based on themixed statistis of Pauli [13℄ sine these partiles are bosons by naturebut they also obey the Fermi rule. Beause of the speial ommutationrules the utilization of Pauli operators generates additional mathemati-al omplexities. But from the other hand this approah might be verye�etive. For instane it has been shown that the lattie model of Paulipartiles is apable to desribe the appearane of superuid-like state(that orrespond to superioni phase) in the system even in the abseneof interation between partiles [14{16℄. From the other hand the lat-tie model of Pauli partiles is similar to hardore Bose-Hubbard modelwidely used for the desription of ioni ondutivity phenomena as wellas for the modeling of energy spetrum of absorbtied ions on rystalsurfae and interalation in rystals [17℄. Bose-Hubbard model also ex-hibits the transition from Mott insulator state to superuid-like state[18{24℄. Some of the authors also observe the possibility of formation ofintermediate "supersolid" phase that may appear on the phase diagramsalongside the transition from dieletri (CDW) to superuid phase.In this work we fous on the diagrams of state for one-dimensionalioni ondutor desribed by the system of Pauli partiles. Our lattiemodel inlude ion transfer as well as the interation between nearest-neighbouring ions. We alulate the single-partile spetral densities ofthe �nite system in periodi boundary onditions and obtain the dia-grams of state analyzing the features of this spetra. The onditions oftransition from Mott insulator (MI) like state to the modulated hargedensity wave (CDW) one through the superuid(SF)-like state (similarto state with the Bose-Einstein (BE)ondensation observed in hard-oreboson models) are disussed.
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i i+1 i+2i-1Figure 1. The model for one-dimensional ioni ondutor. Large irlesdenote heavy ioni groups while the small one denote light movable ions.2. The model for ioni ondutorLet us onsider the hain of heavy immobile ioni groups (large irleson Fig. 1) and light ions that move along this hain oupying positi-ons denoted with small irles on Fig. 1. The subsystem of light ions isdesribed with the following Hamiltonian

Ĥ = t
∑

i

(c+i ci+1 + c+i+1ci) + V
∑

i

nini+1 − µ
∑

i

ni. (1)This model takes into aount the nearest-neighbour ion transfer(with hopping parameter t) and interation between ions that oupynearest-neighbouring positions (with orresponding parameter V ).If this Hamiltonian is onsidered in frames of Fermi statistis theorresponding model is known as spinless-fermion model. This model iswidely used in the theory of strongly orrelated eletron systems [25℄ aswell as for the desription of ioni ondutors [26℄. More omplex two-sublattie ase of this model an be applied to proton ondutor [27℄.More orret onsideration of ions should be based on "mixed" Paulistatistis and this approah is used onwards. In this ase the model (1)is equivalent to the extended hard-ore boson model, i.e. boson Hubbardmodel with repulsive interation between nearest neighbours and in�niteon-site repulsion [28℄. The latter is often applied to the investigation ofthe problems of BE-ondensation and superuidity.3. Exat diagonalization tehniqueWe alulate the spetral densities of one-dimensional ioni Pauli on-dutor using exat diagonalization tehnique. For the hain of N sites weintrodue the many-partile states | n1,an1,b . . . nN,anN,b〉. The Hamilto-nian matrix on the basis of these states is the matrix of the order 2N×2Nand is onstruted aording to the following way
Hmn =

N∑

i=1

[
t
(
H(1)

mn +H(2)
mn

)
+ Ṽ H(3)

mn − µH(4)
mn

]
, (2)

ICMP{10{17E 3where

H(1)
mn = 〈n1 . . . |c

+
i ci+1|n

′
1 . . .〉 = δ(ni−n′

i−1)δ(ni+1−n′
i+1+1)

×
∏

l 6=i;i+1

δ(nl−n′
l),

H(2)
mn = 〈n1 . . . |c

+
i+1ci|n

′
1 . . .〉 = δ(ni−n′

i+1)δ(ni+1−n′
i+1−1)

×
∏

l 6=i;i+1

δ(nl−n′
l),

H(3)
mn = 〈n1 . . . |nini+1|n

′
1 . . .〉 = δ(ni−1)δ(n′

i−1)δ(ni+1−1)

×δ(n′
i+1−1)

∏

l 6=i;i+1

δ(nl−n′
l),

H(4)
mn = 〈n1 . . . |ni|n

′
1 . . .〉 = δ(ni−1)δ(n′

i−1)
∏

l 6=i

δ(nl−n′
l).This matrix is diagonalized numerially

U−1HU = H̃ =
∑

p

λpX̃
pp, (3)where λp are eigenvalues of the Hamiltonian, X̃pp are Hubbard-operators.The same transformation is applied to the reation and annihilation op-erators

U−1ciU =
∑

pq

ApqX̃
pq , U−1c+i U =

∑

pq

A∗
rsX̃

rs (4)whih are required to onstrut one-partile Green's funtion≪ ci,a|c
+
i,a ≫that ontains information about one-partile energy spetrum of the sys-tem. For Pauli reation and annihilation operators this Green's funtionan be onstruted in two ways, i.e. ommutator Green's funtion

≪ ci(t)|c
+
i (t

′) ≫= −iΘ(t− t′)〈[ci(t), c
+
i (t

′)]〉 (5)and antiommutator Green's funtion

≪ ci(t)|c
+
i (t

′) ≫= −iΘ(t− t′)〈{ci(t), c
+
i (t

′)}〉. (6)Imaginary part of these Greens' funtions are one-partile spetral den-sities (also referred to as densities of states or DOS)

ρ(ω) = −
1

πN

N∑

i=1

Im ≪ ci,a|c
+
i,a ≫

= −
1

πN

N∑

i=1

Im[
1

Z

∑

pq

ApqA
∗
pq

e−βλp − ηe−βλq

ω − (λq − λp)

]
, (7)
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Figure 2. Commutator spetral densities of non-interating (Vef = wef ≡
V = 0) ioni Pauli ondutor for di�erent values of hemial potential(right �gure) ompared to exat results obtained in [14℄ via fermioniza-tion proedure (left �gure). t = 1, T = 0.2,∆ = 0.4. Spetral density onthe left �gure is saled to 2 π, while on the right �gure it is saled tounity.where Z =

∑
p

e−βλp . Spetral densities in (7), obtained from ommutator

η = 1 (5) and antiommutator η = −1 (6) Greens' funtions respetively,exhibit disrete struture, i.e. onsist of several δ-peaks due to the �nitesize of a luster. Therefore we apply the periodi boundary onditionsto the luster and introdue small parameter ∆ to broaden the δ-peaksaording to Lorentz distribution

δ(ω) →
1

π

∆

ω2 +∆2
. (8)4. Results and disussionWe perform alulations of one-partile spetral densities of one-dimensionalioni Pauli ondutor (1) for the hain of ten sites (N = 10) in periodiboundary onditions. To test the results we ompare them with the ex-at solution obtained by means of fermionization proedure [14℄ in theabsene of nearest neighbour interation (V = 0) for di�erent values ofhemial potential (Fig. 2). The redistribution of statistial weight withthe hange of hemial potential level an be observed and the good levelof agreement is ahieved.The analysis of the spetral densities is the way to distinguish the dif-ferent states of ioni subsystem and the orresponding onditions. In thease of half-�lling, as we turn on the interation starting from spetral
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 V=0
 V=1
 V=4Figure 3. Commutator spetral density of ioni Pauli ondutor for dif-ferent values of nearest-neighbour interation (Vef = wef ≡ V ) at half�lling (µ = 0). t = 1, T = 0.2,∆ = 0.4.density whih shape orresponds to SF state, we observe the develop-ment of the gap in the spetra (Fig. 3). The similar e�et was foundfor ioni and proton ondutors desribed by the analogous models inframes of Fermi statistis. It was onneted with the splitting of spe-tra due to harge ordering with doubling of lattie period [11,12℄. Thedetailed analysis of spetral densities of Fermi and Pauli models of ioniondutor an be found in [29℄. So, we have here a transition from SFto CDW state (at T 6= 0 this transition manifests itself as a rossover),desribed analytially in [30,31℄.The existene of the gap in the spetra whih separates the bottomof energy band from the hemial potential level is also the sign of thepresene of homogenous MI state. The other spei� feature of the spe-tra is the appearane of negative branh that points to the transitionto SF-like state (see, for example, [32℄). Aording to these riteria weanalyze the spetral densities at di�erent temperatures and values of in-teration and build the orresponding diagrams of state (Fig. 4). Thesystem is in MI homogenous state at high temperatures and far awayfrom half-�lling (at large δ). As the temperature dereases or one omesloser to half-�lled ase the system undergoes transition to SF-like statethat orresponds to the appearane of the negative branh on the spe-tral density. At farther temperature derease and loser to half �llingwe observe transition to the state with the gap on the spetral densitythat orresponds to the CDW-ordering. As the interation strength Vinreases suh a region beomes broader while the region of SF-like statebeomes smaller. From the other hand, with the derease of V the CDWstate diminishes and disappears at V ≈ t. It should be mentioned that



6 Ǒà¥¯à¨â

0,00 0,05 0,10 0,15 0,20
0,0

0,5

1,0

1,5

2,0

MI

SF

 

 

T

V=3

CDW
0,00 0,05 0,10 0,15 0,20

0,0

0,5

1,0

1,5

2,0
V=4

 

 

T

MI

SF

CDW

-10 -5 0 5 10

-0,15

-0,10

-0,05

0,00

0,05

0,10

0,15

 

 

CDW
T=0.5, V=4, =4

-4 -2 0 2 4
-0,10

-0,05

0,00

0,05

0,10

 

 

T=0.5, V=4, =9
SF

-6 -4 -2 0 2 4 6
0,00

0,05

0,10

0,15

0,20

0,25

 

 

MI
T=0.5, V=4, =10.5
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