
Препринти Iнституту фiзики конденсованих систем НАН України
розповсюджуються серед наукових та iнформацiйних установ. Вони
також доступнi по електроннiй комп’ютернiй мережi на WWW-сер-
верi iнституту за адресою http://www.icmp.lviv.ua/

The preprints of the Institute for Condensed Matter Physics of the Na-
tional Academy of Sciences of Ukraine are distributed to scientific and
informational institutions. They also are available by computer network
from Institute’s WWW server (http://www.icmp.lviv.ua/)

Микола Володимирович Максименко
Олег Володимирович Держко
Йоганнес Рiхтер

Низькотемпературнi властивостi квантового

антиферомагнетика Гайзенберга на деяких одновимiрних

гратках, що мiстять рiвностороннi трикутники

Роботу отримано 27 серпня 2010 р.

Затверджено до друку Вченою радою IФКС НАН України

Рекомендовано до друку вiддiлом модельних спiнових систем

Виготовлено при IФКС НАН України
c© Усi права застереженi

Нацiональна академiя наук України

���������	
� IНСТИТУТ

ФIЗИКИ

КОНДЕНСОВАНИХ

СИСТЕМ

'

&

$

%

M.Maksymenko, O.Derzhko, J.Richter∗

LOW-TEMPERATURE PROPERTIES
OF THE QUANTUM HEISENBERG ANTIFERROMAGNET

ON SOME ONE-DIMENSIONAL LATTICES
CONTAINING EQUILATERAL TRIANGLES

∗Institut für Theoretische Physik, Universität Magdeburg, P.O. Box 4120,

39016 Magdeburg, Germany

ICMP–10–08E

ЛЬВIВ



УДК: 537.9; 537.622

PACS: 75.10.Jm, 75.40.Gb

Низькотемпературнi властивостi квантового антиферома-

гнетика Гайзенберга на деяких одновимiрних гратках, що

мiстять рiвностороннi трикутники

М.Максименко, О.Держко, Й.Рiхтер

Анотацiя. Ми розглядаємо квантовий антиферомагнетик Гайзен-
берга у магнiтному полi на двох одновимiрних гратках, що мi-
стять рiвностороннi трикутники (ланцюжок з подвiйних тетраедрiв з
спiльними вершинами i фрустрована тринога драбинка), якi пiдтри-
мують локалiзованi магноннi стани. Мапуючи локалiзованi магноннi
ступенi вiльностi на класичний гратковий газ, ми отримуємо термо-
динамiчнi властивостi моделi у сильних полях при низьких темпера-
турах.
Ця робота була представлена на 14iй чеськiй i словацькiй конферен-
цiї з магнетизму CSMAG’10 (6–9 липня 2010, Кошiце, Словаччина).

Low-temperature properties of the quantum Heisenberg anti-

ferromagnet on some one-dimensional lattices containing equi-

lateral triangles

M.Maksymenko, O.Derzhko, J.Richter

Abstract. We consider the quantum Heisenberg antiferromagnet in a
magnetic field on two one-dimensional lattices containing equilateral tri-
angles (a chain of corner-sharing double tetrahedra and a frustrated
three-leg ladder) which support localized-magnon states. By mapping
of the localized-magnon degrees of freedom on a classical lattice gas we
obtain high-field thermodynamic quantities of the models at low tem-
peratures.
This paper was presented at the 14th Czech and Slovak Conference on
Magnetism CSMAG’10 (6–9 July 2010, Košice, Slovakia).
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Recently it has been shown how the low-temperature thermodynam-
ics of a large class of geometrically frustrated quantum Heisenberg an-
tiferromagnets in magnetic fields can be studied using the concept of
localized-magnon states [1], for a review see Ref. [2]. For this class of
models the lowest-energy states in the one-magnon subspace are the so-
called localized-magnon states, i.e., the spin excitations above the fully
polarized ferromagnetic state are localized on a small part of the lattice
(trapping cell). Moreover, independent (isolated) localized magnons are
the lowest-energy states in many-magnon subspaces. Their degeneracy
can be calculated by mapping on corresponding classical lattice gases
and, as a result, the contribution of localized magnons to thermodynam-
ics can be estimated. In extension to these previous studies we consider
here lattices with triangular traps, which have not been considered so
far. As it is shown below, such triangular traps may produce new fea-
tures, since the localized-magnon state trapped on a triangle possesses
an extra degree of freedom, namely the chirality. Thus, an extra degen-
eracy of independent localized-magnon states becomes relevant for the
low-temperature physics.

To be specific, we consider the standard quantum (s = 1/2) Heisen-
berg antiferromagnet with the Hamiltonian

H =
∑

(nm)

Jnmsn · sm − hSz, Sz =
∑

n

szn (1)

on the two one-dimensional lattices shown in Fig. 1 (see, e.g., Refs. [3,4]).
The first sum in (1) runs over neighboring sites, the second sum in (1)

a)

b)

Figure 1. Double tetrahedra chain (a) and frustrated three-leg ladder (b).
Exchange integrals acquire two values: J2 > 0 along equilateral triangle
sides (bold) and J1 > 0 along all other bonds (thin).

runs over all N lattice sites. Jnm > 0 acquires two values: J2 along
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equilateral triangles (bold bonds in Fig. 1) and J1 along all other bonds
(thin bonds in Fig. 1). We introduce the number of cells N which equals
N/4 for the double tetrahedra chain and N/3 for the frustrated three-
leg ladder. In what follows we construct the ground states in the sub-
spaces with 0 ≤ n ≤ nmax magnons (i.e., for N/2− nmax ≤ Sz ≤ N/2),
where nmax = N for the double tetrahedra chain and nmax = N/2 for
the frustrated three-leg ladder. Furthermore, we calculate the degener-
acy of ground states gN (n) in these subspaces and, as a result, obtain
the thermodynamic quantities for both spin models in low-temperature
strong-field regime.

We begin with the one-magnon subspace. We find that the two-fold
degenerate and completely dispersive (flat) one-magnon band ε1,2(κ) =
−J1 − 3J2/2 (double tetrahedra chain) or ε1,2(κ) = −3J1 − 3J2/2 (frus-
trated three-leg ladder) becomes the lowest-energy one if J2 > 2J1. Then
the saturation field h1 is given by h1 = −ε1,2(κ). The corresponding
eigenstates (localized magnons) are located along one of N triangles and
they have the energy EFM − h1, where EFM is the energy of the ferro-
magnetically polarized state. The two-fold degeneracy comes from the
chirality of the triangles.

Next we pass to the n-magnon subspace with 1 < n ≤ nmax. A many-
magnon state which consists of n localized magnons located on different
triangular traps (double tetrahedra chain) or on different but not neigh-
boring triangular traps (frustrated three-leg ladder) is the lowest-energy
state in the n-magnon subspace with the energy EFM−nh1. Important-
ly, we can easily count the ground-state degeneracy in the n-magnon
subspace gN (n). We find gN (n) = 2nCn

N (double tetrahedra chain) or
gN (n) = 2nZ(n,N ), where Z(n,N ) stands for the canonical partiti-
on function of n hard dimers on a simple chain of N sites (frustrated
three-leg ladder). Note, that the factor 2n appears in gN (n) due to the
chirality of the triangles (compare with the results for the diamond chain
and frustrated two-leg ladder [5]).

Considering the case when a magnetic field h is present we find that
the independent localized-magnon states are the lowest-energy states
having the energy EFM − hN/2− n(h1 − h) and the degeneracy gN (n).
Due to their huge degeneracy the localized-magnon states yield the domi-
nant contribution to the partition function of the spin model (1) at low
temperatures T and high fields h ≈ h1, i.e., Z(T, h,N) ≈ Zlm(T, h,N),
where

Zlm(T, h,N) =

nmax
∑

n=0

gN (n)e−
EFM−h

N

2
−n(h1−h)

T
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Figure 2. Specific heat for the double tetrahedra chain and frustrated
three-leg ladder which consist of N = 4 cells for small deviations from
the saturated magnetic field h = 0.98h1 and h = 1.02h1. Here J1 = 1
and J2 = 5 and hence h1 = 17/2 (double tetrahedra chain) or h1 = 21/2
(frustrated three-leg ladder). Exact diagonalization data are shown by
symbols, localized-magnon predictions are shown by lines.

= e−
EFM−h

N

2
T Ξ(T, µ,N ); µ = h1 − h. (2)

The sum in Eq. (2) can be easily evaluated for both lattices: Ξ(T, µ,N ) =
(1 + 2eµ/T )N (double tetrahedra chain) and Ξ(T, µ,N ) = λN

1 + λN
2 ,

λ1,2 = 1/2 ±
√

1/4 + 2eµ/T (frustrated three-leg ladder). Based on this
result the thermodynamic quantities can be easily calculated from the
free energy Flm(T, h,N) = −T lnZlm(T, h,N). For example, the specific
heat is given by Clm(T, h,N) = −T∂2Flm(T, h,N)/∂T 2.

In Fig. 2 we compare the temperature dependence of localized-
magnon contribution Clm(T, h,N) of the specific heat (lines) and specific
heat of the full model C(T, h,N) at h = 0.98h1 and h = 1.02h1 for fi-
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nite chains [6] (symbols). The specific heat shows a well-pronounced low-
temperature maximum due to the localized magnons. Obviously the elab-
orated approach reproduces perfectly well the low-temperature behavior
of the specific heat thus illustrating the dominant role of the localized-
magnon contribution to thermodynamics at low T and h around h1.

Several remarks are in order here. First, the considered spin models,
in principle, may have solid-state realizations, see, e.g., Refs. [7, 8]. Sec-
ond, for the antiferromagnetic Heisenberg frustrated three-leg ladder it is
also possible to take into account a substantial part of low-lying excited
states [9]. Third, one may add to spin Hamiltonian (1) small extra terms
which remove the degeneracy due to the chirality. Manipulation with
chirality attracts much interest nowadays [10–12]. Fourth, the elaborat-
ed scheme may be applied to the Hubbard model on the lattices shown
in Fig. 1, see Refs. [13–15]. These issues will be discussed in an extended
publication.
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