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Amnorarisi. Bukopucrosyioun nepersopentst Mopaana-Birmepa i Here-
pepBHi 1pobu, MU 0OIUCTIOEMO TEPMOTMHAMIYUHI BETUTHHY TIEPiOIMTHOTO
CHiH—% IOIIePEeYHOro JIaHIIoKKa [3uara. Mu posrisaemMo JieTajabHO Te-
pioau Momysanii 2 i 3. Mu mopiBHIOEMO TepMOIMHAMIYHI BJIACTHBOCTI pe-
TYJIIPHO3MIHHUX TONEPETHUX JAHIIOKKIB [3unra i X X JaHIoxKKiB; Mu
IIOPIBHIOEMO BJIACTUBOCTI B OCHOBHOMY CTaHi PeryJsipHO3MIHMX KBaHTO-
BUX 1 KJIACUYIHUX JIAHITIOXKKIB. BUKOpHCTOBYIOUN yHiTAPHI TEpeTBOPEHHS,
MM 3aCTOCOBYEMO PO3POOJIEHMIA ITi/IXiJ O TePMOIUHAMIKY IT€PIOIMIHAX
CHiH—% anizorponHuX XY JIAHIIOXKKIB 6e3 mojiss. Mu BUKOpHCTOBy€EMO
€HEPIrif0 OCHOBHOTO CTaHy I miepiofy 2 mob 3’saCcyBaTH, K aHI30TPOIIis

OOMIHHOT B3a€MO/IiT PyHHY€ CIIiH—TIAHEPICOBY TUMEPU3AIIIO.

The ground—state and thermodynamic properties of regularly

alternating spinf% anisotropic XY chains

Oleg Derzhko, Johannes Richter, Taras Krokhmalskii, Oles’ Zaburannyi

Abstract. Using the Jordan—-Wigner transformation and continued frac-
tions we calculate rigorously the thermodynamic quantities for the spin—
% transverse Ising chain with periodically varying intersite interactions
or/and on-site fields. We consider in detail chains having periods of mod-
ulation 2 and 3. We compare the thermodynamic properties of regularly
alternating transverse Ising and transverse X X chains. Moreover, we
compare the ground-state properties of regularly alternating quantum
and classical chains. Making use of the corresponding unitary transfor-
mations we extend the elaborated approach for a study of thermody-
namics of regularly alternating spinf% anisotropic XY chains without
field. We use the exact expression for the ground-state energy of such
a chain of period 2 to discuss how the exchange interaction anisotropy

destroys the spin—Peierls dimerized phase.
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1. Introductory remarks

The spin—% Ising chain in a transverse field (transverse Ising chain) is
known as the simplest model in the quantum theory of magnetism. It
can be viewed as the 1D spinfé anisotropic XY model in a transverse
(2) field with extremely anisotropic exchange interaction. By means of
the Jordan—Wigner transformation it can be reduced to a 1D model of
noninteracting spinless fermions [1-4]. As a result the transverse Ising
chain appeared to be an easy case [5] and a lot of studies on that model
have emerged up till now. After the properties of the basic skeleton mod-
el were understood various modifications were introduced into the model
and the effects of the introduced changes were examined. For example,
an analysis of the critical behaviour of the chain with an aperiodic se-
quence of interactions was performed in Ref. [6], an extensive real-space
renormalization—group treatment of the random chain was reported in
Ref. [7], a renormalization—group study of the aperiodic chain was pre-
sented in Ref. [8]. It should be remarked, however, that a simpler case of
the regularly inhomogeneous spin—% transverse Ising chain (in which the
exchange interactions between nearest sites or/and the on-site trans-
verse fields vary regularly along the chain with a finite period p) still
contains enough not explored properties which deserve to be discussed.
Moreover, the thermodynamic quantities of such a system can be de-
rived rigorously analytically exploiting the fermionic representation and
continued fractions.

The thermodynamic properties of the regularly alternating anisotrop-
ic XY chain in a transverse field of period 2 were considered in Refs.
[9,10] (see also Ref. [11] where a model without field was investigated).
The elaborated general approach for calculation of thermodynamic quan-
tities [10] becomes rather tedious if p > 2 and the properties of chains
of larger periods of alternation were not discussed. Other papers [12,13]
are devoted to the 1D anisotropic XY model on superlattices, which
can be viewed as particular cases of a regularly alternating anisotropic
XY chain. In Ref. [12] the transfer matrix method was applied to get
the excitation spectrum of the Hamiltonian, being a quadratic form of
creation and annihilation Bose or Fermi operators, on a 1D superlattice.
(This fermionic system is related to the 1D spinf% transverse anisotrop-
ic XY model on a superlattice.) In Ref. [13] a version of the approach
suggested in Ref. [10] was applied for superlattices. Considering as an ex-
ample the ground-state dependences of the transverse magnetization vs.
transverse field and of the static transverse susceptibility vs. transverse
field (which were examined numerically for an anisotropic XY chain of
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period 4) the authors of Ref. [13] observed that they behave differently
from the isotropic XY model. Namely, the number of the critical fields at
which the susceptibility becomes singular strongly depends on the con-
crete values of intersite interaction parameters in the case of anisotropic
XY model (contrary to the case of isotropic XY model). The quantum
critical points in the anisotropic XY chains in a transverse field with
periodically varying intersite interactions (having periods 2 and 3) were
determined by the transfer matrix method in Ref. [14]. It was found that
for periodic chains the number of quantum phase transition points may
increase and its actual value depends not only on the period of modula-
tion but also on the strengths of anisotropy and modulation of exchange
interactions. Let also mention here a paper discussing the energy gap
vanishing in the dimerized (i.e., period 2) anisotropic XY chain without
field [15] and a recent paper [16] which contains such an analysis for a
nonzero transverse field.

In the present paper we shall consider a systematic method for the
calculation of the thermodynamic quantities of the regularly alternat-
ing spinf% transverse Ising chain which reproduces the known results
and yields new ones. For this purpose we utilize an alternative approach
not used in the references cited above. This approach is based on ex-
ploiting continued fractions [17] and seems to be a natural and conve-
nient language for describing regularly alternating chains. Considering
the chains of periods 2 and 3 we examine the generic effects induced by
regular alternation. We discuss, in particular, the influence of regular
alternation on the energy gap, the zero—temperature dependences of the
transverse magnetization vs. transverse field and of the static transverse
susceptibility vs. transverse field and on the temperature dependences of
thermodynamic quantities. These rigorous analytical results completed
by numerical calculations of the spin correlation functions demonstrate
the effect of the regular alternation of Hamiltonian parameters on the
quantum phase transition inherent in the spinf% transverse Ising chain.
We also compare the results for the transverse Ising chains with the cor-
responding ones for the isotropic XY chains in a transverse field (trans-
verse X X chains). Moreover, we compare the ground—state properties
of the quantum and classical regularly alternating transverse Ising/X X
chains.

The results obtained exploiting the continued fractions approach can
be used to examine thermodynamics of the regularly alternating spin—%
anisotropic XY chain without field since the latter model is related to
a system of two spinf% transverse Ising chains through certain unitary
transformations. We use the exact expression for the ground—state energy
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of the anisotropic XY chain without field of period 2 to demonstrate the
effects of anisotropy of exchange interaction on the spin—Peierls dimer-
ization.

The outline of the paper is as follows. We begin with a description of
the model and a discussion of some of its symmetry properties in Section
2. In Section 3 we explain how the continued fractions can be used to
calculate exactly the Helmholtz free energy (and thus all thermodynamic
quantities) of the regularly alternating transverse Ising chain having an
arbitrary (finite) period of alternation of the Hamiltonian parameters.
Further we present the results for chains of periods 2 and 3 examining
the behaviour of the transverse magnetization, static transverse suscep-
tibility, and spin correlation functions (Section 4) and of the specific
heat (Section 5). We apply the elaborated continued fractions approach
for examining the thermodynamic properties of the regularly alternating
anisotropic XY chain without field in Section 6. Some conclusions are
given in Section 7.

2. The model. Unitary transformations

1

We consider N — oo spins 5 on a ring governed by the Hamiltonian

N N
H=>Y Qusi+ Y 2Lstsh, ), (2.1)
n=1 n=1

« _ L«
SN+1—81.

Here I,, is the (Ising) exchange interaction between the nearest sites n
and n+1 and €2, is the transverse field at the site n. We assume that these
quantities vary regularly along the chain with period p, i.e., the sequence
of parameters in (21) is 91[192]2 ‘e Qplpglllgglg ‘e Qplp ... . Our
goal is to examine the thermodynamic properties of the spin model (2.1).

Before starting to calculate the thermodynamic quantities of the in-
troduced model let us extend the “duality” transformation to the in-
homogeneous case. This transformation is long known for the uniform
transverse Ising chain (see, for example, Refs. [3,18]). For the Ising
chain in a random transverse field such a transformation was discussed
in Refs. [9,19]. It can be easily proved that the partition function
Z = Trexp(—0H) for two sequences of parameters ...Q,I, ... and
coidy Qoo (or . 141 ... ) is the same. (It means that the fields
and the interactions may be interchanged as ,, — I, and I,, — Q,, (or
Q, — I, and I,, — Q,11) remaining the partition function unchanged.)
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Really, performing the unitary transformation
N—1
U= H exp (ims?s¥, ) (2.2)
p=1

one finds that Eq. (2.1) transforms (with the accuracy to the not impor-
tant for thermodynamics end terms) into

N N
UHUY = Lusiq + Y 20shsh

n=1 n=1

N N
=Y Lusi+ > 2 pashsh,, (2.3)
n=1

n=1
e _ L«
SN41 = 51

(to get the second equality we have renumbered the sites n — n —1 that
obviously does not change thermodynamics). As a result RFUHU T R**
with R* = Hévzl exp (i5sZ) (up to end effects) is again the transverse
Ising chain, however, with the exchange interaction between the nearest
sites n and n + 1 equals to Q,, (or Q1) and the transverse field at the
site n equals to I,,_1 (or I,,). Hence, such thermodynamic quantities as

the Helmholtz free energy per site f = _NLB In Z, the internal energy
e=f+ ﬂ%, the entropy £ = HQ% or the specific heat £ = —ﬂ%%

(but not the transverse magnetization m?* = % or the static transverse

susceptibility x* = 88’?;) of the models characterizing by the sequence

of parameters QI...and IQ. .. (p = 1), 91]192[2 ... and 1291[192 .
(OI‘ 1192[291 ‘e ) (p = 2), 91]1921293]3 ... and 1391[192]293 AP (OI‘
L0315, ... ) (p = 3) etc. are the same.

Let us also recall that the unitary transformation F,, = 2s7, changes
the sign of the transverse field at site m in the Hamiltonian (2.1), where-
as the unitary transformation By, = (2s%)...(2s%,) changes the sign of
the exchange interaction between the sites m and m + 1 in the Hamilto-
nian (2.1). Therefore, in what follows we may assume without a loss of
generality all exchange interactions to be positive I, > 0. Although the
thermodynamic quantities do not depend on the signs of the transverse
fields €2,, we do not impose a similar restriction for the signs of the fields
since we shall also discuss the behaviour of such quantities as the trans-
verse magnetization and the static transverse susceptibility which arise
after differentiation with respect to the transverse field. The symmetry
remarks permit to reduce the range of parameters for the study of the
thermodynamics of the model.
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Finally, let us extend to the inhomogeneous case the relation between
the anisotropic XY chain without field and the transverse Ising chain
(see, for example, Refs. [19,20]). Applying to the Hamiltonian

N
H= (2IFstst 4+ 21Ys¥YsY 1), (2.4)
n=1
SNp1 = 7
the unitary transformation
N-1
= H exp (imsys; i) (2.5)
p=1
one gets with an accuracy to end terms
N
VHVT = (2Isish o+ IYsty,) (2.6)
n=1
SN41 = ST

This is the Hamiltonian of two independent chains. Performing further a
5 rotation of all spins about y—axis one finds that RYV H VRVt RY =

HN Lexp (i% s¥) (up to end effects) is the Hamiltonian of two indepen-
dent transverse Ising chains (in the notations used in Eq. (2.1)) each of
ﬂ sites defined by the sequences of parameters ... 17 | I* IY oI% ...
and ... IYI7 (IY ,I%. 5... . If the chain (2.4) is isotropic, ie., I} =
I}{ = In, the two transverse Ising chains have the same thermodynamics.
Thus, the X X chain of N sites without field defined by a sequence of
parameters ... I, 1,41 ... is thermodynamically equivalent to two iden-
tical transverse Ising chains of % sites with the sequence of parameters
oIy ... . We shall use the discussed relation in Section 6 to study
the thermodynamic properties of regularly alternating anisotropic XY
chains without field.

3. Continued fraction approach

3.1. The density of states and thermodynamic quantities

To derive the thermodynamic quantities of the spin model (2.1) we first
express the spin Hamiltonian in fermionic language by applying the
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Jordan—Wigner transformation [1-5]. As a result we arrive at a mod-
el of spinless fermions on a ring governed by the Hamiltonian

al 1
H = ZQ” (C:L_Cn - 5)
n=1

N
1
5 Z n+1 +cfeny — cncf;rl - cncn+1) , (3.1)

n=1
CEH = Cf, CN+1 = C1
(the boundary term, that is unimportant as far as the thermodynamics

is concerned, has been omitted). It is well known [1, 3,19, 21| that the
Hamiltonian (3.1) can be transformed into the diagonal form

H=3 N (ntm—3). (32)

k=1
{n;jmq} = Okgy {Mks7q} = {nlj’n;} =0

after introducing new operators

N N
me= Y (grici + i), nf = (hwici + graci) (3.3)
i=1 i=1
where the coeflicients
1 1
ki = 5@%’ + W), hii= 5(‘1%1' — Uy) (3.4)

are determined from the following equations

Qn 1In 1(I)k n—1 + (Q + 1 n—1 Ai) (I)kn + Q77,Inq)k,n+1 - 07 (35)
Pro = Ppn, Pr,N+1 = Pras

QnIn—lqlk,n—l + (Qi + 1727, - Ai) \Ijkn + Qn+1In\I/k,n+l = 07 (36)

Yo = Vin, VYrny1r = Ypi.

Evidently, we may obtain the thermodynamic quantities of the spin mod-
el (2.1) having the density of states

N
E? = % > (B - AR) (3.7)
k=1
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since due to Eq. (3.2) the Helmholtz free energy per site is given by
2 [ E
f= _5/ dEER(E*)In (2 cosh %) : (3.8)
0

(As we shall see below the density of states R(E?) (which contains the
same information as a set of all Ay) is easier to calculate than the values
of Ay, or the coefficients gi;, hi;.)

On the other hand, we may exploit Egs. (3.5), (3.6) to obtain the
desired density of states R(E?) (3.7). We note that a three diagonal band
set of equations (3.5) (or (3.6)) strongly resembles the one describing
displacements of particles in a nonuniform harmonic chain with nearest
neighbour interactions and R(E?) (3.7) plays a role of the distribution
of the squared phonon frequencies (for a study of the phonon density of
states in a linear nonuniform system see, for example, Ref. [22]). The set
of equations (3.5) (or (3.6)) can be also viewed as the one for determining
a wave function of (spinless) electron in the 1D nonuniform tight-binding
model.

To find the density of states R(E?) from the set of equations (3.5) (or
(3.6)) we use the standard Green function approach. Counsider, for ex-
ample, Eq. (3.5). Let us introduce the Green functions G, = G (E?)
which satisfy the set of equations

(E2 - Q,’% - -[72171) Gnm - anl-[nflanLm - QnInGn+17m = 5nm (39)

with periodic boundary conditions implied. Knowing the diagonal Green
functions G, = Gpn(E?) we immediately find the density of states
R(E?) (3.7) through the relation

R(E?) = :F— Z G, (B2 £ie), €— +0. (3.10)

Alternatively, R(E?) can be obtained with the help of the Green
functions introduced on the basis of the set of equations for coefficients
Uin (3.6). The set of equations for such Green functions (like Eq. (3.9))
corresponds to the unitary equivalent spin chain (see (2.2), (2.3)) which
exhibits the same thermodynamic properties. Thus, the resulting density
of states R(E?) is the same.

We have now to calculate the diagonal Green functions G,,,, involved
into Eq. (3.10). Let us use the continued fraction representation for Gy,
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that follows from (3.9)

1
Gn = , (3.11)
0212 A, - AY
2 2
A" = Qn 1In 1
" E2 _QQ IQ _ Qi QITQL 2 ’
n—1 n—2 E2— QQ _[5 3=
272
AJ,, _ QnIn
" E2 — QQ —J2— 2314-11524-1
ntl n E2_9n+2_1n+1

(Note that the signs of exchange interactions and fields are not important
for the thermodynamic quantities as was noted above and is explicitly
seen from Eq. (3.11).) For any finite period of varying €, and I, the
continued fractions in (3.11) become periodic (in the limit N — oo) and
can be easily calculated by solving quadratic equations. As a result we
get rigorous expressions for the Green functions, density of states (3.10)
and thermodynamic quantities of the periodically alternating spin chain
(2.1). For example, the entropy and specific heat are given by

- 2/ dEER(E?) <1n <2cosh 5E> - 57Et hﬂTE) (3.12)

and

c e 9 BE ?
c_ 2
- 2/0 dEER(E )( ) : (3.13)

BE
cosh 5

respectively. Assuming that Q,, = Q + AQ, one can also obtain the
transverse magnetization

m® = 89 5/ dEE )ln (2coshﬂ7E> (3.14)

and the static transverse susceptibility
om~? 2 [ 0?R(E?) OF
e —— == dEE————=In(2cosh— | . 3.15
X 0 3 /0 202 n < cosh = ) (3.15)

Following the procedure described above, for the periodically alter-
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nating chain of period 2 we find the following result for R(E?)

1 |V(E?)]| if B E2 0
wa{%ﬁﬁ’l<>>’

0, otherwise,

(3.16)
V(E?) =2B" —Qf -0 — I} - I3,
B(E?) = 403Q317 13
— (B — (2 + Q3+ P+ I3) B2 4+ Q303 + I212)°
= —(E® = b1)(E® — ba)(E® — b3)(E? — ba),

1
o) = {3 @ n

@ B - a0 1112)2> } .
For the periodically alternating chain of period 3 we find

L|X(E2)| if C E2 0
R<E2>:{ swyey )0

0, otherwise,

(3.17)

X(E?)=3E*'-2(Q{+ Q3+ Q3+ 17+ 15 +13) E?

+OIOZ + O + I3 + Q505 + Q315 + 313

+Q20% + Q217 + 217,

C(E?) = 4Qi050A 7 1513

—(E°— (I + B+ + 17+ 15 +13) E*

+ (03 + QL5 + DI + Q305 + Q315 + 15

+O202 4+ Q217 + I317) B — 030203 — IP1313)°
= —(E2 - Cl)(E2 - CQ)(EQ — Cg)(E2 - C4)(E2 - C5)(E2 — Cﬁ),

where c1,...,cg are the roots of two qubic equations which follow from
the equation C(E?) = 0 (3.17).

Egs. (3.16), (3.17) recover the result for the uniform chain if Q,, = Q,
I, = I as it should be. The obtained density of states for p = 2 (3.16) can
be compared with the exact calculation for the anisotropic XY chain in
a transverse field reported in Ref. [10]. Such a spin chain is represented
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by noninteracting spinless fermions with the Hamiltonian

CEED S 3 (AR ) RN

—I<k<Zu=t

AP = Qi +02 + (I_2H_+ + IE_+) cos® k + (IE+_ + I_%___) sin’ k
+2 (Qng, + (L I+ cos? k41, I, _sin? k)2
F(Q22,, + Q212 )cosPh+ (0212, + Q212 )sin?k)?
Loy = %(Ifi];i]{’i[%’), Q. = %(Qlng),
{03 e } = Sww by, s i} = {00 0,0} = 0.

Therefore, the density of states (3.7) for the transverse Ising chain of
period 2 which follows from Eq. (3.18) has the form

R(E?) = %/_ dké (E® — A7) + %/_ dké (E* — A7), (3.19)

1
Aii:5(9%+93+112+1§)

1
i\/ 7R+ B+ + 12)? — Q202 — 1212 + 20,51 I cos(2k)
and after integration transforms into (3.16).

3.2. The energy gap and quantum phase transition points

The density of states R(E?) (3.7) yields valuable information about the
spectral properties of the Hamiltonian (2.1). Thus, the gap A in the en-
ergy spectrum of the spin chain is given by the square root of the smallest
root of the polynomial B(E?) if p = 2, C(E?) if p = 3 etc.. In Figs. 1, 2
and Fig. 3 we display the dependence of the energy gap on the transverse
field! for chains of period 2 and period 3, respectively. In Fig. 2 we also
show this dependence for a chain of period 2 with anisotropic exchange
interaction (21,5252 — 2@, ((1 +7)sZs? 1 4+ (1 —7)s¥s?, ) in (2.1))

n°n+

Hereafter we fix AQy, (Qn = Q + AQy, >, AQ, = 0) and I, and assume Q
to be a free parameter. As a result we consider the changes in different properties
as the transverse field (and temperature) varies. Obviously, while fixing Q5 and AI,
In = I+ Aln, >, Al = 0) and assuming I to be a free parameter (in such a
case, e.g., the quantum phase transition is driven by tuning the exchange interaction
I rather than the transverse field Q) we recover the “violated” symmetry between
transverse field and exchange interaction.
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Figure 1. The energy gap A vs. transverse field © for spin-3 XY chains of Figure 2. The energy gap A vs. transverse field Q for spin-3 XY chains of
period 2 (a — c: transverse Ising chains, d — f: transverse XX chains; Q2 = period 2 (2 = Q, L1z = 1+ AI, Al = 0.3 (a), Al = 0.6 (b); L2 = 1,
QEAQ, Lz =12 AL AQ =0 (a, d); AQ = 0.5 (b, e); Al =0 (c, f)). Qo = Q+AQ, AQ = 0 (c), AQ = 1 (d), AQ = 2 (e), AQ = 3 (F)).
The bold curves A vs. Q correspond to the following values of parameters:

Al =0.9, 1, 1.1 (panel a), AT =+/0.75 = 0.866, 1, v/1.25 ~ 1.118 (panel b),

The results for the transverse Ising chain are compared with the results for

an anisotropic XY chain (with 21, ((1 +y)snsni1 + (1 —7)shs
AQ = 0.5, 1, 1.5 (panel ¢). The bold curves in the planes Q-ATl and Q-AQ

indicate the values of parameters of transverse Ising chains (the boundaries of
the region of parameters of transverse X X chains) which yield the zero—energy
gap, A = 0.

interaction 21,).

Y .1) instead
of 2I,sy sy 1 in Eq. (2.1)) as v varies from 1 (transverse Ising chain with
the exchange interaction 4I,) to 0 (transverse XX chain with the exchange
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Figure 3. The energy gap A vs. transverse field Q for spin-3 XY chains of
period 3 (a — d: transverse Ising chains, e — h: transverse X X chains; Q123 =
Q4+ AQio3, AQ + AQo + AQs = 0, I123 = 1+ Al o3, A + Al +
Alg = 0; AQ172,3 = O, AIQ = All (a, e); AILQ,:; = 0, AQQ = AQl (b,
f), AQ = 2AQ (¢, g), AQ2 = —AQ; (d, h)). The bold curves A vs. Q
correspond to the following values of parameters: AI = 0.3, 0.5, 0.7 (panel
a), AQ; = 0.5, AQy = 0.630, AQ; = 1 (panel b), AQ; = 0.5, AQ; =~ 0.848,
AQ; = 1.5, AQ =~ 1.921 (panel ¢), AQ; = 1, AQ; =~ 1.375, AQy = 2
(panel d). The bold curves in the planes Q-AI; and Q-AQ; indicate the
values of parameters of transverse Ising chains (the boundaries of the region of
parameters of transverse X X chains) which yield the zero—energy gap, A = 0.
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for different values of the anisotropy parameter v which varies between
v =0 (XX interaction) and v = 1 (Ising interaction) as it follows from
(3.18). The results for transverse X X chains in Figs. 1, 3 are obtained
with the help of continued fractions [23]. In Figs. 2a, 2b one can see that
A =0 for v = £4, Q = 0 in agreement with [11,15]. Let us also note
a similarity between vanishing gap behaviour owing to anisotropy - in
the case Al # 0, AQ2 = 0 seen in Figs. 2a and 2b (the case discussed in
Refs. [15,16]) and in the case AQ # 0, AI = 0 seen in Figs. 2d and 2e.
From Refs. [11,15,16] we know that the presence of anisotropy or regular
alternation of the exchange interaction makes the X X chain (without
transverse field) gapped, however, if they are present simultaneously the
chain may become gapless. As we see from Figs. 2d, 2e the presence of ex-
change interaction anisotropy or of regularly alternating transverse field
also makes the chain gapped, however, if they are present simultaneously
the chain again may become gapless.

The vanishing gap indicates quantum phase transition points [4]. As
can be seen from the data reported in the left panels in Figs. 1, 3 the
number of such quantum phase transition points for a given period of
alternation is strongly parameter—dependent. Thus the chains of peri-
od 2 may become gapless either at one, two, three, or four values of
the transverse field, whereas the chains of period 3 may become gap-
less either at one, two, three, four, five, or six values of the transverse
field depending on the concrete set of the Hamiltonian parameters (see
Figs. 1 and 3). The condition for vanishing gap follows from B(0) = 0
(3.16) (C(0) = 0 (3.17)) and for the chains of period 2 (3) it reads
9192 = ﬂ:[ljz (919293 = ﬂ:[ljzjg). In fact we have rederived with the
help of continued fractions the long known condition for existence of the
zero—energy excitations in the inhomogeneous spin—% transverse Ising
chain [24] which in our notations has the form

ngg...QNZiIL[Q...IN. (3.20)

(Notice, that Eq. (6) of Ref. [24] does not contain two signs; the minus
sign follows from the symmetry arguments after performing simple ro-
tations of spin axes. It is important as will be seen below to have two
signs in (3.20).) Obviously, for periodic chains we have the products of
only p multipliers in the Lh.s. and r.h.s. of Eq. (3.20).

For a chain of period 2 with a uniform transverse field Eq. (3.20)
yields either one critical field Q* = 0 if either I; or Iy (or both) equals to
zero or two critical fields Q* = ++/|I1 12| (see Fig. 1a). If the transverse
field becomes regularly varying, ;> = Q £ AQ, AQ > 0, there may

be either two critical fields Q* = £,/AQ2 + |1 1] if AQ < /|11,
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or three critical fields Q* = {:I:\/2|11]2|,O} it AQ = /|I113], or four
critical fields Q* = +/AQ2 £ |1 15| it AQ > +/|I113] (see Figs. 1b,
lc). As a result a chain of period 2 with AQ < /|[112] as Q varies
exhibits two phases: the Ising phase (for |Q < /AQ2+ |[113]) and
the paramagnetic phase (for || > /AQ2 + |I15]). A chain of period
2 with AQ = /|[1 2| as Q varies exhibits also two phases: the Ising
phase (for 0 < || < 4/2|I115|) and the paramagnetic phase (for || >
v/2|I113]); moreover, in the Ising phase at & = Q* = 0 the system
exhibits a weak singularity in the ground—state quantities (see below). A
chain of period 2 with AQ > /|1 15| as Q varies exhibits three phases:
the low—field paramagnetic phase (for || < /AQ2 — |I;15]), the Ising

phase (for /AQ? — |1 1] < |Q] < /AQ2 + |[115]), and the high—field
paramagnetic phase (for Q] > /AQ2 + |[113]). A motivation to give
such names to different phases follows from a behaviour of the Ising
magnetization m® to be discussed below in Section 4.

For a chain of period 3 (21,23 = Q+AQ4 23, AQ +AQe+AQ3 = 0)
the critical fields follow from two cubic equations

(QF + AQ) (QF + AQy) (QF + AQy) £ [ 1,13 = 0 (3.21)

each of which may have either one real solution or three real solutions. In
Fig. 4 we display the regions in AQ;-AS, plane for the set of parameters
of the transverse Ising chains with |[; oI5| = 1 which yield two (dark
region), four (grey region), or six (light region) values of the critical
field. For the set of parameters at the boundary between dark and grey
(grey and light) regions there are three (five) critical fields; for the set of
parameters where dark, grey and light regions meet there are four critical
fields. The behaviour of the energy gap for all cases can be seen in Fig. 3.
As a result the chain of period 3 depending on a relation between A€y,
AQy, AQ3 may exhibit either two phases (the Ising and paramagnetic
phases), or four phases (two Ising and two paramagnetic phases), or
six phases (three Ising and three paramagnetic phases). Moreover, weak
singularities in the Ising phases may occur.

Further discussion of the quantum phase transitions (critical be-
haviour, spin correlations and order parameter behaviour) is given in
Section 4.
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Figure 4. Phase diagram of the transverse Ising chain of period 3 with
|11[213| = 1, 9172,3 = Q4+ AQ172,3, AQp + AQs + AQ3 = 0. As Q varies
the energy gap vanishes two/four/six times if the set of parameters is in the
dark/grey /light region. The sets of parameters denoted by a, b, ¢, d, e, f are
used below to illustrate the dependence on €2 of the ground-state Ising mag-
netization and the low—temperature specific heat.

4. The ground—state magnetic properties

4.1. Strong—coupling limit

We pass to the magnetic properties of regularly alternating spin chains.
Although the transverse magnetization and the static transverse sus-
ceptibility for the general case immediately follow from Egs. (3.14) and
(3.15) if the density of states R(E?) (3.10) is known we begin with a
particular case of a regularly alternating chain having one zero exchange
interaction (without loss of generality we assume I, = 0). Such a simple
case already indicates the peculiarities of the low—temperature magneti-
zation curves (and other thermodynamic quantities, see Section 5) which
obviously become modified as I, deviates from zero. Another outcome
of this consideration is the exact ground-state eigenvector for a general
regularly alternating transverse Ising chain at certain values of the trans-
verse field. If I;, = 0 the chain splits into noninteracting clusters each with
the Hamiltonian H, = Qs +...+ Qpsp + 2015755 + ... + 21155 455
Such a chain arises within the strong—coupling approach treatment
(which is usually applied to more complicated spin systems) when at
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first the smallest interaction is assumed to be zero and then it is taking
into account as perturbation. The equilibrium properties of the chain
in the strong—coupling limit can be analyzed in detail using the exact
eigenvalues and eigenvectors of the p—site cluster Hamiltonian H,. For
example, the ground—state transverse magnetization of the chain per site
is m* = %(GS|5§ + ...+ 55|GS) where |GS) is the ground-state eigen-
vector of H,, (GS|GS) = 1. The ground-state eigenvectors of the 2— and
3-site cluster Hamiltonians of the anisotropic XY model in a uniform
transverse field were considered in Ref. [14] (see also Ref. [25]).

In the case of 2—site cluster Hamiltonian with the parameters 2172
the coefficients determining four eigenvectors

[¥) = c1| L1le) +ca| L1T2) +c3| Tila) +cal T1T2), (WlY) =1

and the corresponding eigenvalues F are collected in Table 4.1. In the
last column of Table 4.1 we give the transverse magnetization in different
eigenstates. In the case of uniform field, AQ = 0, the ground state is given
by c1,...,cq from the first row in Table 4.1 for any 2 and as a result m~?
vs.  is a smoothly varying curve. If AQ # 0 there is a change in the
ground state as  varies. Until |Q < AQ the ground state is given by
1, ..., ¢4 from the second row in Table 4.1 whereas as || exceeds A
the ground state is given by ¢y, ..., ¢4 from the first row in Table 4.1. As
a result m* = 0 until || < AQ and then it jumps to a certain nonzero
value and further increases its value approaching % as || exceeds AQ and
further increases. In Fig. 5 we show the dependences of the eigenvalues of
2-site cluster Hamiltonian and the transverse magnetizations in different
states on . Note, that in the strong—coupling limit Eq. (3.20) yields
Q;...9Q, = 0 and hence there are, generally speaking, p critical fields
—AQq,...,—AQ, which can be seen in Fig. 5 in the case p = 2 (and
in Fig. 6 in the case p = 3). In Fig. 5 (and Fig. 6) we also compare the
results for the transverse Ising (left panels) and transverse X X (right
panels) models.

In the case of 3-site cluster Hamiltonian with the parameters
0111021503 we seek for four sets of coefficients ¢y, ¢5, cg, ¢y and four
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Figure 5. 2-site cluster energies (a, ¢) and transverse magnetizations in dif-
ferent states (b, d) for the transverse Ising (a, b) and transverse XX (c, d)
Hamiltonians (I1 = 1, I = 0, Q1,2 = Q £ 0.5). The bold curves in panels b
and d indicate the ground—state magnetization curves.

sets of coefficients ¢z, c3, ¢4, cg which determine eight eigenvectors

8
) = ch‘lms%
=1

[1123) = | l1l2ls), [2123) = l1l2T3),
13123) = | l1T2l3), [4123) = | T1l2l3),
15123) = | [1T273), [6123) = | T1l2T3),
7T123) = [ T1T2l3), [8123) = | T11273),
(Yly) =1

and the corresponding eigenvalues E. The transverse magnetization in a
certain eigenstate is given by

m* = % (-3t —c3—c3—ci+cE+cg+c3+3c3).
In Fig. 6 we plot such results for a typical set of parameters of 3—site
cluster Hamiltonian.
Employing the unitary transformation which interchanges fields and
interactions (see Section 2) we can use the cluster Hamiltonian eigen-
vectors to obtain the eigenvectors of the chains like Q117015911015 ...

ICMP-05-05E 20

* b 7 d

-2 0 2 -2 0 2 Q

Figure 6. 3-site cluster energies (a, c) and transverse magnetizations in dif-
ferent states (b, d) for the transverse Ising (a, b) and transverse XX (c, d)
Hamiltonians (I12 =1, I3 =0, %1 =Q+1, Q2 = Q2+40.5, Q3 = Q — 1.5). The
bold curves in panels b and d indicate the ground—state magnetization curves.

(p = 2), WL QL3 Q:150I5... (p = 3) etc.. Thus, for a chain
of period 2, QoI 1100515 ... , with I1Io, > 0 and Q, = 0,
Qny1 = —2A0 we get

|GS) = UTR*Y ... (c1] Lna1dnae) + cal TntiTni2))
(1] Intalnta) +cal TngaTnia)) - (4.1)

where U and R? are given in Section 2 and c¢j, ¢4 follows from the
formulas in the first row in Table 4.1 after the substitution €y — I,
I, — —2AQ, Q9 — I>. For another value of the transverse field when
0, = 2AQ, Q,11 = 0 the ground state is again given by (4.1) with
n—n—1, A0 — —AQ (see [26]). If [1 I < 0 and Q,, = 0, Q41 = —2AQ
we have

|GS) = UTR*" ... (co| Lns1Tnt2) + €3] Tnti1lni2))
“(ca| Lnt3Tnta) + 3l Tntalnta)) .. (4.2)
and ¢, c3 follows from the formulas in the second row in Table 4.1 after
the substitution Q; — I, I; — —2AQ, Qs — I5. For another value

of the transverse field when 2, = 2AQ, Q, 41 = 0 the ground state is
again given by (4.2) with n — n — 1, AQ — —AQ. Similarly, for the
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chain of period 37 91[192]293[391]192[293]3 ey with Qn = Ql = O7
Qn+1 = QQ = —AQl + AQQ7 Qn+2 = Qg = —2AQl — AQQ we find

8
|GS> — U+RZ+ . <Z Clln+17n+2,n+3>>

=1
8
. (Z Cl|ln+4,n+5,n+6>> . (43)
=1

where the coefficients ¢; determine the ground state of the 3—site cluster
Hamiltonian I;Q915Q315. For example, if [T = I, = I3 =1, AQy = 1(2),
AQy =0 and Q = —1(—2) we get
c1 ~ 0.880(0.737), ¢5 ~ 0.376(0.474), c¢ ~ 0.166(0.318),
cr 72 0.237(0.363), co = c3 = ¢4 = cg = 0(0).
To get the ground state for the chain with 2, = Q1 = AQ; — AQs,
Qi1 = Q2 =0, Qpyo = Q3 = —AQ —2AQ05 (2, = Q1 = 2A0; + AQy,
Qny1 = Qo = AQy + 2A09, Q40 = Q3 = 0) one should make in Eq.
(43) the change n —n-+ 1, 1192[293]3 — 12931391]1 (’I’L — n + 27
1192]29313 — 1391]192[2).
Knowing the ground state one can calculate the ground—state spin
correlation functions employing the relations

RFUSEUTR*™ = —s¥ (253) ... (2s2_1) (253)
RFUSSUTR*™ = sY (23) ... (2s5_1) (28Y) (2s% 1),
RUSZUTR* = 25757 . (4.4)
For example, for the chain of period 3, Q111 Q5150313021 1105150313 . . .,
with Q, = Q1 =0, Q1 = Q2 = —AQ + AQy, Qpy2 = Q3 = —2A0; —
A, we have
Aspi18n4) = O Hspiasiisian) = ITVE,
Alsp18hiaran) = 1T, Alshishapar) = ITVL,
Alsy o8t aian) = RT", 4(sh 8% 4 a) = RT"L,
A(shyo8hi5em) = RTVE, A{sy 380 aqan) = T L,

4<5$1+35$1+5+3k> = TkEa 4<5$1+35$1+3+3k> = Tk7 (4.5)
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k=0,1,2,... with

2_ 2 2,2 2., 2, 2 2
L=—c{—c;—c3+cy—cy5+cg+cy+cg,
2_ 2,2 2,2 2,2 2
C=—ci—cy+c5—ci+cg—cg+c7+cg,
__2,.2_ 2 _ 2,2, 2 2 2
R=—cf+c;—c3—ci+cs+cg—cs+cg,

2,2 2 2 2 2, 2 2
E=ci+c;—c3—cj—c5—cg+cr+cg,
2_ 2 2, .2,.2 2 2 2
I=ci—c3—c3+c;+c;—cg—cy+cg,
2,2, 2, 2 2 2 2 2

T=—ci+c5+c5+c;—cE—cg—cq+ g (4.6)

Since |T*| = 1 the two-spin correlations are independent on the inter-
site distance. In the end of this Section we compare these analytical
predictions with numerics (available for an arbitrary transverse field).

4.2. Transverse Ising chain vs. transverse X X chain

As have been mentioned before the transverse magnetization and the
static transverse susceptibility for an arbitrary regularly alternating
transverse Ising chain (Egs. (3.14), (3.15)) can be obtained using con-
tinued fractions. Such results for some typical chains of period 2 and 3
(which roughly correspond to the parameters singled out in Figs. 1 and
3) at zero temperature are reported in Figs. 7 and 8, respectively. Below
we compare and contrast the results for the magnetic properties of the
transverse Ising and the transverse X X chains which are shown in Figs.
1-3,5-8.

We start from the energy gap. It is known that the uniform transverse
Ising chain becomes gapless at critical field Q* = +|I|. The gap decays
linearly while the transverse field approaches the critical value, A ~
€, € = |Q — Q% — 0. The transverse XX chain is gapless along the
critical line —|I| < Q < |I|. The gap opens linearly while the value of
transverse field exceeds |I|. For an arbitrary small amount of anisotropy
~ the critical line transforms into two critical points (Fig. 2¢). If regular
inhomogeneity is introduced into the transverse X X chain the critical
line splits into several part; the gaps open linearly as the transverse field
runs out the critical lines (Figs. 1d — 1f, 3e — 3h). Contrary, a regular
inhomogeneity introduced into the transverse Ising chain may either only
shift the values of critical fields or lead to appearance of new critical
points. Moreover, the gap decays either linearly, A ~ ¢, or proportionally
to the deviation from the critical value squared, A ~ €2, as can be seen in
Figs. 1la— 1¢, 3a—3d). The case p = 2 was discussed by several authors in
more detail. In particular, in Ref. [16] for a chain with the anisotropic XY’
exchange interaction (1 + v+ (=1)"0) sps% 1+ (1 — v+ (=1)"6) s¥sh

n
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Figure 7. The ground-state transverse magnetization (a, c) and static trans-
verse susceptibility (b, d) curves for transverse Ising (a, b) and transverse X X
(c, d) chains of period p=2. [12 =1, Q12 = Q@+ AQ, AQ = 0 (solid curves),
AQ = 0.5 (long—dashed curves), AQ = 1 (short—dashed curves), AQ = 1.5
(dotted curves).
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Figure 8. The ground-state transverse magnetization (a, b, ¢, g, h, i) and static
transverse susceptibility (d, e, f, j, k, 1) curves for transverse Ising (a — f) and
transverse X X (g —1) chains of period p=3. I123 =1, Q1,23 = Q4+ AQ1,23,
AQr + AQ2 + AQ3 = 05 a, d, g, j: AQs = AQy, AQ; = 0 (solid curves),
AQ; = 0.5 (long—dashed curves), AQ; = 0.6 (short—dashed curves), AQ; =1
(dotted curves); b, e, h, k: AQy = %AQh AQ; = 0 (solid curves), AQy = 0.5
(long—dashed curves), AQ; = 0.85 (short-dashed curves), AQ; = 1.5 (dotted
curves), AQ; = 1.9 (long-dashed—dotted curves); c, f, i, . AQs = —AQq,
AQ; = 0 (solid curves), AQy = 1 (long—dashed curves), AQ; = 1.35 (short—
dashed curves), AQ; = 2 (dotted curves).
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the critical fields where the chain becomes gapless are given as Q* =
+4/62 — 42. Further the authors of Ref. [16] consider as an example the
case 6 = 0.3, v = 0.1 (Fig. 1 of that paper), i.e., the case when gap
vanishes linearly ~ e. Another case of the dimerized anisotropic XY
chain in a transverse field when the gap vanishes ~ €2 (see Figs. 2a, 2b)
was not discussed in Ref. [16].

The energy gap behaviour determines the zero—temperature trans-
verse magnetization curves for both chains. Transverse X X chains exhib-
it plateaus which can be easily understood within the frames of fermionic
picture. Indeed, a regularly alternating transverse X X chain corresponds
to a system of free fermions with several energy bands and the transverse
field plays the role of the chemical potential. Transverse Ising chains do
not exhibit plateaus, however, being in the paramagnetic phases exhibit
plateau-like steps (compare the curves in Fig. 7a and in Fig. 1c, and in
Figs. 8a — 8c and in Figs. 3b — 3d). In the Ising phases the transverse
magnetization shows rapid change. In the fermionic picture a regularly
alternating transverse Ising chain again corresponds to a system of free
fermions with several energy bands, however, the transverse field does
not play the role of the chemical potential any more.

The described behaviour of the transverse magnetization vs. trans-
verse field is accompanied by the corresponding peculiarities in the be-
haviour of the static transverse susceptibility vs. transverse field. Thus,
in the cases of the transverse X X chain the square-root singularities
indicate the gapless—to—gapped transitions. In the case of the transverse
Ising chain a linear gap decay produces a logarithmic singularity, whereas
for a decay proportional to the squared deviation from the critical value
the static transverse susceptibility does not diverge containing, however,
a nonanalytical contribution which causes a logarithmic singularity of its
second derivative (see short—dashed curve in Fig. 7b, and short—dashed
and long—dashed—dotted curves in Figs. 8d — 8f).

To end up, we emphasize that for the regularly alternating transverse
X X chains the number of peculiarities (e.g., in the dependence x* vs.
Q) depends only on the period of alternation and equals 2p. This is
not the case for the regularly alternating transverse Ising chains: the
number of peculiarities can not exceed 2p but may be smaller; the actual
number of peculiarities and their type essentially depends on the concrete
set of the Hamiltonian parameters. Let us also underline a similarity of
these results with what has been found for the anisotropic/isotropic XY
models on one-dimensional superlattices [13,14,27].
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4.3. Quantum chain vs. classical chain

Motivated by the difference between the zero—temperature magnetiza-
tion processes in the regularly alternating transverse Ising and trans-
verse X X chains we consider the classical counterparts of these models
(some calculations of the thermodynamic quantities of uniform classical
spin chains can be found in Ref. [28]) to demonstrate the role of quan-
tum effects. The classical spin model consists of classical spins (vectors)
s=(s,0,0) (0<60<mand0 < ¢ < 27 are the spherical coordinates of
the spin) on a ring which interact with each other and an external field
and are governed either by the Hamiltonian

N N
H = Z Q,,scosl,, + Z 21,52 sin 6,, sin 041 COS Gy COS Gpy1,  (4.7)
n=1 n=1
SN+1 = 81
(transverse Ising chain) or by the Hamiltonian
N N
H= Z O, scosb,, + Z 21,,5%sin 0, 8in 0, 1 cos (¢p — ny1), (4.8)
n=1 n=1
SN+1 = 81

(transverse X X chain). In Eqgs. (4.7), (4.8) s is the value of spin which
plays only a quantitative role (further we put s = 1) and the sequence
of parameters for a regularly alternating chain of period p is again
L Qs Q[0 1,0 ... 1,9, ... . In what follows we restrict our-
selves to the case I, = I, Q, = Q4+ AQ,, > AQ, =0 which has been
discussed already in some detail above. Our goal is to examine the in-
fluence of regular inhomogeneity on the ground-state properties of the
classical transverse Ising and transverse X X chains.

Consider at first the transverse Ising chain. One can easily construct
the ground—state spin configuration and the corresponding ground—state
energy ansatz. According to (4.7) to minimize the ground—state energy
one should place all spins in xz plane (i.e., ¢, = ¢py1 = ... = 0(w)
if I <O0or ¢y =¢pt2=...=0, ¢py1 = Gpys = ...=mif I > 0).
Moreover, the angles fs are determined to minimize the sum of the con-
tribution coming from the interaction with the transverse field and of
the contribution coming from the intersite interaction taking into ac-
count the period of inhomogeneity. Thus, for chains of periods 1, 2, 3
etc. an ansatz for the ground—state energy per site reads

£©)

N = Qs cosf — 2|I|s*sin 6, (4.9)
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w = %S (2 + AQ)cosb; + (2 — AQ) cos b))

—2|1|s” sin 0, sin Oy, (4.10)

W _ %s (2 + AQ) cos by + (2 + AQy) cos by

+ (Q - AQl - AQQ) COS 93)
—§|I|82 (sin 0y sin B3 + sin Bz sin O3 + sinf3 sinfy)  (4.11)

etc. and the angles 0s are determined from the sets of equations

sin@ (Q + 4|I|scosd) =0, (4.12)

(Q+ AQ)sin 6y + 4|I|scos b sinby = 0,
(Q — AQ) sin Oy + 4]I|ssin by cos by = 0, (4.13)

(Q+ AQq)sin 6y + 2|I|scos by (sinfy + sinfs) = 0,
(Q+ AQq) sin Oy + 2|1|s cosbs (sin by + sinfs) = 0,
(Q—AQ — AQq)sinbs + 2|I|scos b3 (sinfy +sinfs) =0  (4.14)

etc., respectively. Substituting the solution of Eqs. (4.12), (4.13), (4.14)
(more precisely, the solution which yields the lowest ground-state ener-
gy) into Eq. (4.9), (4.10), (4.11), respectively, we get the ground-state
energy of the corresponding chains. Now the ground-state on—site mag-
netizations are given by mZ = scosf,, m? = ssin#, cos ¢,,. We can also
find the ground-state on—site static transverse susceptibility x7 = ag;);.

Let us turn to the transverse X X chain (4.8). In the ground-state
spin configuration the spin components in zy plane are directed arbi-

trarily but coherently at all sites having the values |m,f| = ssinf,
(i.e., o = Gny1 = ... = ¢ (¢ is an arbitrary angle) if I < 0 or
On = Gpy2 = ... = ¢ (0 <9< 77)7 Gl = Ppiz = ... = o+ if

I > 0). An ansatz for the ground—state energy per site for the chains of
period 1, 2, 3 is again given be Egs. (4.9), (4.10), (4.11) and the angles 6s
are determined from Egs. (4.12), (4.13), (4.14). Moreover, mZ = s cosf,
and xZ = aﬂf‘.

For the chain of period 1 from (4.12) one easily finds

0, if w< -1,
=< arccos(—w), if —1<w<l, (4.15)
, if 1<w;
Q
w

T 4s[I)
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For the chain of period 2 Eq. (4.13) in addition to four obvious solutions
cos? f; = cos? fy = 1 one gets one more solution

1 —
cos? 0y = (w + 0)° + (@ 5)2,
1+ (w+9)
1 5)°
cos? Oy = (w — 0)° + o )2; (4.16)
1+ (w—9)
AQ
0= 4s|1|

if |w?2—6%| < 1. Eq. (4.14) has again obvious solutions cos? f; = cos? f =
cos? A3 = 1; another solution existing at a certain range of the transverse
field can be found numerically. The described analytical calculations re-
produce the results obtained earlier numerically for some chains of peri-
ods 2 and 3 (dashed curves in Figs. 8a, 8b of Ref. [23]).

In Figs. 9, 10 we display the obtained dependences of the ground—
state magnetizations m?, m”® and static transverse susceptibility x* on
the transverse field for several classical transverse Ising/X X chains of
periods 2 and 3 (the results for corresponding quantum chains are shown
in Figs. 7, 8). In contrast to the quantum case, the ground—state static
transverse susceptibility x* of the classical chains remains always finite
as the transverse field €2 varies (Figs. 9b, 10d — 10f) and hence the clas-
sical chains do not exhibit any ground—state phase transitions driven by
Q). However, it is interesting to note, that a regularly alternating classical
chain similarly to its quantum (X X) counterpart may exhibit plateaus
in the ground—state dependence transverse magnetization m? vs. trans-
verse field  (compare long—dashed—dotted curves in Fig. 10b (classical
chain) and Fig. 8h (quantum chain) which have a plateau —m?* = }).
Obviously, as m?* remains constant with varying 2, the static transverse
susceptibility is zero (long-dashed—dotted curves in Fig. 10e). Moreover,
m® (mit), n = 1,2,3 in this region is zero (Fig. 10h) and the stable
ground-state spin configuration is 6,, = 0,11 = 7, 0,12 = 0 (see Fig.
11). The Ising magnetization m* decays as the system runs out the Ising
phase according to the power-law, m® ~ |Q* — Q|°, with 3 = 1.

4.4. Quantum phase transitions

1D spin systems with short—range interactions do not exhibit singular-
ities in their properties at finite temperatures. The reminiscent of pe-
culiarities in their zero—temperature properties may be expected at low
temperatures in the vicinity of the quantum phase transition points.
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Figure 9. The ground-state transverse magnetization (a), Ising magnetization
(c), and static transverse susceptibility (b) curves for the classical transverse
Ising/ X X chains of period p = 2. 1o = —1, Q12 = Q+ AQ, AQ =0
(solid curves), AQ = 0.5 (long—dashed curves), AQ = 1 (short—dashed curves),
AQ = 1.5 (dotted curves).
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Figure 10. The ground-state transverse magnetization (a, b, ¢), Ising mag-
netization (g, h, i), and static transverse susceptibility (d, e, f) curves for
the classical transverse Ising/X X chains of period p = 3. [123 = —1,
Q172,3 =0+ AQ172,3, AQ 4+ AQs + AQ3 = 0; a, d, g: AQs = AQl, AQ =0
(solid curves), AQ; = 0.5 (long—dashed curves), AQ; = 0.6 (short—dashed
curves), AQq = 1 (dotted curves); b, e, h: AQy = %AQI, AQy = 0 (solid
curves), AQ; = 0.5 (long-dashed curves), AQ; = 0.85 (short—dashed curves),
AQ; = 1.5 (dotted curves), AQy = 1.9 (long—dashed—dotted curves); c, f,
it AQe = —AQ1, AQy = 0 (solid curves), AQ; = 1 (long-dashed curves),
AQ; = 1.35 (short—dashed curves), AQ; = 2 (dotted curves).
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Figure 11. The ground-state spin configuration 61, 62, 05 (the corresponding
curves are denoted by 1, 2, 3) for the classical chains of period p = 3, I1 2,3 = 1,
Q1,273 =0+ AQ1,273, AQ +AQs +AQ3 = 0, AQs = %AQL AQ; =0.85 (a),
AQ =15 (b), AQ = 1.9 (c) as Q varies.

For a regularly alternating transverse Ising chain of period p the quan-
tum phase transition points are determined by Eq. (3.20). The effects of
regular alternation on the number and position of the quantum phase
transition points in the cases p = 2 and p = 3 were discussed in Section 3.
Although Eq. (3.20) was found many years ago [24] it was not discussed
in the context of the quantum phase transition theory. In particular, an
important question how the gap vanishes as the set of parameters be-
comes critical was not considered in Ref. [24]. Below we show that two
types of critical behaviour are possible: one as it occurs for the second—
order phase transition (in Ehrenfest’s sense) and another one as it occurs
for a weaker singularity (the fourth-order phase transition in Ehrenfest’s
sense). These findings are confirmed by numerical computations of the
two—site spin correlation functions.

First we analyse how the gap vanishes as the set of parameters be-
comes critical for the case p = 2 when Q* = +1/AQ2 & |I1 I1|. Eq. (3.16)
yields

a%e) = 04 ag2 4 LD

2 2\ 2
_\/(92 FAQ? ¢ #) — (02— %)

(QQ _ 9*2)2
2 (02 + A0 + )

(4.17)

If |Q— Q% =¢ — 0and Q* # 0 Eq. (4.17) suggests A%(Q) ~ €, ie.,
the energy gap vanishes linearly (see Figs. 1, 2). A linear decay of the
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energy gap can be also seen in many cases in Fig. 3 for chains of period 3.
The linearly vanishing gap corresponds to the square—lattice Ising model
universality class for critical behaviour. In particular, owing to such a
decay of A the ground—state energy per site in the vicinity of Q* has the
form

eo = —/ dEE*R(E?)
0

1 \/E E2
pr Jve B2 — €
+analytical with respect to € terms. (4.18)

Here the first term is a contribution of the lowest energy band and the
explicit expression for f(E?) is not important for analysis of nonanalyt-
ical behaviour as € — 0. The first term in (4.18) is proportional to €2 In e
and as a result the zero—temperature dependence of m* and x* on €
contains the nonanalytical terms (2 — Q*)In|Q — Q*| and In|Q — Q*|,
respectively.

Let us turn to the case p = 2 with AQ = /|1 I5| when we have three

critical fields Q* = {:I:\/2|I1]2|, 0} and consider the behaviour of A(f2)

in the vicinity of Q* =0, i.e., as Q2 — 0. From Eq. (4.17) one finds that
A2%(Q) ~ €*. Repeating the calculation of the ground—state energy (see
Eq. (4.18)) for such a decay of A one finds that ey contains the term
e*Ine and hence the system exhibits the fourth—order (in Ehrenfest’s
sense) quantum phase transition at * = 0 which is characterized by a
logarithmic divergence of the second derivative of the susceptibility ‘?;TX;.
(For an example of a fourth—order thermal phase transition see Ref. [29].)
For p = 3 the dependence A(Q) ~ €2 (see Fig. 3) may occur for the sets
of parameters at the boundaries between different regions in Fig. 4 (e.g.,
at the points b, ¢, e). Such systems again show the fourth—order quantum
phase transition behaviour while approaching the corresponding critical
fields.

Our results are in agreement with the scaling relations in the theory
of conventional (temperature—driven) phase transitions [30]. Thus, the
quantum phase transition in dimension d = 1 corresponds to the thermal
phase transition in dimension d+ 1 = 2, the exponent v which character-
izes the divergence of the correlation length £ ~ |T'— T,.|~" characterizes
the decay of the energy gap A ~ |2 — Q*|”, the exponent « characteriz-
ing the divergence of the specific heat ¢ ~ |T' — T.|~* characterizes the
divergence of the transverse susceptibility x* ~ [ — Q*|~%. Moreover,
a number of scaling relations (which do not account for logarithmic di-
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vergences) hold. For example, « = 2 — vd. Substituting d = 2, v = 1 one
gets a = 0, i.e., only a logarithmic divergence in the dependence x* vs.
), whereas for more rapidly decaying energy gap with v = 2 one finds
a = —2, i.e., x* does not diverge at 2* (and only its second derivative
exhibits a logarithmic peculiarity).

To discuss further the quantum phases which occur as the transverse
field varies we examine the spin correlation functions (sgsg ;). Unfor-
tunately, we cannot obtain the spin correlation functions of a regularly
alternating transverse Ising chain using the continued fraction approach
which is restricted to the quantities that can be expressed through the
density of states (3.7). However, the spin correlation functions can be de-
termined numerically (see, for example, [31]) for rather long chains of sev-
eral thousand sites. Knowing (s; s ;) we can obtain the on-site magneti-

zation m2? = im0 (S5 854 1) - Assuming that (sp s ,.,) — (55)(Snirp)

decays as (rp)_'ya exp (—g—f) if  — oo we can also find the correlation
length £* and the power—law exponent v*. In our calculations we consid-
er chains with V = 2000 (p = 2) or N = 2100 (p = 3), we take n = 500,
rp = 1000 (p = 2) or rp = 999 (p = 3) to determine |m}| and rp = 40
(p=2) or rp=60,...,360 (p = 3) to determine £* and v*. Our findings
are collected in Figs. 12, 13.

As can be seen from these figures the behaviour of the Ising mag-
netization m®* (which plays the role of the order parameter) indicates
the different phases (Ising phase if m® # 0 or paramagnetic phase if
m® = 0) and the phase transitions between them. For a set of param-
eters which yields weak singularities (i.e., m* = 0 in the Ising phase,
see Figs. 12b, 13b, 13c, 13e) the finite-size effects are strong and the
finite—chain result for x—magnetization tends to zero very slowly with
increasing IN. For the second—order quantum phase transition points the
critical behaviour is given by m* ~ |Q* — Q% with g = %. The ap-
pearance/disappearance of the Ising magnetization is accompanied by a
divergence of the correlation length &* = | — Q*|7¥ with v = 1 for the
second—order quantum phase transition points and with v = 2 for the
fourth—order quantum phase transition points (Figs. 12d — 12f, Figs. 13g
— 131) that is in agreement with the values of exponent characterizing
the energy gap behaviour. At Q = Q* the xx spin correlation functions
show power—law decay with the exponent v* = i (Figs. 12g — 12i, Figs.
13m — 13r). Finally, the results for spin correlation functions at special
values of the transverse field Q (when one on—site field equals zero) co-
incide with the analytical predictions obtained above using the cluster
Hamiltonian eigenvectors (see (4.5), (4.6)). For example, for the chain
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Figure 12. The ground-state sublattice z—magnetizations |mj|, j = 1,2 (tri-
angles) and m* = § (|m{| 4 |m3|) (squares) (a, b, c), inverse correlation length
5—11 (d, e, f), and v (g, h, i) for the transverse Ising chain of period 2 with
1| =|I2] =1, Q1,2 =Q+AQ, AQ =09 (a,d, g), AQ=1(b,e,h), AQ=1.1
(c, f, 1). Connecting curves are guides to the eye.
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Figure 13. The ground-state z— magnetization m® = L (Imf|+ [m5| + [m3|)
(a, b, ¢, d, e, f), inverse correlation length = (g, h, 1, j, k, 1), and ¥° (m, n, o,
P, q, r) for the transverse Ising chain of perlod 3 with |11| = || = |Is] =1,
91,273 = QO+ AQLQ’:;, AQp + AQs + AQ3 = 0, AQ1 =1, AQs =0 (Q* ~
{£1.325}) (a, g, m), AQl =1, AQ2 ~ 0.292 (O ~ {—1.355,0.678,1.513})
(b, h, n), AQ; = (27)6 ~ 1.374, AQ2 = 0 (Q* = {£0.794, £1.587}) (c, i, o),
Ay = (2)° 5~ 1.374, AQ = —1 (Q* ~ {—1.574, —1.020, —0.348,1.367}) (d,
i, p), A =2, AQe = —1.575 (Q* = {—2.107, —1.874,0.102, 1.054, 1.772}) (e,
k,q), AQ1 =2, AQs =0 (Q* =~ {+0.254, +1.861, +2.115}) (f, 1, r). Connecting
curves are guides to the eye. The taken sets of parameters are in correspondence
with the points a, b, ¢, d, e, f in Fig. 4.
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of period 3 with Il = IQ = Ig = 1, AQl = 1, AQQ = O, AQg = —1 at
Q=-1

Im¥| ==, |m&|~0417, |m%|~0.331

57
(see Fig. 13a) whereas for such a chain with AQ; =2, AQy =0, AQ3 =
—2at Q=-2

|m%| ~ 0.267, |m%|~0.175

] = 5
mi| = -
1 27

(see Fig. 13f). It should be noted that the Ising magnetization at the
sites with zero transverse fields has its maximal value % Probably the
most spectacular feature of the Ising chain with regularly alternating
transverse field is the reentrant behaviour with varying €2 nicely seen in
Figs. 12¢, 13d — 13f. The appearance of the paramagnetic phase at inter-
mediate values of the transverse field when x—magnetization is zero and
z—magnetization is almost constant can be associated with the following
classical picture. Assume, for example, p = 2 and 2 = 0; then owing to
the regularly varying on—site transverse fields =AQ with large AQ all
on-site magnetizations are directed in +z—direction in the spin space.
Naturally, this picture may play only an auxiliary role for the considered
quantum systems.

5. Temperature behaviour of the specific heat

We turn to a discussion of the effects of regular alternation on the tem-
perature dependence of the specific heat (3.13). The low—temperature
behaviour of this quantity is determined by the fact whether the sys-
tem is gapped or gapless. Thus, the zero—energy excitations according to
(3.13) immediately produce a linear dependence of the specific heat on
temperature. As a result the low—temperature behaviour of the specific
heat indicates the quantum phase transition points that can be seen in
Figs. 14, 15 in complete agreement with the outcomes which follow from
the behaviour of the zx spin correlation functions shown in Figs. 12, 13.

Moreover, the regular alternation may produce many—peak structure
of the temperature profiles of the specific heat. We may easy clarify the
dependence c vs. T for different fields 2 for the case p = 2 when Q; 2 = Q
and I o = I(1+£9) in the strong coupling limit § = 1. The eigenvalues of

the 2-site cluster Hamiltonian are +4/Q2 + %, +1 (see the first column
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Figure 14. The low—temperature behaviour of the specific heat for the trans-
verse Ising chain of period 2 with |I1| = |[I2] = 1, Q1,2 = Q £ AQ, AQ = 0.9
(a), AQ =1 (b), AQ =1.1 (c).

|
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Figure 15. The low—temperature behaviour of the specific heat for the trans-
verse Ising chain of period 3 with |I1| = |I2| = [Is| =1, Q1,23 = Q+ AQy 2.3,
AQ + AQs + AQ3 = 0, AQ = 1, AQy =0 (a), AQ = 1, AQs ~ 0.292
(b), A =~ 1.374, AQ2 = 0 (c), AQ: ~ 1.374, AQy = —1 (d), AQy = 2,
AQQ ~ —1.575 (e), AQl = 2, AQQ =0 (f)
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in Table 4.1). Therefore, the Helmholtz free energy per site is

1 E 8I
f——%1n<2cosh<ﬁ Q2+Z>+2cosh(7)>

2/ dEER(E?*)In <2cosh6—E>,
B Jo 2

1

2

R(E?) = (5 <E2 - (M_ %)2)
+6 <E2 - <M+ g) )) : (5.1)

Analyzing now the integrand in the formula for the specific heat (3.13)
with R(E?) (5.1) one concludes that for small 2 the temperature profile
of the specific heat should have two—peak structure whereas for large €2
the two—peak structure should disappear. This conclusion remains valid
if R(E?) corresponds to two subbands with finite widths.

6. Anisotropic XY chain without field

6.1. The density of states

As a byproduct of the study of regularly alternating transverse Ising
chains we obtain the thermodynamic quantities of regularly alternat-
ing anisotropic XY chains without field (2.4). Really, using the uni-
tary transformations discussed in the end of Section 2 we can state
that the Helmholtz free energy of the regularly alternating anisotrop-
ic XY chain without field (2.4) defined by a sequence of parameters
RIS . ZIYITIVISIY .. D71 .. is given by Eq. (3.8) with R(E?)
(3.10) and the diagonal Green functions involved into Eq. (3.10) are
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determined as follows

1
Gn = (6.1)
2 — ) .
E?2 -1 2T — A, —AF
y 27z 2
AT = In—2 In—l
- Yy 27z ’
" E2 _ [* 2 7Y 2 N
— — x [ 2
n—3 n—2 E2_In—52_1574 —
27 2
A Iz
! B2 _Jr 2_ v 2 _ LRy
n+1 n+2 E271$+32715+427

Moreover, we may use the obtained densities of states (3.16), (3.17)
to find the thermodynamic quantities of some regularly alternating
anisotropic XY chains. Thus, the anisotropic XY chain of period 2 is
unitary equivalent to two different transverse Ising chains both of period
1 and as a result

1 1 . 2
R(E?) ={ ¥ VA, E) it Auy(E) >0
0, otherwise
- = mmy i AnE) >0 (6.2)
0, otherwise, '

Aap(E?) = — <E2 - (I{" - 15)2) <E2 - (I{" n 15)2> .

(Note, that for the isotropic case I = I} = I, I§ = I = I, Eq. (6.2)
yields the result obtained in Ref. [23] (Egs. (9) — (11) of that paper);
in the anisotropic case Eq. (6.2) agrees with (3.18).) The anisotropic
XY chain of period 3 after performing the above mentioned unitary
transformations is equivalent to two identical transverse Ising chains of
period 3 and therefore R(E?) is given by Eq. (3.17) after the substitution
Ql — I;/7 Il — I2$, QQ — I;)/7 IQ — le7 Qg — 1517 Ig — Ig Let us also
note, that the anisotropic XY chains of period 4 (6) are unitary equiva-
lent to two different transverse Ising chains of period 2 (3) and hence Eq.
(3.16) (Eq. (3.17)) after simple substitutions yield the thermodynamic
properties of such chains.
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6.2. The influence of the exchange interaction anisotropy on
spin—Peierls dimerization

Let us use the ground—state energy per site
eo = —2 / dEE*R(E?) (6.3)
0

of the anisotropic XY chain of period 2 to examine the effects of the
exchange interaction anisotropy on the spin—Peierls dimerization inher-
ent in the isotropic XY chain [32,33]. For this purpose we assume in
(6.2), (63) If = (L+6)(1+7), I! = (1+8)(1 ), I = (1—8)(1+7),
I = (1 —0)(1 —v) where 0 < 6 < 1 is the dimerization parameter and
0 <~ <1 is the exchange interaction anisotropy parameter. We consider
the total energy per site £(6) and its dependence on §. £(J) consists of
the magnetic part eg(d) (6.3) and the elastic part ad?. Let us recall that
in the isotropic limit v = 0 the total energy £(J) exhibits a minimum at
a nonzero value of the dimerization parameter §* # 0 that is a manifes-
tation of lattice instability with respect to spin—Peierls dimerization [32].
In the other limiting case v = 1 the magnetic energy does not depend on
¢ and hence the uniform lattice is stable. In Fig. 16a one can see how the
behaviour of £(J) vs. § varies as «y increases from 0 to 0.4 for a = 0.5. At
v = 0 the total energy £(d) exhibits a minimum at a nonzero value of
dimerization parameter §* # 0. As 7 increases the dependence remains
qualitatively the same with, however, slightly decreasing value of §* (see
Figs. 16b and 16¢). At certain value of anisotropy parameter v4 an ad-
ditional minimum at § = 0 appears, both minimum are separated by a
maximum, the minimum at §* # 0 remains the deeper one. At the value
of vg (> 74) the minima have the same depth and with further increase
of v the minimum at § = 0 becomes the deeper one. If v exceeds ¢
(> vp) the minimum for a nonzero dimerization parameter disappears.
In Fig. 16b one can see the behaviour of 6* as v varies from 0 to 0.4
for different as (solid curves; the dashed curves show the behaviour of
the maximum in the dependence £(4) vs. §); in Fig 16¢ one can see the
dependence of 6* on v for « = 0.4, 0.5, 0.6. The bold dots in the curves
in this panel correspond to the characteristic values of the anisotropy pa-
rameter y4 < vp < 7¢ discussed above. The influence of the anisotropy
on the spin—Peierls dimerized phase occurs according to the first—order
phase transition scenario. The corresponding phase diagram is shown in
Fig. 16d where we indicate the region of stability of the dimerized (A)
and uniform (C) phases as well as the metastable region (regions By and
Bsy) where both phases may coexist.
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Figure 16. The total ground-state energy per site £(d) vs. dimerization pa-
rameter 6 (o = 0.5, from bottom to top v = 0, 0.025, 0.05, 0.1, 0.15, 0.2,
0.4) (a), the dimerization parameter 6* vs. a (from right to left v = 0, 0.025,
0.05, 0.1, 0.15, 0.2, 0.4) (b), the dimerization parameter §* vs. v (from top
to bottom « = 0.4, 0.5, 0.6; the meaning of the characteristic values of the
anisotropy parameter ya, 7B, yc (denoted for « = 0.5) is explained in the
main text) (c), and the phase diagram in the plane a — v (in the region A
(C) the dimerized (uniform) phase occurs; in the regions Bi, B2 both phases
are possible although in the region B; (B2) the dimerized (uniform) phase is
favourable) (d).
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It is interesting to compare the described effects of the exchange in-
teraction anisotropy on the spin—Peierls dimerized phase with the effects
of the transverse field on the spin—Peierls dimerized phase [23,33]. Sim-
ilarly to the anisotropy 7 the transverse field 2 destroys the dimerized
phase according to a first—order phase transition scenario. However, the
value of the dimerization parameter 6* remains unchanged as (2 increases
until Q¢.

7. Concluding remarks

In this work we have analyzed in some detail the ground—state and ther-
modynamic properties of regularly alternating Spin—% transverse Ising
chains and anisotropic XY chains without field. Due to the Jordan—
Wigner mapping and the continued fraction approach we can calculate
the thermodynamic quantities rigorously analytically. Moreover, for cer-
tain values of parameters we can also calculate the ground—state spin
correlation functions. For other values of parameters we have calculated
the spin correlation functions numerically for long chains consisting of
few thousand sites. We have shown how the ground-state properties of
regularly alternating classical transverse Ising/X X chains can be exam-
ined. The main new results obtained are as follows. First, we have exam-
ined the effects of regular alternation on quantum phases and quantum
phase transitions in the transverse Ising chain. Owing to regularly alter-
nating parameters the number of quantum phase transition may increase
(but never exceeds 2p where p is the period of alternation), the critical
behaviour remains as in the uniform chain, however, a weaker singulari-
ty may appear. Second, we have demonstrated how the plateaus in the
ground-state magnetization curves for the classical regularly alternating
transverse Ising/ X X chains may emerge. Third, we have shown how the
exchange interaction anisotropy destroys the spin—Peierls dimerization
inherent in the Spin*% isotropic XY chain. The performed study pro-
vides a set of reference results which may be useful for understanding
more complicated quantum spin chains.
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