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Statistical-Mechanical Analysis of Thermodynamic Approa-
ches in Theory of Self-Assembling Systems
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Abstract. In this work the problems of self-assembly in aqueous-micellar
systems are investigated. Thermodynamic principles of self-assembly are
formulated and the size distribution of micelles is obtained. The devel-
oped theory is generalized for multicomponent case. Conditions of pure
and mixed micelles creation are investigated.
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Introduction

During the few last year there have been a significant efforts connect-
ed with study of assembling problems in water solutions of surfactants.
Self-assembling phenomena have a growing interest in such branch of
molecular physics. Studies of self-assembling systems are usually carried
out by different theoretical and experimental methods. Thermodynami-
cal approach and statistical-mechanical one are supposed to be the main
among theoretical methods. Traditionally self-assembling problems are
described by using thermodynamical approach and exploring chemical
reactions such as

A+A=A,,
As+A=As,
An_1+A=Ap,

where N is the number of molecules in molecular aggregate. Such inves-
tigations are based on the studying the conditions of chemical equilib-
rium of molecular groups in assembling system. This is a phenomeno-
logic (thermodynamic) approach in which the sizes of particles and the
interactions between them are neglected. Quantitatively the presence
of attractive interactions between the molecules leads to formation of
bonded states. Macroscopic theory carries only describing character and
it doesn’t explain the basic causes of self-assembling phenomena. That’s
why it is necessary to take into consideration the statistical-mechanical
approach which is based on consideration of interactions between the
molecules.

We consider a three-component system which consist of water-like,
oil-like and surfactant-like molecules. Since oil and water do not mix,
the addition of a small amount of amphiphile brings them together with
formation of complex molecular structures, which range from disordered
complexes to regular ordered complexes of molecules. These construc-
tions is defined by the properties of surfactant molecules which could
be presented by two types of water-like polar head which prefers water
environment and oil-like amphiphile tail which prefers oil.

Note, that the roles of oil and water are reversed in so-called "invert-
ed" micelles. (see Fig. 1)

The ultimate goal of our efforts is to investigate the necessary con-
ditions of formation such systems as micelles. In this work we represent
the results obtained by statistical thermodynamic method the case of
one-component and two-component system (size distribution, i.e the de-
pendence the concentration of N-mers on number of molecules in aggre-
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Figure 1. Direct (on the left) and inverted (on the right) micelles

gates) . Results are generalised for many-component system. Conditions
of pure or mixed micelles formation are also determined.

1. The Thermodynamic Principles of Self-Assembly

Before the consideration of statistical mechanical treatment of self-as-
sembling problems we briefly review the thermodynamical description of
micelle formation. We represents the basic equations of self-association
in general terms of thermodynamics.( [1])

Equilibrium thermodynamics requires that in a system of molecules
which form aggregated structures in solutions the chemical potential of
all identical molecules in different aggregates must be the same. This
may be expressed as

KT X
HN Z/L?v-i-WlnTN = const (1.1)
where p is the chemical potential of a molecule in aggregate with the
aggregation number N, 4% is the standard part of the chemical poten-
tial, Xn is the concentration of molecules in aggregate with number
N. According to the mass action law the rate of association is equal to

K1 XV and the rate of dissociation is KN—A?(N The equilibrium constant
0 0
K= % = exp[i_N(Z{ﬁ_“l)] and
w9\ ¥
Xy =N|Xie 7T (1.2)

where p9 and X corresponds to monomers in solution. Note, that this
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expression may be rewritten as
Xy =N (Xe®)N e (1.3)

where « is a positive constant depending on the strength of intermolec-
ular interactions. Note, that this constant « is introduced via relation
% = a(1— %) Note, that 22 is the mole fraction of the N'th species
so that the total concentration C' of surfactant is given via relation

C=> Xn (1.4)

Aggregates form only when there is the difference in cohesive energies be-
tween the molecules in aggregated and dispersed states. If the molecules
in different sized aggregates experience the same interactions with their
neighbours, the value of 1% will remains constant in aggregates with
different aggregation number. Thus for u§ = p§ = pf = --- = u{; the
concentration of N-mers

Xy =NXY (1.5)

Since X1 < 1 we must have Xy < X1, so that most of molecules will
be in the monomer state (with the aggregation number N = 1). For
sufficiently low concentration of monomers we have that X; > X5 >
X3 > ---. Thus at low concentrations most of molecules will be in dis-
persed states. Since Xy never exceed unity it is clear that once monomer
concentration approaches e~ it can increase no further as shown in
Fig. 2. This monomer concentration is called the critical aggregation con-
centration or, as a rule, critical micelle concentration (CMC).(see [1])
Thus X ¢ = e

Micelles in equilibrium with each other have a finite distribution on
sizes about some mean value. Since at the concentrations greater then
CMC we have Xje® < 1, then the Eq. (1.3) shows that Xy o< N for
small N and only for large N the concentration X 5 decreases to zero as
N approaches infinity. The total concentration of molecules

= Xy=> (NXje)¥eo (1.6)
N=1 N=1
or
oo — % (1.7)

T (1= Xye)?
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Figure 2. Monomer and aggregate concentration as a function of total
concentration  (schematic)
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Thus the concentration of monomers

X, = (1+2Ce 2)0—62\&/1 +4Ce> (1.8)

As we shall see at low concentrations (i.e Ce® < 1) this gives that
X1 ~ C, whereas at high concentrations (i.e Ce® > 1) the concentra-
tion of monomers X; =~ CMC' as expected. Also above CMC the density
distribution of molecules in aggregates of N molecules is given by insert-
ing the above equation into Eq. (1.2), obtaining

]. «
Xy~ N[l — T}Ne*a ~ Ne NV/VEe™ y oma (1.9)
eOé

This function peaks at %X—NN = 0 which occurs at N4, = vV Ce®. Finally,
the density distribution of aggregates above the CMC is

Xy = Ne N/Nmaw 5 g (1.10)

i.e the concentration of large aggregates decays exponentially with in-
creasing of number N. Thus the distribution on sizes is very broad with
the concentration of aggregates first increasing with IV for small aggre-
gates and decaying gradually to zero at large IN. This distribution is
represented graphically. (see Fig. 3)

2. Statistical-Mechanical Approach: Basic Equations

2.1. One-component System

The statistical-mechanical approach we begin from consideration of a
system of molecules with only strongly attractive interactions. Let we
investigate the simplified model in which we assume that all particles
interact only with the central particle and do not interact between them-
selves. We consider a one-component system. The grand partition func-
tion of an open system with chemical potential  and the activity z = e*
is expressed as (see [2])

=1, Vi) = 2 N ALY (2.1)
> |

This partition function is related to the pressure P and to the density p

by expressions
BP =WE(T,V, ) (2.2)
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Figure 3. Distribution of molecule concentration Xy as a function of
aggregation number N in the case of a one-component system. Monomer
concentration X1 = 0,5, and the value of constant o = 1, 25.
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OInE(T,V, ) apP

plz) =2 0z BREP®
respectivelly. According to microscopic (statistical-mechanical) approach
we represent the equation of state via relation (see [2], [3])

(2.3)

N=0
and the density
p= Z Nby 2V (2.5)
N=0

Here by is N-th the group coefficients, N is the size of group.

If we take into consideration only such interactions which hold to ag-
gregate formation ( our model allow us to suppose that b3 = b3,... by =
bév_l ) then the equation of state is presented as

z

P = 2.6
AP = 1 (2.6)
and expression for the density, respectively
z
= - 2.7
P (1 o b22)2 ( )
The critical activity then
1
o = — 2.8
= 23

Members of expansions on activities can be interpreted as concentrations
of monomers and multiparticle complexes (see [3]). Because of this in-
terpretation relation between thermodynamic approach and statistical
one is carried out. According to this the critical activity

Zer = chra (29)

where X is the concentration of monomers, and X1, = z., is the critical
micelle concentration. Thus the expression (2.7) for the density is given
in the form similar (1.7) where z = X; and by = e .

However, considered description is correct only for the strong attrac-
tive interactions which leads for such aggregation. In order to take into
account the usual nonassociative interactions we can use the thermody-
namic perturbation theory which was developed by Wertheim ([4] - [6])
for the treatment of associative phenomena in associative fluids.
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The original theory was developed in finite many-density formalism.
In particular in two-density formalism the singlet distribution function
p(1) is separated into two terms

p(1) = po(1) + p1(1)

where po(1) is singlet distribution function for monomer particles and
p1(1) is the bounded part of the singlet distribution function.
According to Werthein diagram analysis ([4])

p(1) = po(1) + po(1) / g00(12) fus(12)po(2)d(2)  (2.10)

In homogenous case the total density p(1) and the density of monomers
po(1) are related as

p=p0-+ 58 [ Fur(r)gonlr) dlr) (2.11)

where f,4(12) = e7#V(12) 1 is associative Mayer function. and U(12)
is the potential of associative interaction between the molecules, goo(12)
is nonassociative part of the pair distribution function. Substituting

[ 102g0002)d2) = 2K,
leads to the expression for density :
p = po+ 205 K1 (2.12)

In order to generalize this result for self-assembling case we represent
(2.10) in the following form:

p(1) = po(1) + po(1) [ g00(12)f(12)po(2) d(2)
+ po(1) [ 9000 (132) £(123)po(2)po(3) d(2) d(3) + . ..

For nonassociative part of distribution function we consider the following
approximation:

9000(123) = goo(12)g00(23),

900...00(123...N) = g00(12)g00(23)..-goo(N — 1, N)
——

N

which are exact for one-dimensional systems with short-range interac-
tions ([2]). We also put

f(123) = f(12)£(13),
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f(A23..N) = f(12)f(23)...f(N —1,N)
In result

//}u%mmmaamﬂm=

//f 12)g00(12) £(23)g00(23) d(2) d(3) = 3K, = 3K?

an

// /f 123 .. NgOO 00(123...N)d(2)d(3)...d(N) =

=//m/ﬂwmmmﬂmew¢w—LmX
—_—

xgoo(N — 1, N)d(2)d(3)..d(N) = NKyx_1 = NK}¥*

and expression for the density can be presented in the following form:
p=po+2p.K1+3p0 K7+ ... (2.13)

or this may be formally rewritten the form similar (2.7):

_ Po
P = T Kapo? @19

Hence, we obtain the same expression for the density as we had earlier.
Thus we get an evidence of using z-expansion in our formulated theory.
And we took into consideration not only associative interactions ( [1])
but also short-range one.

Due to the strong-range character of associative interactions fos(r)
has d-function form:

fas(r) = B2d(r — o)

where By is the second virial coefficient and o means the size of the
particle. In result:

1
Kl = 5 /BQ (5(7‘0)(17” = bggoo,

where goo = goo(0) is the contact value of pair correlation function for
the system with non-associative interactions and By = 2bs. ( [2])
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Then the expression Eq. (2.13) for the density takes the next form:

p = po + 2bagoopy + 36595000 + - - - (2.15)

As we mentioned above, the members of expansion on activities can
be interpreted as concentrations of monomers and multiparticle com-
plexes. Using such concentrations, we may write the expressions for the
monomer density as X; = po and for the concentration of N-mers as
Xy = NbY gl pd’. According to the thermodynamic approach

Xy = N(Xe®)Ve > = NXNe(N-1) (2.16)
Comparing the last two equations one obtains that
Joobz = € (2.17)

Thus the last equation carries out the relation between thermodynamic
and statistical approaches to the assembling phenomena in the case of
one-component systems.

The expression (2.14) for the density in Wertheim perturbation the-
ory corresponds to expression (2.7). It means that we can write appro-
priate expression for pressure:

Po
P-—PFP)=————"" 2.18
g b) 1 — b2goopo (2:18)

and P, is that part of pressure which corresponds to the system without
associative interactions.

2.2. Many-component Systems

The obtained results for a one-component system may be generalized for
many-component system. In this case the equation of state is given by
the same expression, i.e

Z
1—by2

but here 2 is (n x n)-matrix of activities,

BP = (2.19)

Z11 0 0
~ 0 Z92 ... 0
z =

0 0 ... Zzpn
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by is (n x n)-matrix of the second virial coefficients,

bll b12 . bln
bAQ _ b21 b22 . bgn
bnl bn2 .. bnn

1 is unit diagonal (n x m)-matrix, where n is the number of different
sorts of molecules in mentioned system. The elements of by-matrix are
defined by the extent of interactions between the molecules of the same
or different sorts. To take into account all types of interactions in the
case of many-component systems one rewrites the above expression as

_py—_ P
B(P — Py) o (2.20)

Here KV = by g&). Note, that i = T,n, j = T, n. It’s clear that go is (n x
n)-diagonal matrix, elements of which are defined by the concentrations
of molecules of each sort,

po 0 0
) 0 p2 0 0
po - po DY
0 0 Py

g&) is the contact value of pair correlation function of the system with
non-associative interaction for the particles of each sort.
We may introduce the last expression for pressure as

Indet (1 — K1) (2.21)

Y

Here subscripts a and (3 denotes the sort of particle. According to (2.3),
expression for density can be written in the next form:

0

« (e% a «, «
P = Po ape Z 0K, Indet (60,5 — K} ﬂpo) (2:22)
0 0p

a,B

where p® is the density of molecules of sort o and pf§ is the density of
monomers of the same sort.
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2.3. Two-component System

To illustrate the developed theory we consider a two-component system
and we represent the applying of general equations for many-component
system to two-component system. In this case the second virial coefficient
is represented as a sum of b11, by that is equal to bo; and bas, i.e

by = bi1 + b12 + ba1 + b22 (2.23)

Here b1 describes the interactions between the molecules of the first
sort, bao describes the interaction between the molecules of the second
sort and bis = bs; describes the interaction between the molecules of
different types.
As we mentioned above, the equation of state for many-component
systems .
PPy =—
ol 2 1= Kipo
In the case of two-component system the matrix of concentrations seems

as 1
. (ps O
po_(o p%)

and the matrix K7, respectively

Bo=( o 900 b2 905
ba1 955 be2 930

and 1 is (2x2)-unit diagonal matrix. Note, that the elements of bo-matrix
defines the strength of interaction between the particles of different or
the same sorts.

We may introducing the equation of state in the case of two compo-
nent system via relation

BP—P)=— )

a,=1,2

0

5 In det (1 — bypo) (2.24)

or
0 0 0 A
P—-PF)=- +2 Indet (1 — bap
8P = 7)== (g + 25 + g ) It (1 = b
where K fj = béj gé% is again defined as béj Doing some simplifications
one obtains the equation of state for two-component system in the next
form:

Pt (1 — bazgddpd) + pi (1 — brigdsph) + 20605012953

22 2 11,22 g2 122)

BP —Py) = 111 12
1 —bi1gporp — b2295505 + Popo(b11b22900900 12900
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(2.25)

Investigating the dominator of equation of state, i.e investigating the
equation

2
1 — b11gg0P0 — b22950 P4 + P0G (b11b22950 950 — bi29066 ) =0

one finds the critical activities for particles of each sort. If the concen-
tration of the first-sort molecules is much greater than concentrations of
the second-sort molecules or if b — 0 then the critical concentration
of the first-sort molecules is given via relation

1
2
b11946 + b2960 P5

poer = (2.26)

Analogically if the b;; — 0 then the critical concentration for the
molecules of the second sort is represented in the similar form:

9 1

pO Ccr = 3
baagis + 012980 Po

(2.27)

Thus we conclude that the addition of another(i.e the second) component
in such system as solution reduces the value of critical micelle concen-
tration. To investigate Eq. (2.3) in detail one introduces new variables

b
Jf > as the con-
0

centration of monomers of the first sort. Thus the domlnator of state

equation may be represented as
2
PPX (1= X)(br1b22giogis — bi2900 )

—p(b1195pX + bo2gls(1 — X)) +1=0

Solution of the above equation depends on relations between the param-
eters b11, b22 and b12.

Rewriting the Eq. (2.2.3) for two-component case after some trans-
forming and simplifications we have, that the densities of molecules are
defined as

po = p§ + pg as the density of monomers and X =

p1 = pl [1 — p§(b22g55 — b12955)]°
[1 = bu1giors — b22933 5 + pord (11022960985 — b12955)>
(2.28)
and
py = o2 [1- 0235(5211911 — biag3)]®

p
011 — b11gddph — b22g33 02 + popR(b11ba2gll 922 — bi2gdd)?
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(2.29)

for the molecules of the first sort and the second sort, respectively. We
conclude that the results obtained for the two-component system fully
agree with the same one for one-component system under the condition
that the concentration of one of the sorts approaches to zero.

Neglecting by the interactions between the molecules of different sorts
(i.e we suppose that b1a < b11 and b1a < baa ) the total concentration
of molecules may be represented as a sum of molecules densities:

Po 2

p= + (2.30)
(1= ppbriges)? (1 — pgba2g3s)?

Thus we conclude if the interactions between the molecules of different

types is too small, that in such system one observes the formation of two

types of micelles: one of them consists only of first-sort molecules, the

second one consists only of molecules of another type.

In this case, as a rule, we have to deal with two different values of
critical micelle concentration, which define by relations

1
1
o =TT 2.31
Po bllgé(l) ( )
and 1
2
o = 2.32
Po b22g22 ( )

for the molecules of the first sort and the second one, respectively. One
concludes that the distribution on sizes of formed aggregates in such
system is analogical to the same one that we have in the case of one-
component system because of analogical structure of Eq.(2.30) and
Eq.(1.7). (see Fig. 4)

Generally in dependence on relations between the parameters b1y, bog
and b12 in the system three types of different micelles can be formed:
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Figure 4. Distribution on sizes of associated structures in the case of
a two-component system at small interaction between the molecules of

different types. Monomer concentrations p} = 0,5, p3 = 0,8 and the
values of parameters are by; = 0,22, by = 0,77, b1z = 0,02.
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(i) micelles consisting only of molecules of the first sort ("pure" mi-
celles);

(ii) micelles consisting only of molecules of the second sort ( also
"pure" micelles);

(iil) micelles consisting of molecules of the first sort and of the second
one as well (mixed micelles). Note, that it is probable the realization of
various combinations of above mentioned cases.

It is possible, that the interactions between the molecules of the differ-
ent sorts can be much greater than the interactions between identical
molecules, i.e big > b1, b1z > boo. Then according to Eq. (2.3) and
Eq. (2.3) under the mentioned conditions the density of the molecules of

the first sort is 9 1212
(1 + p2bi2gdd)

1
(1= psPrgbiages )?
and the same one towards the second-sort molecules
1+ pibi2gdt)?
po = A Poli2g00) (234

(1 — pbp3b3a082™)?
The densities of the both-sort molecules depend on the meaning of the
coeflicient b15. Thus the total concentration C' depends only on the value
of the coefficient b2 which is defined by the interaction between the
molecules of different sorts. Finally it means the formation only of mixed
micelles because of predominating interaction between the molecules of
different sorts.

The most interesting situation occurs in symmetrical case, when con-
centrations (or critical activities) of the both-sort molecules are the
same, i.e when p} = pZ and introduces as po, and the total densities
p1 = p2 = p. Then the densities p; and py are

1 1212
p = po-t P0b12900) (2.35)
(1 = pgbiag00 )°
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or 0

P 0= pobiagid)? (2:36)
Thus we assume that in this case critical micelle concentration depends
on the extent of interaction between the molecules of different types
and is defined as py = 1/b12g¢2. The structure of the Eq. (2.36) is fully
analogical to the same one as we have above ( see Eq. (2.30) ). This means
the identity of size distributions in these two cases, but note that given
results is justify only for symmetrical case when p}/p2 = 1. In more
general case when p}/pg # 1, the dominator of Eq. (2.33) and Eq. (2.34)
seems as

2
(1= porgbiagos )* = (1= 1/p4pibr2gnn)* (1 + \/ ppgbi2gos)”
and the total density of molecules can be represented as
p=p1+p2= (2.37)

po(1 + pibr2gi)* + P (1 + pobi2gin)°
(1 — phrBb2,083")?
We can see that the total density depends on the value of the coefficients
b1s.

The example of distribution on sizes in the case of two-component
system with predominating association between surfactant molecules of
different types is presented on Fig.5

Note, that all given distributions differ one from another by the val-
ue of their parameters b11, bos and bi2. Obtained result is represented
graphically.

3. Concluding Remarks

In this paper the view of the thermodynamic (phenomenological) and
microscopic (statistical-mechanical) approaches in the theory of self-
assembling systems is presented. Thermodynamic principles of self-
assembly are formulated and the statistical-mechanical arguing of the
thermodynamic approach is carried out. Developed theory is generalized
on the case of many-component systems.

Using the multi-density formalism of Wertheim theory in statisti-
cal thermodynamics of associated system we developed existing theory
for self-assembling case. Comparing the expressions for concentration
in thermodynamic approach and in statistical-mechanical formalism we
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Figure 5. Distribution on sizes of associated structures in the case of
a two-component system at the predominating interaction between the
molecules of different types. Monomer concentrations py = 0,8, pi =
0,7 and the values of parameters are by; = 0,008, bog = 0,031, b1o =
0,5.
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obtain relation between thermodynamic and statistical-mechanical de-
scription of a system.

Investigating the problems of self-assembly in water-micellar system
we conclude that the necessary conditions for the formation of such
molecular aggregates as micelles is the achievement of critical micelle
concentration. Dependence of critical micelle concentration on the ther-
modynamic and microscopic parameters is also obtained. Conditions of
formation of pure and mixed micelles are investigated too. It is shown
that structure of formed molecular aggregates in the case of a many-
component system defines by the extent of interactions between the
molecules of different types.
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