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Amnoramisi. Joc/iazkeHo cTaruCTudHy CyMy PeasaTUBICTHYHOI cucTeMu
3aPAMKEHNX YaCTUHOK y HADIMKEHHI KiTbIEeBUX miArpaM Ha 0a3i rami-
JIbTOHIAHY, OIEPKAHOrO y JiHIHOMY HaOJIMKEHHI 33 KOHCTAHTOIO B3a-
emomii. 3naiineno pessaTuBicTHYHY nONpaBKy 10 Teopil lebas-Xiokests.
3anucaHo piBHAHHSA CTAHY.

Thermodynamic functions of the system of the charged parti-
cles with relativistic interaction in the ring-diagram approxi-
mation
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Abstract. The partition function of relativistic system of charged par-
ticles is studied in the ring-diagram approximation on the base of the
Hamiltonian which is obtained in the linear approximation in the cou-
pling constant. The relativistic correction to the Debye-Hukkel theory is
found. The state equation is written.
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1. Introduction

The traditional formulation of statistical mechanics based on the Gibbs
distribution demands Hamilton picture to describe the system. The
Hamiltonian description of relativistic system of charged particles can
be obtained within the field theory framework. However, it is known
that the free energy of the classical field subsystem diverges in accor-
dance with Relay-Jeans formula [1]. So, the correct value of the partition
function may be found when the field degrees of freedom are excluded.
Elimination of the field can be performed in an action integral of the sys-
tem by substitution of the formal solution with the corresponding Green
function. Wheeler-Feynman electrodynamics is an instanse of such a the-
ory [2]. Nonlocality of the action in the terms of particle variables leads
to seriuos difficulties in transition to the Hamiltonian description. Differ-
ent ways of Hamiltanization of such a system by means of approximation
approachs have been studied in literature [3-5]. More famous result was
obtained by Darwin [6]. Simplicity of the weak-relativistic Darwin La-
grangian and the corresponding Hamiltonian allowed in [7,8] to examine
the partition function in the ring-diagram approximation. The obtained
expressions for free energy are generalized the result of the Debye-Hukkel
theory.

We studied an alternative way which consists in cancelation of the
field degrees of freedom after transition to the Hamiltonian descrip-
tion [9,10]. Using the first order approximation in the coupling constant
e? and symmetric Green function, we found solution of the field equa-
tions in the terms of the canonical particle variables (x%, k% ). By this way,
we derived the following Hamiltonian of the system of identical charged
particles [11]:
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Here prime over sum symbol means that a # b, V' is volume of the system.
Velocities and the wave-vector dependent expressions are defined as
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The relation between momenta k, and p, is given as

N ~
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In the next section we shall calculate the partition function with the
Hamiltonian (1) in the ring-diagram approximation.

2. Partition function

The partition function of this system is written by standard manner

= / . H 8 xad3k )

where [ is inverse temperature.

Into dynamics, where the number IV of the particles is finite, equation
(2) can be solved immediately under p, in the linear approximation in
the coupling constant. One has

N ~
1 ! . PL(II)Vb
o =ky — — ikXap k)y———. 4

This relation leads to the result in [11].

However, into statistical mechanics, when N,V — oo and n =
N/V = const, approximation has been done by powers of e’n (see [8]). In
order to do not solve (2), we rewrite the Hamiltonian and the partition
function like to

H = Hy + Uy, (5)
N
2 1 7zkx ;,
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a,b=1 k
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Here the Jacobian is
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Structure of the Jacobian permits us to make exactly an integration over

momenta:

—[BHg a — N f A
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where the Juttner result is
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Then we have

k)e % P (n)A(n),
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One can check that the matrix A is equal to
A(m) = aP.(n),
_B /6_5 s W — () dpy 1K (Bm)
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Here K, is the Macdonald function.

(13)

After that the partition function of the system of the charged particles

can be presetned as follows

(€)Y
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QN =
Now we can write that
W = det |[6ap] + Cap|| = exp [Tr In||6as] + éa,,||] .

Using expansion for In(1 + x), we come to expression

W=exp |Tr [ Cop — 5 Z Cacccb + 35 Z Cacccdcdb

c,d

(14)

(15)

(16)
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Taking into account relations [8]
N
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one has
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one can writes that
(2 2
W = exp —2Z<k—;— n(l—f—k—;)) (19)
Kk
Summing, we obtain
3V
W = exp ( 3 > (20)
Then, one finds
&z,
Qn =W / —ots T L2 (21)

v

a= 1

Substituting the well-known Coulomb contribution in the ring-diagram

approximation into (), it follows that

K3V 3V
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(22)
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here k* = 47 3N/V.

Although we do not sum the ring diagrams by standard way, when
the relavistic correction is calculated, they are accounting by means of
preservation of the terms e?(e?n)? (p = 0,1,2,...) in the partition func-
tion (see (17)).

Finaly note that in the weakly relativistic approximation the inter-
action correction to the free energy has the form

Ap =V <1— V2 ) (23)

127p (Bm)3/2

Let us note that the weakly relativistic correction in [8] has the coefficient
2 instead of v/2 in (23).

3. State equation

Now we can find the state equation. Pressure of the gas of relativistic
particles with electromagnetic interaction is derived as

r- (%),

It is easy to see that the second term in r.h.s. defines the Coulomb
correction within the Debye-Hukkel theory. The last term corresponds
to relativistic interaction.
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