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 fun
tions of the system of the 
harged parti-
les with relativisti
 intera
tion in the ring-diagram approxi-mationA.NazarenkoAbstra
t. The partition fun
tion of relativisti
 system of 
harged par-ti
les is studied in the ring-diagram approximation on the base of theHamiltonian whi
h is obtained in the linear approximation in the 
ou-pling 
onstant. The relativisti
 
orre
tion to the Debye-Hukkel theory isfound. The state equation is written.
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1 ðÒÅ�ÒÉÎÔ1. Introdu
tionThe traditional formulation of statisti
al me
hani
s based on the Gibbsdistribution demands Hamilton pi
ture to des
ribe the system. TheHamiltonian des
ription of relativisti
 system of 
harged parti
les 
anbe obtained within the �eld theory framework. However, it is knownthat the free energy of the 
lassi
al �eld subsystem diverges in a

or-dan
e with Relay-Jeans formula [1℄. So, the 
orre
t value of the partitionfun
tion may be found when the �eld degrees of freedom are ex
luded.Elimination of the �eld 
an be performed in an a
tion integral of the sys-tem by substitution of the formal solution with the 
orresponding Greenfun
tion. Wheeler-Feynman ele
trodynami
s is an instanse of su
h a the-ory [2℄. Nonlo
ality of the a
tion in the terms of parti
le variables leadsto seriuos diÆ
ulties in transition to the Hamiltonian des
ription. Di�er-ent ways of Hamiltanization of su
h a system by means of approximationapproa
hs have been studied in literature [3{5℄. More famous result wasobtained by Darwin [6℄. Simpli
ity of the weak-relativisti
 Darwin La-grangian and the 
orresponding Hamiltonian allowed in [7,8℄ to examinethe partition fun
tion in the ring-diagram approximation. The obtainedexpressions for free energy are generalized the result of the Debye-Hukkeltheory.We studied an alternative way whi
h 
onsists in 
an
elation of the�eld degrees of freedom after transition to the Hamiltonian des
rip-tion [9,10℄. Using the �rst order approximation in the 
oupling 
onstante2 and symmetri
 Green fun
tion, we found solution of the �eld equa-tions in the terms of the 
anoni
al parti
le variables (xia; kia). By this way,we derived the following Hamiltonian of the system of identi
al 
hargedparti
les [11℄:H = NXa=1pm2 + k2a + 12V NX0a;b=1Xk e�ikxab�(k)"1� va ^P?(n)ub1� (nub)2 # : (1)Here prime over sum symbol means that a 6= b, V is volume of the system.Velo
ities and the wave-ve
tor dependent expressions are de�ned asva = kapm2 + k2a ; ua = papm2 + p2a ;�(k) = 4�e2k2 ; n = kk ; ^P?(n) = kÆij � ninjk:
ICMP{01{24E 2The relation between momenta ka and pa is given aspa = ka � 12V NX0b=1 Xk e�ikxab�(k) ^P?(n)ub1� (nub)2 : (2)In the next se
tion we shall 
al
ulate the partition fun
tion with theHamiltonian (1) in the ring-diagram approximation.2. Partition fun
tionThe partition fun
tion of this system is written by standard mannerZN = 1N ! Z e��H NYa=1 d3xad3ka(2�)3 ; (3)where � is inverse temperature.Into dynami
s, where the numberN of the parti
les is �nite, equation(2) 
an be solved immediately under pa in the linear approximation inthe 
oupling 
onstant. One haspa = ka � 12V NX0b=1 Xk e�ikxab�(k) ^P?(n)vb1� (nvb)2 : (4)This relation leads to the result in [11℄.However, into statisti
al me
hani
s, when N; V ! 1 and n =N=V = 
onst, approximation has been done by powers of e2n (see [8℄). Inorder to do not solve (2), we rewrite the Hamiltonian and the partitionfun
tion like to H = H0 + U0; (5)H0 = NXa=1pm2 + p2a; U0 = 12V NX0a;b=1Xk �(k)e�ikxab ;ZN = 1N ! Z e��(H0+U0)J NYa=1 d3xad3pa(2�)3 : (6)Here the Ja
obian isJ = det 




�kia�pjb 




 = det 




Æab ^I + 1� Æab2V Xk �(k)e�ikxab ^P?(n)^�b(n)




 ;(7)



3 ðÒÅ�ÒÉÎÔ^�b(n) = 




 ��pjb uib � ni(nub)1� (nub)2 




 : (8)Stru
ture of the Ja
obian permits us to make exa
tly an integration overmomenta: Z e��H0J NYa=1 d3pa(2�)3 = �N det kÆab ^I + ^Cabk; (9)where the Juttner result is� = Z e��pm2+p2 d3p(2�)3 = 2m2K2(�m)(2�)2� : (10)Then we have ^Cab = 1� Æab2V Xk �(k)e�ikxab ^P?(n) ^A(n); (11)^A(n) = 1� Z e��pm2+p2b ^�b(n) d3pb(2�)3 : (12)One 
an 
he
k that the matrix ^A is equal to^A(n) = a ^P?(n);a = �2� Z e��pm2+p2b u2b � (nub)21� (nub)2 d3pb(2�)3 = 1mK1(�m)K2(�m) : (13)Here K� is the Ma
donald fun
tion.After that the partition fun
tion of the system of the 
harged parti
les
an be presetned as followsZN = Z idNQN ; Z idN = (�V )NN ! ; (14)QN = 1V N Z e��U0 det kÆab ^I + ^Cabk NYa=1 d3xa: (15)Now we 
an write thatW = det kÆab ^I + ^Cabk = exp hTr lnkÆab ^I + ^Cabki: (16)Using expansion for ln(1 + x), we 
ome to expressionW = exp24Tr0� ^Cab � 12X
 ^Ca
 ^C
b + 13X
;d ^Ca
 ^C
d ^Cdb � :::1A35: (17)
ICMP{01{24E 4Taking into a

ount relations [8℄NXa=1 e�ixa(k�q) = NÆk;q; ^P s?(n) = ^P?(n);one has W = exp"Tr 1� Æab2V aXk �(k)e�ikxab ^P?(n)� 1N Xk e�ikxab ^P?(n) 1Xs=2 1s ���2rk2�s!# ;where �2r = 2�e2NV a; Tr ^P?(n) = 2:Then, W immediately be
omesW = exp"�2Xk 1Xs=2 1s ���2rk2�s#: (18)Sin
e 1Xs=2 (�x)ss = x� ln(1 + x);one 
an writes thatW = exp"�2Xk ��2rk2 � ln�1 + �2rk2��#: (19)Summing, we obtain W = exp���3rV3� �: (20)Then, one �nds QN =W Z e��U0 NYa=1 d3xaV : (21)Substituting the well-known Coulomb 
ontribution in the ring-diagramapproximation into QN , it follows thatQN = e���F ; �F = � �3V12�� + �3rV3�� ; (22)



5 ðÒÅ�ÒÉÎÔhere �2 = 4��N=V .Although we do not sum the ring diagrams by standard way, whenthe relavisti
 
orre
tion is 
al
ulated, they are a

ounting by means ofpreservation of the terms e2(e2n)p (p = 0; 1; 2; :::) in the partition fun
-tion (see (17)).Finaly note that in the weakly relativisti
 approximation the inter-a
tion 
orre
tion to the free energy has the form�F = � �3V12��  1� p2(�m)3=2! : (23)Let us note that the weakly relativisti
 
orre
tion in [8℄ has the 
oeÆ
ient2 instead of p2 in (23).3. State equationNow we 
an �nd the state equation. Pressure of the gas of relativisti
parti
les with ele
tromagneti
 intera
tion is derived asP = ���F�V �T= TNV  1� e2�6 �"1�p2� 1m� K1(�m)K2(�m)�3=2#! : (24)It is easy to see that the se
ond term in r.h.s. de�nes the Coulomb
orre
tion within the Debye-Hukkel theory. The last term 
orrespondsto relativisti
 intera
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