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tron model in the self-
onsistent gaussian 
u
-tuation approximationI.V.Stasyuk, K.V.Tabunsh
hykAbstra
t. An analyti
al method of the 
onsistent 
al
ulation of thethermodynami
al and 
orrelation fun
tions of pseudospin-ele
tron modelis proposed. Approa
h is based on the generalized random phase ap-proximation s
heme with the self-
onsistent in
lusion of mean �eld type
ontributions 
oming from the e�e
tive pseudospin intera
tion via 
on-du
ting ele
trons as well as gaussian 
u
tuations of the mean �eld. Withthe help of the approximation proposed the formulas for the pseudospin
orrelation fun
tion, pseudospin mean value, as well as for the grand
anoni
al potential are obtained.
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1 ðÒÅ�ÒÉÎÔ1. Introdu
tionPseudospin-ele
tron model (PEM) was proposed to des
ribe, on the onehand, the strong single{site ele
tron 
orrelation in the spirit of Hubbardmodel and, on the other hand, the intera
tion of the 
ondu
ting ele
tronswith some two level subsystem represented by pseudospins (e.g. anhar-moni
 vibrations of the apex oxygen ions in YBaCuO-type 
rystals [1℄,proton-ele
tron intera
tion in the mole
ular and 
rystalline systems withhydrogen bonds [2℄). The Hamiltonian of PEM has the following formH = H0 +Xij� tij
+i�
j� ; (1)H0 = Xi (Uni"ni# � �X� ni� + gX� ni�Szi � hSzi) ;and in
ludes, besides the terms des
ribing ele
tron transfer (� tij), thestrong single-site ele
tron 
orrelation U and energy of the subsystem ofpseudospins pla
ed in longitudinal �eld h and intera
ting with 
ondu
t-ing ele
trons (g-term).On the basis of PEM a possible 
onne
tion between the super
on-du
tivity and latti
e instability of the ferroele
tri
 type in HTSC wasdis
ussed [3,4℄. The des
ription of the ele
tron spe
trum and the ele
-tron statisti
s of the PEM was given in [5℄ in the framework of thetemperature two-time Green's fun
tion method in the Hubbard-I ap-proximation. An investigation of diele
tri
 sus
eptibility of the modelwas performed in [6,7℄ within the generalized random phase approxima-tion (GRPA) [14℄ in the limit U ! 1. The 
ase of absen
e of the termdes
ribing ele
tron transfer (tij = 0) with the in
lusion of the dire
tintera
tion between pseudospins was 
onsidered within the mean �eldapproximation [8,9℄. The analysis of ferroele
tri
 type instabilities in thetwo-sublatti
e model of the apex oxygen subsystem in high temperaturesuper
ondu
ting systems was made [10℄. The in
uen
e of oxygen non-stoi
hiometry on lo
alization of apex oxygen in YBaCuO type 
rystalswas studied in the work [11℄.From the other point of view, the Hamiltonian of PEM in the U = 0limit (simpli�ed PEM) 
an be transformed, after some simpli�
ation,into the Hamiltonian of the ele
tron subsystem of binary alloy typemodel as well as the Fali
ov-Kimball model. The main di�eren
e be-tween these models is in the way how an averaging pro
edure is per-formed (thermal statisti
al averaging in the 
ase of PEM and Fali
ov-Kimball model, 
on�gurational averaging for binary alloy) [12,13℄. The
ICMP{00{06E 2Hamiltonian of PEM is, also, invariant with respe
t to the transforma-tion �! U � �, h! 2g � h, n! 2� n, Sz ! �Sz. It allows us to use(2) for des
ription of hole-pseudospin system as well.In the previous papers [15,16℄ a self-
onsistent s
heme for 
al
ula-tion of mean values of pseudospin and ele
tron number operators, grand
anoni
al potential as well as 
orrelation fun
tions of simpli�ed PEMwas proposed. The main idea of the approa
h was based on the GRPAs
heme with the in
lusion of the mean �eld type 
ontributions 
omingfrom e�e
tive pseudospin intera
tions via 
ondu
ting ele
trons [16℄. Onthe basis of this self-
onsistent mean �eld type approximation the en-ergy spe
trum, thermodynami
s of phase transitions, possibility of phaseseparations as well as appearan
e of the 
hess-board phase were investi-gated. It was shown that: in the � = 
onst regime (then it is supposedthat the ele
tron states of other stru
ture elements, whi
h are not in-
luded expli
itly into the PEM, play a role of a thermostat, that ensuresa 
onstant value of the 
hemi
al potential �) the intera
tion betweenthe ele
tron and pseudospin subsystems leads to the possibility of either�rst or se
ond order phase transitions between di�erent uniform phases(bistability) as well as between the uniform and the 
hess-board ones;in the regime n = 
onst (this situation is more 
ustomary at the 
on-sideration of ele
tron systems and it means that the 
hemi
al potentialis now the fun
tion of T , h et
. and depends on the ele
tron 
on
entra-tion) an instability with respe
t to phase separation in the ele
tron andpseudospin subsystems 
an take pla
e.An approa
h, that takes into a

ount only mean �eld type 
ontribu-tions, is reasonable only when deviations from the average self-
onsistent�eld are small or in other words { in the area where 
u
tuation's e�e
tsare unimportant. Therefore, the method whi
h was proposed previously[15,16℄ gives the possibilities to obtained an a

urate results outside thevi
inity of the 
riti
al point.In the vi
inity of the 
riti
al points the e�e
ts of the mean �eld
u
tuations be
ome signi�
ant (i.e. 
u
tuations of mean �eld in
reasein�nitely near the se
ond order phase transition point). Hen
e, for thebetter des
ription of 
riti
al properties of our system we must 
orre
tthe approa
h by taking into a

ount the 
ontribution of the 
u
tuationsof the self-
onsistent �eld of pseudospins.For this purpose we build the 
onsistent s
heme (using the dia-gram method), for 
al
ulation of pseudospin operator mean value, grand
anoni
al potential as well as pseudospin 
orrelation fun
tion of sim-pli�ed PEM, whi
h allows one to takes into a

ount the gaussian 
u
-tuations of the self-
onsistent mean �eld. Root{mean{squares (r.m.s.)



3 ðÒÅ�ÒÉÎÔgaussian 
u
tuations of the �eld are 
al
ulated in a self-
onsistent way.Within the high density expansion method the r.m.s. of gaussian 
u
tua-tions of mole
ular �eld were applied previously to spin models [17,18℄. Inthe present paper we generalize this s
heme on the 
ase of pseudospin-ele
tron model (when, with respe
t to spin models with dire
t inter-a
tion, we have an e�e
tive many{body one between pseudospins via
ondu
ting ele
trons). Proposed here approa
h 
an be used, also, to in-vestigate the above mentioned ele
tron models when it is 
onvenient (orpossible) to introdu
e pseudospin operators (i.e. Fali
ov-Kimball model).2. Mean �eld approximationWe perform the 
al
ulations in the strong 
oupling 
ase (g � t) us-ing single-site states as the basi
 ones. We rewrite the initial Hamilto-nian of the the simpli�ed PEM in the se
ond quantized form using pro-je
ting ele
tron annihilation (
reation) operators [15,16℄ ai� = 
i�P+i ;~ai� = 
i�P�i (P�i = 12 �Szi ) a
ting at a site with the 
ertain pseudospinorientation: H0=Xi f"(ni"+ni#) + ~"(~ni"+~ni#)� hSzi g; (2)Hint=Xij� tij(a+i�aj�+a+i�~aj�+~a+i�aj�+~a+i�~aj�):Here " = ��+g=2; ~" = ���g=2 are energies of the single{site states.The introdu
ed operators satisfy the following 
ommutation rules:f~a+i� ; ~aj�0g=ÆijÆ��0P�i ; f~a+i� ; aj�0g=0;fa+i� ; aj�0g=ÆijÆ��0P+i ; fa+i� ; ~aj�0g=0:Expansion of the 
al
ulated quantities in terms of the ele
tron trans-fer leads to an in�nite series of terms 
ontaining the averages of theT -produ
ts of the ai� , ~ai� operators. The evaluation of su
h averages ismade using the 
orresponding Wi
k's theorem. The results are expressedin terms of the produ
ts of the nonperturbed Green's fun
tions and av-erages of the proje
tion operators P�i whi
h are 
al
ulated by means ofthe semi-invariant expansion [15℄.From su
h an in�nite series we are summing up a 
ertain partial sumof diagrams (in the spirit of the traditional mean �eld approa
h [15℄)
hara
terized by the in
lusion of the mean �eld type 
ontributions (loopfragments) 
oming from the e�e
tive many{body intera
tion between
ICMP{00{06E 4pseudospins via 
ondu
ting ele
trons in all basi
 semi-invariants. The
orresponding diagram series for pseudospin mean value has the form:hSzi = = − −+ _1

2!
... . (3)Here we use the following diagram notations: � Sz; � gi(!n);wavy line is the Fourier transform of hopping tk. Basi
 semi-invariantsare represented by ovals and 
ontain the Æ-symbols on site indexes:= hSzi0 = b(h) = Sp(Sze��H0)Sp(e��H0) ; = hSzSzi
0 = �b(h)��h : (4)Nonperturbated ele
tron Green's fun
tion is equal to= g(!n) = hgi(!n)i; gi(!n) = P+ii!n � " + P�ii!n � ~" : (5)Single-ele
tron Green's fun
tion isGk(!n) = += = �g�1(!n)� tk��1; (6)and determines the spe
trum of single-ele
tron ex
itations. This spe
-trum was investigated in details in [15℄."I;II(tk) = 12(2E0 + tk)� 12qg2 + 4tkhSzig + t2k : (7)Expression for the loop fragment of diagram has the following form= 2N Xn;k t2kg�1(!n)�tk � P+ii!n � " + P�ii!n � ~"� = �(�1P+i +�2P�i ):This quantity 
reates an internal e�e
tive self{
onsistent �eld a
ting onthe pseudospin. Now, we 
an introdu
e the following mean �eld Hamil-tonian: HMF=Xi f"(ni"+ni#) + ~"(~ni"+~ni#)� ySzi g; (8)where y = h+ �2 � �1 is an e�e
tive �eld.



5 ðÒÅ�ÒÉÎÔSummation of the diagram series (3) is equivalent to the averaging withthe Hamiltonian (8). The result 
an be expressed in the formhSzl i = b(y) = 12 tanh��2 y + ln 1 + e��"1 + e��~"� : (9)Diagram equation for the pseudospin 
orrelation fun
tions hSzSziq(within the framework of GRPA with the insertion of the mean �eld type
ontributions in all zero-order 
orrelators) is following [15℄:

−= (10)This equation di�ers from the one for the Ising model in MFA by therepla
ement of the ex
hange intera
tion by the ele
tron loop� q = = ; += ;whi
h des
ribes an e�e
tive many{body intera
tion between pseudospinsvia 
ondu
ting ele
trons. The 
orresponding analyti
al expression is fol-lowing: � q = 2N Xn;k tk�1 + tkg�1(!n)� tk�� 1i!n � " � 1i!n � ~"�� tk+q �1 + tk+qg�1(!n)� tk+q�� 1i!n � " � 1i!n � ~"�= 2N Xn;k �2n~tn(k)~tn(k + q); (11)where �n = g(i!n + �)2�g2=4 ; ~tn(k) = tk(1� gntk) :The �rst term in (10) is the se
ond-order semi-invariants renormalizeddue to the in
lusion of `single-tail' parts, and is thus 
al
ulated with thehelp of HMF:

−= + 1
2!
− −... (12)

ICMP{00{06E 6Finally, the solution of the equation (10) in the analyti
al form is equal:hSzSziq = 1=4� hSzi21 + 2N Pn;k�2n~tn(k)~tn(k + q)(1=4� hSzi2) ; (13)and is di�erent from zero only in a stati
 
ase (!n = 0) (this is due tothe fa
t that pseudospin operator 
ommutes with the Hamiltonian).In the same approximation the grand 
anoni
al potential is [15℄:��
MFA =
+ − −1

2!
_ − ...  1

 3!+

+ ...+1
2
_ 1

3
_ −

(14)The 
orresponding analyti
al expression has the following form:
MFA = � 2N�Xn;k ln(1� tkg(!n))� 2N�Xn;k g(!n))t2kg�1(!n)) � tk� 1� ln Sp(e��HMF): (15)All quantities 
an be derived from the grand 
anoni
al potential byd
MFAd(�h) = hSzi; dhSzid(�h) = hSzSziq=0; (16)that shows the thermodynami
al 
onsisten
e of the proposed approxi-mations [15℄.3. Self{
onsistent gaussian 
u
tuation approximationIn 
onstru
ting a higher order approximation, we use MFA as the zero{order one. This means that all `single-tail' parts of diagrams are alreadysummed over and all semi-invariant is 
arried out over distribution withthe Hamiltonian HMF (8). We represent this graphi
ally by thi
k ovals:

− ...+ _1
2!= − (17)



7 ðÒÅ�ÒÉÎÔAs a simplest approximation that goes beyond of the MFA we usethe approa
h that takes into a

ount the so-
alled `double-tail' diagrams(whi
h was applied in [18℄ where the magnetization of the ordinary Isingmodel was 
onsidered). The diagram series for the pseudospin mean value
al
ulated within the approa
h whi
h in
lude `double-tail' diagrams is:hSzi = + _1
2!= 1

2
_ + 1

2
_

2 +... 1
1!
_ (18)The diagram equation for pseudospin 
orrelator hSzSziq within the de-veloped here approximation is given by (10), but now zero-order 
orre-lators are renormalized, also, due to the `double-tail' parts, and thus the
orresponding diagram series is:� = +...= + 1

2
_  1

1!
_

2
_1
2!

+ 1
2
_ (19)The 
ontribution, whi
h 
orrespond to the `double-tail' fragment of di-agram, 
an be written in the following analyti
al form (using the intro-du
ed notation (11)):X = (20)= 22N3 Xn;n0Xk;k0Xq �2n~tn(k)~tn(k�q)hSzSziq�2n0~tn0(k0)~tn0(k0+q);here hSzSziq = �1 + 2N Pn;k�2n~tn(k)~tn(k+q)� ; (21)Sin
e the pseudospin 
orrelator (21) is the frequen
y independent, in theexpression (20) we have two independent sums over internal Matsubarafrequen
ies that allows one (using de
omposition into simple fra
tions)to sum over all internal frequen
ies:2NXn;k;k0�2n~tn(k)~tn(k0) = 2�N Xk;k0 tktk0("� ~")2["I(tk)� "II(tk)℄["I(tk0)� "II(tk0)℄ (22)� �n["I(tk)℄� n["I(tk0)℄"I(tk)� "I(tk0) + n["II(tk)℄� n["II(tk0)℄"II(tk)� "II(tk0)

ICMP{00{06E 8� n["I(tk)℄� n["II(tk0)℄"I(tk)� "II(tk0) � n["II(tk)℄� n["I(tk0)℄"II(tk)� "I(tk0) �:Here n(") = 11 + e�" is a Fermi distribution.Let us now return to the problem of summation of the diagram series(18) and (19). By means of pro
edure des
ribed in [18℄, and using theintrodu
ed here notations (9), (20) we 
an write:hSzi = b(y) + 11!b(y)[2℄X2 + 12!b(y)[4℄�X2 �2 + 13!b(y)[6℄�X2 �3 + � � �= 1p2�X +1Z�1 exp�� �22X �b(y + �)d�; (23)� = b(y)[1℄ + 11!b(y)[3℄X2 + 12!b(y)[5℄�X2 �2 + 13!b(y)[7℄�X2 �3 + � � �= 1Xp2�X +1Z�1 exp�� �22X ��b(y + �)d�: (24)Therefore, the 
ontribution of diagram series with `double-tail' parts
orresponds to the average with the Gaussian distribution where X 
anbe interpreted as the root{mean{squares (r.m.s.) 
u
tuation of the mean�eld around the mean value of y. And, thus we obtain a self-
onsistent setof equations (23), (20) for pseudospin mean value and r.m.s. of gaussian
u
tuations of the mean �eld.The diagram series for the grand 
anoni
al potential within the ap-proximation a

epted here is:��
 = ��
MFA + 1
2
_ { 1

3
_− +...1

2
_ {

− 1
2
_

− −1
2
_  1

1!
_ _1

2!
1
2
_

2 −... (25)The grand 
anoni
al potential written in this form satis�es the stationary
onditions: d
dhSzi = 0; d
dX = 0; (26)



9 ðÒÅ�ÒÉÎÔwhi
h are equivalent to the equations (23), (20) (see the Appendix). The
onsisten
y of the approximation made for the pseudospin mean value,pseudospin 
orrelation fun
tion and grand 
anoni
al potential 
an be
he
ked expli
itly using the relations:d
d(�h) = hSzi; dhSzid(�h�) ���X=
onst = hSzSziq=0: (27)In the limit of vanishing 
u
tuations our results go over into the onesobtained within the mean �eld approximation.In the analyti
al form the �rst term in the diagram series for thegrand 
anoni
al potential (25) is equal to12�X = 12 1p2�X +1Z�1 exp�� �22X ��b(y + �)d�: (28)The bra
keted diagram series 
an be presented as following:�12 8<:12�2� 2N Xn;k �2n~tn(k)2�2 � 13�3� 2N Xn;k �2n~tn(k)2�3 + � � �9=;= �12 8<:� 2N Xn;k �2n~tn(k)2 � ln�1 + � 2N Xn;k �2n~tn(k)2�9=; : (29)The remainder of the diagram in the series (25) 
an be written as�(b(y)[1℄X + 12!b(y)[3℄�X2 �2 + 13!b(y)[5℄�X2 �3 + � � �)= � XZ0 dt12 (b(y)[1℄ + 11!b(y)[3℄ t2 + 12!b(y)[5℄� t2�2 + � � �)= � XZ0 dt 12tp2�t +1Z�1 exp���22t��b(y + �)d�= �12 +1Z�1 n1� erf� j�jp2X�osign(�)b(y + �)d�; (30)where we use the relation (24) and de�nition of the erf fun
tion. Finallythe diagram series for grand 
anoni
al potential 
 
an be written in the
ICMP{00{06E 10following analyti
al form:
 = 
MFA + 12 1p2�X +1Z�1 exp�� �22X ��b(y + �)d��12� 2N Xn;k �2n~tn(k)2 + 12 ln�1 + � 2N Xn;k �2n~tn(k)2��12 +1Z�1 n1� erf� j�jp2X�osign(�)b(y + �)d�: (31)To sum over the Matsubara frequen
y, the relation (22) must be used inthe limit of k0 ! k.4. Con
lusionThe 
onsistent method, whi
h takes into a

ount the 
orre
tions due tothe gaussian 
u
tuation of self{
onsistent �eld, for 
al
ulation of ther-modynami
 and 
orrelation fun
tions is presented. The diagram seriesand 
orresponding formulas for the pseudospin mean value hSzi, pseu-dospin 
orrelation fun
tion hSzSziq as well as for the grand 
anoni
alpotential 
 are obtained. The possibility exists to investigate their be-haviour under 
hanges of thermodynami
al and model parameters. Theparameter X (20) (r.m.s. 
u
tuation of the mean �eld) is 
al
ulated bymeans of the self{
onsistent renormalization of the 
orrelation fun
tion(10), (19). From the expression for the grand 
anoni
al potential, 
al-
ulated within the presented here s
heme, the equations for hSzi and Xparameters satisfying the stationary 
onditions (26) are obtained.This approa
h 
an be applied for the investigation of phase separationphenomena as well as the transition into a modulated phase in PEM.This question will be the subje
t of our following work.It should be noted that the analyti
al s
heme presented in our paper
an be easily redu
ed to the other similar approa
h (whi
h was su

ess-fully used in the 
ase of spin models [19,20℄) where the renormalization(18) is performed with the use of the simplest possible pseudospin 
or-relation fun
tion whi
h involves gaussian 
u
tuations of the mean �eld:

+...= + 1
2
_  1

1!
_

2
_1
2!

+ 1
2
_ (32)



11 ðÒÅ�ÒÉÎÔWithin the framework of this approximation grand 
anoni
al potentialsatis�es the stationary 
onditions (26) and 
an be written as:
 = 
MFA + 14�X � 12 +1Z�1 n1� erf� j�jp2X�osign(�)b(y + �)d�; (33)where X = � 2N Xq;n �2n~t2n(k)!2 : (34)This method is more suitable for the numeri
al 
al
ulation then onepresented above, but takes into a

ount the narrow 
lass of diagrams.AppendixHere we would like to prove that the grand 
anoni
al potential satis�esthe stationary 
onditions (26) as well as 
onsisten
y 
onditions (27).Let us 
onsider the derivative of the grand 
anoni
al potential withrespe
t to the pseudospin mean value (18):d�
dhSzi = ��
�hSzi + ��
�� d�dhSzi + ��
�X dXdhSzi ; (35)

� ��
�� = + 1
2
_ − 1

2
_ −{ +...

{== + 1
2
_ − 1

2
_{ {= 0; (36)� ��
�X = + 1

2
_ − + + ...1

1!
1
2
_ 1

2
_ _ == − 1

2
_+ 1

2
_ = 0: (37)Here we use the de�nition (10), (19) respe
tively.

ICMP{00{06E 12Thi
k ovals (17) take into a

ount all `single-tail' parts of diagrams:
+ _1

2!= − − ... (38)Thus, from the diagram series on grand 
anoni
al potential we have:� ��
�hSzi = + ...+ − −
`

``

+ − − _ − ...+

`
1
1!

1
2!

1
2
_ 1

1!
_+ − _1

1! + ...
`

− ...
`

(39)

where the following shortened notation are introdu
ed:
+` = + 2 3 + ... (40)Using the diagram expression for the Green's fun
tion and expressionfor the mean value of pseudospin (18) we 
an write:� ��
�hSzi = −

+ ...

`

−
`

+ 1
2
_ 1

1!
_+

`
1
2

1
2!

_ _
2+

`= − −
` `

+ = 0 (41)In the same way we 
an prove that d�
=dX = 0Therefore, we have the following 
onditions:d�
dX = ��
�X = 0; d�
dhSzi = ��
�hSzi = 0: (42)Using them we 
an 
he
k the 
onsisten
y of the approximation used inthe 
al
ulation of the pseudospin mean value (18) and grand 
anoni
al
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d(�h) = ��
�(�h) + ��
�hSzi dhSzid(�h) + ��
�X dXd(�h) = ��
�(�h) (43)��
�(�h) = − −1
2!

− ...+ _1
3!

1
2
_+ − ...− _1

2!+ + ...= + _1
2!

1
2
_ + 1

2
_

2 +... 1
1!
_− = hSzi�hSzi0Here we use the de�nition of semi-invariants (4).In the same way we 
an prove that dhSzid(�h�) ���X=
onst = hSzSziq=0.Referen
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