Physica A 389 (2010) 5390-5401

=
Physica A

Contents lists available at ScienceDirect

journal homepage: www.elsevier.com/locate/physa oo

Calculation of free energy of a three-dimensional Ising-like system in an
external field with the use of the p°® model

I.V. Pylyuk*, M.P. Kozlovskii

Institute for Condensed Matter Physics of the National Academy of Sciences of Ukraine, 1 Svientsitskii Street, 79011 Lviv, Ukraine

ARTICLE INFO ABSTRACT

Article history: The microscopic approach to calculating the free energy of a three-dimensional Ising-
Received 26 March 2010 like system in a homogeneous external field is developed in the higher non-Gaussian
Received in revised form 17 August 2010 approximation (the p® model) at temperatures above the critical value of T, (T, is the

Available online 21 August 2010 phase-transition temperature in the absence of an external field). The free energy of the

system is found by separating the contributions from the short- and long-wave spin-
density oscillation modes taking into account both temperature and field fluctuations of
External field the order parameter. Our analytical calculations do not involve power series in the scaling
Critical point variable and are valid in the whole field-temperature plane near the critical point including
Free energy the region in the vicinity of the limiting field h., which divides external fields into the weak
and strong ones (i.e., the crossover region).

Keywords:
Ising-like system

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

The Ising model is one of the most studied models in the theory of the phase transitions, not only because it is considered
as the prototype of statistical systems showing a non-trivial power-law critical behaviour but also because it describes
several physical systems [ 1]. Many systems characterized by short-range interactions and a scalar order parameter undergo
a transition belonging to the Ising universality class. Despite the great successes in the investigation of three-dimensional
(3D) Ising-like systems made by means of various methods (see, for example, Ref. [1]), the statistical description of the
critical behaviour of the mentioned systems in terms of both temperature and field variables and the calculation of scaling
functions are still of interest [2].

This article is a detailed presentation of the collective variables (CV) method [3-5] developed for a 3D Ising-like magnet
in the higher non-Gaussian approximation and in the presence of an external field. The CV method is non-perturbative and
similar to the Wilson non-perturbative renormalization-group (RG) approach (integration on fast modes and construction of
an effective theory for slow modes) [6-8]. The term collective variables is a common name for a special class of variables that
are specific for each individual physical system [3,4]. The CV set contains variables associated with order parameters. Because
of this, the phase space of CV is most natural for describing a phase transition. For magnetic systems, the CV py are the
variables associated with modes of spin-moment density oscillations, while the order parameter is related to the variable py,
in which the subscript “0” corresponds to the peak of the Fourier transform of the interaction potential. The methods existing
at present make it possible to calculate universal quantities to a quite high degree of accuracy (see, for example, Ref. [1]). The
advantage of the CV method lies in the possibility of obtaining and analysing thermodynamic characteristics as functions
of the microscopic parameters of the initial system [9-13]. Using the non-Gaussian basis distributions of fluctuations in
calculating the free energy of the system does not create the problem of the summation of various classes of divergent (with
respect to the Gaussian distribution) diagrams at the critical point. A consideration of the increasing number of terms in the
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exponent of the non-Gaussian distribution is an alternative to the use of a higher-order perturbation theory based on the
Gaussian distribution.

The free energy of a 3D Ising-like system in an external field at temperatures above T is calculated using the non-Gaussian
spin-density fluctuations, namely the sextic measure density. The latter is represented as an exponential function of the CV
whose argument includes the powers with the corresponding coupling constants up to the sixth power of the variable (the
0% model). In our calculations, we use approximation for potential similar to the local potential approximation (LPA) (see,
for example, Refs. [8,14]), assuming that the correction for the potential averaging is zero, although it can be taken into
account if necessary (see Refs. [3-5]). The inclusion of this correction leads to a nonzero value of the critical exponent 7,
characterizing the behaviour of the pair-correlation function for T = T.. In the p* model approximation, we arrive at the
result n &~ 0.024 [5,15]. For comparison, the exponents n = 0.0335(25), » = 0.0362(8) and n = 0.033 were obtained
within the framework of the field-theory approach (7-loop calculations) [16], Monte Carlo simulations [17] and the non-
perturbative RG approach (the order 84 of the derivative expansion) [18], respectively. Including the above-mentioned
correction and the related shift of the fixed point does not qualitatively change the main thermodynamic characteristics
of the system. It should be noted that the convergence of an expansion in field monomials ¢" at = 0 has been studied
in detail using Wilson RG techniques [19-24]. Although the sum of the expansion does not converge, it appears [24] that
the asymptotic value of the critical exponent of the correlation length vasymp: = 0.649562 for the Ising universality class is
reasonably closely approached at n > 6. This value agrees with our result v = 0.649 [25] obtained for the p'° model at the
optimal RG parameter s = s* = 2.6108 and n = 0. The value of s = s* (for each of the p?™ models) corresponds to nullifying
the average value of the coefficient of the quadratic term in the effective density of measure at the fixed point. It is expected
that the inclusion of a nonzero exponent n within the CV method will reduce the critical exponent of the correlation length
v (as in the non-perturbative RG approach [18]). A tendency to saturation of the critical exponent v with increasing order
of the p2™ model has been graphically illustrated in Refs. [9,25-27].

The present publication supplements the earlier works [9,10,28,29], in which the p® model was used for calculating the
free energy and other thermodynamic functions of the system in the absence of an external field. The p® model provides a
better quantitative description of the critical behaviour of a 3D Ising-like magnet than the p* model [9].

The expressions for the thermodynamic characteristics of the system in the presence of an external field have already
been obtained on the basis of the simplest non-Gaussian measure density (the p* model) in Refs. [30-33] using the point
of exit of the system from the critical regime as a function of the temperature (the weak-field region) or of the field (the
strong-field region). In Refs. [30,31], the thermodynamic characteristics are presented in the form of series expansions in
the variables, which are combinations of the temperature and field. Our calculations in the p* model approximation were
also performed for temperatures T > T, [32] and T < T, [33] without using similar expansions for the roots of cubic
equations appearing in the theoretical analysis. In this article, the free energy of a 3D uniaxial magnet within the framework
of the more complicated p® model is found without using series expansions introducing the generalized point of exit of the
system from the critical regime. This point takes into account temperature and field variables simultaneously. In our earlier
article [34], the point of exit of the system from the critical regime was found in the simpler non-Gaussian approximation
(the p* model) using the numerical calculations. In contrast to [34], the point of exit of the system in the present article is
explicitly defined as a function of the temperature and field. This allows one to obtain the free energy without involving
numerical calculations.

2. Basis relations

We consider a 3D Ising-like system on a simple cubic lattice with N sites and period ¢ in a homogeneous external field
h. The Hamiltonian of such a system has the form

1
H:—Ejzldi(rjl)ajol—hgj:aj, (])

where rj is the distance between particles at sites j and 1, and oj is the operator of the z component of spin at the jth site,
having two eigenvalues +1 and — 1. The interaction potential is an exponentially decreasing function

@ (rj) = Aexp (—%) ) (2)

Here A is a constant and b is the radius of effective interaction. For the Fourier transform of the interaction potential, we use
the following approximation [3,9,10]:

®(0)(1 —2b%k%), k<B,

@ (k) = {0, B <k <B, 3)

where B is the boundary of the Brillouin half-zone (B = 7 /c), B = (b+/2)~", @(0) = 87A(b/c)>.
In the CV representation for the partition function of the system, we have [3,35]

1 .
z= / exp [2 3" B (000 +,3h\m,00:|](/0) (dp)". (@)
k
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Here the summation over the wave vectors Kk is carried out within the first Brillouin zone, 8 = 1/(kT) is the inverse
temperature, the CV py are introduced by means of the functional representation for operators of spin-density oscillation
modes fx = (v/N)™' Y, o1 exp(—ikl),

Man
J(p)=2" / exp [2m2wkpk+2<zm>2"w”(2;) Y oo, 6kl+..4+k2,,} (do)" (5)
k

|
n>1 Ky kon

is the Jacobian of transition from the set of N spin variables oy to the set of CV px, and 8k, +...4k,, i the Kronecker symbol.
The variables wy are conjugate to pi, and the cumulants .M;, assume constant values (see Refs. [3-5]).

Proceeding from Egs. (4) and (5), we obtain the following initial expression for the partition function of the system in the
0% model approximation:

! ! / 1
z =20 Ve exp[—a;(m”zpo Y AW
k

k<B'
3 Cl,
21 N
=Y S kg Py Bkt | (@) (6)
;(21)!(1\1 )t kl;m ' Ao
ki<B'

Here N’ = ngd (d = 3 is the space dimension), s, = B/B' = w+/2b/c, and a; = —sg/zh’, h' = Bh. The expressions for the

remaining coefficients are given in Refs. [9,10,28,29]. These coefficients are functions of sy, i.e., of the ratio of microscopic
parameters b and c. The integration over the zeroth, first, second, ..., nth layers of the CV phase space [3-5,9] leads to the
representation of the partition function in the form of a product of the partial partition functions Q, of individual layers and
the integral of the “smoothed” effective measure density

Z = 2N2Mm1mD2000; - - Qu[Q (PN f WD (p) (dp)Nr+. (7)

The expressions for Q,, Q (P,) are presented in Refs. [9,10,28,29], and N,;; = N’s~%*D_The sextic measure density of the
(n 4+ 1)th block structure Wé"“)(,o) has the form

3 (n+1)

1 a
1 1)51/2
WénJr '(p) = exp _a(1n+ )Nn—/}—lpo ) E dn41(K) prep—1c — § :% 2 iy Py Oy 44y | (8)
P = DNy g
k<Bpyq ki=<Bp1

where B, = B's™ ™D dyy (k) = al"V — BB (k), a"" and al}"" are the renormalized values of the coefficients @} and

a’, after integration over n + 1 layers of the phase space of CV. The coefficients aﬁ") = s, d,(0) = s~*"r, [appearing

in the quantity d, (k) = d,(0) + 28®(0)b?k?], a{” = s~*"u, and a{” = s~®"w, are connected with the coefficients of the
(n + 1)th layer through the recurrence relations (RR)

torr = s@2/2¢,

Tnr1 = $* [—q + u}?Y (hn, )]

Uns1 = 5" YupB(hy, o),

wns1 = s° 22D (hy, atn) (9)
whose solutions

ta =t — s3/HED,

=194 Bl + czwg) @®)~12En 4 nggg) @®)~'Ez,

tp = u©@ 4w @) 2EN 4 6E! + cswly w®)~V2ED,

wy = w® + QU 4wy @) 2EN 4 ¢;ED (10)
in the region of the critical regime are used for calculating the free energy of the system. Here

Y (hn, o) = sY2F> (i, &) [C (i, 0n)] 772,

B(hy, otn) = s*C i, &n) [C(hn, )]

D(hy, otn) = S" 2N (11, &a) [C (hy, o)1 /2. (11)



LV. Pylyuk, M.P. Kozlovskii / Physica A 389 (2010) 5390-5401 5393

The quantity q = (1/35)(0) determines the average value of the Fourier transform of the potential ﬁqB(BnH, B, =
,303(0) — q/s*" in the nth layer (in this article, § = (1 4+ s72)/2 corresponds to the arithmetic mean value of k* on the
interval (1/s, 1]). The basic arguments h,, and «, are determined by the coefficients of the sextic measure density of the
nth block structure. The intermediate variables 1, and &, are functions of h, and «,. The expressions for both basic and
intermediate arguments as well as the special functions appearing in Eq. (11) are the same as in the absence of an external
field (see Refs. [9,10,28,29]). The quantities E; in Eq. (10) are the eigenvalues of the matrix of the RG linear transformation

1 — Re 0 0 0\ [tu—t?
-r©® 0 Ry Ry R —r©®
Tng1 —T _ 22 23 24 n—r (12)
Upgy — u® 0 R:z Rz Raa )| u, —u®
Wyp1 — w® 0 Ry R4z Ry wy — w®

We have E; = Ry; = s2/2, Other nonzero matrix elements Ry (i = 2,3, 4;j = 2, 3,4) and the eigenvalues E, E3, E,
coincide, respectively, with the quantities R j, (iy = i — 1;j1 = j — 1) and Eq, E;, E3 obtained in the case of h = 0. The
quantities fy, ¢o and g characterizing the fixed-point coordinates

t9=0, 19=—fB0), u¥=9(20)% W =y(pP(0)’ (13)
as well as the remaining coefficients in Eq. (10) are also defined on the basis of expressions corresponding to a zero external
field.

3. Method of calculation

Let us calculate the free energy F = —kT InZ of a 3D Ising-like system above the critical temperature T.. The basic idea
of such a calculation on the microscopic level consists in the separate inclusion of the contributions from short-wave (Fc,
the region of the critical regime) and long-wave (F g, the region of the limiting Gaussian regime) modes of spin-moment
density oscillations [3-5]:

F = Fy + Fer + Ficr- (14)
Here Fp = —kTN In2 is the free energy of N noninteracting spins. Each of three components in Eq. (14) corresponds to
individual factors in the convenient representation

Z =2"ZxZicr (15)

for the partition function given by Eq. (7). The contributions from short- and long-wave modes to the free energy of the
system in the presence of an external field are calculated in the p® model approximation according to the scheme proposed
in Refs. [9,10,28,29]. Short-wave modes are characterized by an RG symmetry and are described by a non-Gaussian measure
density. The calculation of the contribution from long-wave modes is based on using the Gaussian measure density as the
basis one. Here, we have developed a direct method of calculations with the results obtained by taking into account the
short-wave modes as initial parameters. The main results obtained in the course of deriving the complete expression for the
free energy of the system are presented below.

3.1. Region of the critical regime

A calculation technique based on the p® model for the contribution Fg is similar to that elaborated in the absence of an
external field (see, for example, Refs. [5,9,29]). Carrying out the summation of partial tree energies F, over the layers of the
phase space of CV, we can calculate Fcg:

Fer = Fy + Fég,

Fy = —KTN'[InQ (M) + InQ(d)],
p

Flo = ZF"' e
n=1

An explicit dependence of F,, on the layer number n is obtained using solutions (10) of RR and series expansions of special
functions in small deviations of the basic arguments from their values at the fixed point. The main peculiar feature of the
present calculations lies in using the generalized point of exit of the system from the critical regime of order-parameter
fluctuations. The inclusion of the more complicated expression for the exit point (as a function of both temperature and
field variables) [36]

_In(R?+h?)

n, = 17
P 2InE, (17)
leads to the distinction between formula (16) for F and the analogous relation at h = 0 [9,29]. The quantity h = i /fo
is determined by the dimensionless field h’, while the quantity h, = %P is a function of the reduced temperature

T = (T —T,)/T..Here T = E](O)r/fo, po = InEy/InE;, = (d 4 2)v/2, 550) characterizes the coefficient c¢; in solutions
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Table 1
The eigenvalues E; and the exponents v, A;, A, for the p® model.

Eq E, E3 E4

12.3695 4.8468 0.4367 0.0032 3.647
(10) of RR, v = Ins/ InE, is the critical exponent of the correlation length. At h = 0, n, becomes m; = —In7/InE, — 1

(see Refs. [5,9,29]). At T = T, (r = 0), the quantity n, coincides with the exit point n, = —In Ft/ InE; — 1[37]. The limiting
value of the field h, is obtained by the equality of the exit points defined by the temperature and by the field (m, = ny).

Having expression (17) for n,, we arrive at the relations [38]

B = @R R T = H

H, = Eg/po(ﬂz + E?)*U(Zpo)’

Ez;pﬂ — Hs, Hs = (flz + EE)A‘/(ZP"),

EZ,,+1 — H,, H, = (Ez + ﬁ?)Az/(ZPO)’

ST = (32 4 j2)1/@+D), (18)
where A; = —InE;3/InE; and A; = —InE4/ InE; are the exponents, which determine the first and second confluent

corrections, respectively. Numerical values of the quantities E; (I = 1, 2, 3, 4), v, Ay and A, for the optimal RG parameter
s = s§* = 2.7349 are contained in Table 1. For comparison, the other authors’ data calculated within the field-theory
approach (v = 0.630, A; = 0.498) and high-temperature expansions (v = 0.638, A; = 0.50) are given in Refs. [9,11]. The
values of the critical exponent of the correlation length v = 0.6304(13), v = 0.6297(5) and v = 0.632 are presented in the
above-mentioned articles [ 16-18], respectively. It should be noted that, in comparison with A; = 0.525 and A, = 3.647
calculated for the p® model at 7 = 0 (see Table 1), the exponents of the first and second confluent corrections A; = 0.448
and A, = 2.57 [27] for the p'® model agree more closely with the estimates 0.425. .. (for A;) and 2.065 ... (for A,)

obtained using the Wilson RG equation in the LPA (see, for example, Ref. [39]).
In the weak-field region (h < h¢), quantities (18) can be calculated with the help of the following expansions:

. 1h2 .
[ (1 - ) . hT'=ih,

2 p?
1 R
H=1———,
2po h?
72
Hs = hA1/po [ 1 & ﬂf}i RA1/P0 — M
‘ 2po h? ' ¢ '
P2
Hy = h42/Po | 1 4+ ﬂ{i hA2/P0 — 742
‘ 2po 2 )’ ¢ '
s~ — j2/@+2) [ 1 4 1 ﬁ p2/@+2) _ zv
c d + 2 Flz ’ c *

In the strong-field region (h > he), these quantities satisfy the expressions

H. — (Fl /E)l/Po 1— i Flé
‘ ‘ 2po k2]’

52
H3=EA1/D0 1+ﬂ{i ,
2po h?

52
Hy = Rl (14 22 )
2po h?

(19)
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—(p+1) _ §2/(d+2) 1 R
s\ =h 1+ — =. (20)

It should be noted that the variables fl/ﬁC (the weak fields) and (he /ﬁ)”pO (the strong fields) coincide with the accepted
choice of the arguments for scaling functions in accordance with the scaling theory. In the particular case of h = 0 and
7 = 0, expressions (19) are defined as ETPH =77P H.=1H; =74, Hy = 742, s ™W*D = 7V Ath # 0 and t = 0, we
have RE" "' = 1, H, = 0, Hy = h41/P0 H, = Ri#2/po 5=+ = 2/(@+2) [see Eq. (20)].

We shall perform the further calculations on the basis of Eq. (18), which are valid in the general case for the regions of
small, intermediate (the crossover region) and large field values. The inclusion of E;" i (or H3) leads to the formation of the

first confluent corrections in the expressions for thermodynamic characteristics of the system. The quantity EZ" i (or Hy)is
responsible for the emergence of the second confluent corrections. The cases of the weak or strong fields can be obtained
from general expressions by using Eqgs. (19) or (20). We disregard the second confluent correction in our calculations. This
is due to the fact that the contribution from the first confluent correction to thermodynamic functions near the critical
point (t = 0,h = 0) for various values of s is more significant than the small contribution from the second correction
(h? + h? < 1, Ay is of the order of 0.5 and A, > 2, see Table 1, [28]).

Proceeding from an explicit dependence of F, on the layer number n [5,28,29] and taking into account Eq. (18), we can
now write the final expression for Fcg (16):

Fer = —KkTN’ (yéCR) + YT+ yzrz) + F;,

F, = KTN's 3%+ <J73<CR)<0>+ + ;73<CR)“)+c§g’H3) ) 1)
Here cég) characterizes c, in solutions (10) of RR,
(0) 1 —1/2 7 -1
plevos _ _Jer @ %o JoHe | fex'vq (foHo)?
} 1—573 1—Es3 1—E3s3 '
) -1 “4) —3/2 ®) -2 2
pO+ _ Ja Yo Jr% foHc n fer 90 “ (foHe) ’ 22)

1—Es™3  1—EEss3 1 — E2E3s3
and the coefficients

VO(CR) _ VO(O) i 8(()0),

n=r 480, k=12 (23)
are determined by the components of the quantities

o= +v T+ T

8o =8 + 8"t + 872 (24)
The components 83“ (i = 0,1, 2) satisfy the earlier relations [5,28,29] obtained in the case of a zero external field. The

components yo(') are given by the corresponding expressions at h = 0 under condition that the eigenvalues Eq, E; and E;
should be replaced by E,, E5 and Eg4, respectively.

Let us now calculate the contribution to the free energy of the system from the layers of the CV phase space beyond
the point of exit from the critical-regime region. The calculations are performed according to the scheme proposed in
Refs. [3,5,9,10]. As in the previous study, while calculating the partition function component Z gz from Eq. (15), it is
convenient to single out two regions of values of wave vectors. The first is the transition region (ZL(&) corresponding to

values of k close to By, while the second is the Gaussian region (ZL%}() corresponding to small values of wave vector (k — 0).
Thus, we have

2
Zir = ZicpZick- (25)

3.2. Transition region

This region corresponds to m layers of the phase space of CV. The lower boundary of the transition region is determined
by the point of exit of the system from the critical-regime region (n = n, + 1). The upper boundary corresponds to the layer
np, + Mo + 1. We use for mg the integer closest to mmy,. The condition for obtaining mmy, is the equality [9,29]

Ao

—. (26)

|hnp+rh6| = 1

where Ay is a large number (Ap > 10).
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The free energy contribution

lfgj{ = —KTNp, 41 ZS " ficr, (M),

2 1 1
ficr, (M) =In <;) +-In24 — — 1“ C(Mny+ms Enprm) + Inlo(hyy 115 @y 1) + I Io(nytms Enytm) (27)

corresponding to ZLCR from Eq. (25) is calculated by using the solutions of RR.
The basic arguments in the (n, 4+ m)th layer
hytm = (Mnptm + q) (6/unp+m)1/2,

NG 3/2

.15 wnp+m/unp+m (28)
can be presented using the relations
d/2 17,52, Fo—
trptm = —Sg foEP'h(h* + h2)~1/2,

foyiem = BBO) (~fo + foHeE] ™ + i Hsy P wDES 1)

Onytm =

tnyim = (BBO)? (g0 +foHe wi EY ™" + i HsED ")

wny i = (BB (Vo + foHepowsT B + ey Hay *wS BT (29)
obtained on the basis of Egs. (10) and (18). We arrive at the following expressions:

s = ity (14 RS Hs )

h©  _ /6 4 — fo+ foHEy™!
np+m — 1/2 (0) pm—1y1/2 ’
(0o + foHepy “wo Ey ™)

172, (0)
RO, = B Po 1 1
n m - —
P q—fo+foHE) ™" 2 +foHc<Po ‘wiVEy!
0 N ©
anp+m - aigp)—}—m (1 + algp)—b—mcéo)H?:) s

©) N +foHc</)0w§(;)E§171
VTS (g + foepy ws B3

1/2_(0)
5D pm-1 Yo Wsy 3 1
Onyym = E3 1 1/2 )Em 1

(30)

Yo +f0Hc‘/’0wg1)E£" ! 2 %o +f0Hc(/’o Wy
In contrast to H, the quantity Hs in expressions (30) for hy,+m and oy, +m as well as in expression (21) for F; takes on small

values with the variation of the field (seeFig. 1). The quantity H, at h — 0and near h, is close to unity and series expansions
in H, are not effective here.

Power series in small deviations (hy,+m — h,ﬁp 4m) and (o, 1m — a,ﬁglm) for the special functions appearing in the
expressions for the intermediate arguments

~1/2
Mnp+m = (Gsd)l/zFZ(hnp+m, anp+m) [C(hnp—o—m, anp+m)] )
NG _d —3,2
gnp+m = 15 S /ZN(hnp+ms anp+m) [C(hanrms anp+m)] (31)
allow us to find the relations
) (np+m) (0) (1) —(” +m) _(©) - (1) )
Mnp+m = Nnpt+m [1 (77 ’ hnp+mhnp+m +7 ’ np+m np+m) €0 H3] ’
(0) (p+m) , (0)  7(1) Zp+m) (©0)  =(1) ©)
gnp—km - Eanrm [ ( Y hnp+mh “+m + E Y np+manp+m> CZO H3] . (32)
The quantities 7y, . 7 5 and £ £ EMWT are functions of Fy P = L™ /1™ where

oo
*(np-+m) 21 0 2 4 0 ,6
L " =/(; XK exp(—hy) i — x* — g x°) dx. (33)
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1.0
0.8
« 0.6 |-
aw
) H,
T 04
0.2
HS
0.0 b —t——r——
0o 1 2 3 4 6 7 8 9 10
h/he

Fig. 1. Dependence of quantities H. and H3 on the ratio ﬁ/fzc for the RG parameter s = s* = 2.7349 and the reduced temperature T = 10~%.

Proceeding from expression (27) for figr, (M), we can now write the following relation accurate to within Hs:

ficr, (M) = ficy, (M) +f53,11 (m)c(O)H3,

2
(0) (0) (0) (0) (0) (0)
fGR] (m) =In <;> + - In24 — — ln C(nnp+ma Snp+m) + In IO(hnp+m+1v np+m+1) + In IO(nnp+m’ Snp+m
(1) (n +m), (0) (1) (np+m) (0) =(1)
fLGR] (m) ’ hnp+mhnp+m + %) b anp+manp+m
(np+m+1) , (0) (1) (np+m+1) _ (0) =)
+ 3 hnp+m+1hnp+m+l + Py anp+m+1anp+m+l ’
(p’Enp+m) b(np+m) + P(np+m)/4, k = 1’ 2’
1
;np+m+1) F*(np+m+1)y (p‘(lnp+m+1) F*(np+m+ ) (34)
The quantities b( s PiZﬁm) depend on Fzz( ™ as well as on F**(n”+m) = I;f(n”+m)/lg*(np+m), where
sk (Np+m) oo 0) (0)
L, = / K exp(—npymX — Xt — £,k dx. (35)
0
The final result for FL(& [see Egs. (27) and (34)] assumes the form
FO = —kIN's—30w+D (fr(o) +f;”c;g>H3) :
(0> —3m¢(0)
Zs " or, (M),
g
z(1 —3mf(
w = DS g, (m). (36)
m=0

On the basis of Eqs. (26) and (30), it is possible to obtain the quantity m, determining the summation limit i1y in formulas
(36):

_, InLy — InH,
0 In E, ’
Lo = Ay + (A2 — Ay)'/2,
— /2. (0)
Ay=1— q 4 Adpo “wy
fo 12f6(1 —573)2"
-\ 2 2
A
A2_1—2q—|—<q) SR L — (37)
fo fo 6f5 (1 —s73)2
Let us now calculate the contribution to the free energy of the system from long-wave modes in the range of wave vectors
k <Bs™,
n, = n, + o + 2 (38)

using the Gaussian measure density.
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3.3. Region of small values of wave vector (k — 0)

The free energy component

N(h )2
n, (0)

FO = kT Ny InPy> " +Zl ndy (k) - (39)

corresponding to ZLGR from Eq. (25) is similar to that presented in Refs. [5,9,29]. The calculations of the first and second terms
in Eq. (39) are associated with the calculations of the quantities

(n,—1) -1
P2 ’ = ZhngleZ(hngflv O5n;171) [dn;fl(Bn;,v Bni,fl)il ’
177! ~ ~
dy (0 = [P "]+ BB By By 1) — BB, (40)
where
dn£*1(3n;ﬂ Bn;’g*l) = SiZ(n/pil)(rn’ -1+ q)a (41)

and Tnp—15 hnéq = h,(q(,)) (l + h“) cég)H3> SOy 1 = ot((,]) (1 + oe(/l) lCég)Hg) satisfy the corresponding expressions from

Egs. (29) and (30) at m = mg + l
Introducing the designation

p= hnl’J—lFZ(hn;,—],an;,—]) (42)
and presenting it in the form
p~" = po(1 + Prcyy H3), (43)

we obtain the following relations for the coefficients:
0 177!
pO:[h<)1 Py ] )

= () =1, (0 - @@ o
P1= _hné,—l (] - p21 h ) +p22 / 1 n 1 (44)

The quantities
(1 —1)

(n,—1) #(n,—1) m,-1)  F, (), —1)
pw  =h . Py = wp—1) 2 b
F,*
*(n;,—l)
(n;—l) FS *(n;,—l)
Py, = o) —Fs (45)
F, i
determine the function
(=1 =1, ©0) (1 =D _© -a ©
Fa(hy 1. ety 1) = Pyg [1 B ( h(’) 1h:1) pzzp ar(z;))—1ar(1{7)—1)czo)H3]' (46)
-1
Herer*,(n Vo *(n )/I*m , where
*(n)—1) o
Ly *? =/ leexp(—hi?l]xz—x“ (O) G)dx (47)
0 P

Taking into account Eqgs. (41) and (43), we rewrite formulas (40) as

W, —1) 1 2 0y 2w ET 0 -

— _ /_ ~ - m

P = 1 o5 VBB O)po(@ —fo +SoHE™) | 14 ( 22 oy | eHs |
q_fO +f0HcEz

dyy (k) = 572"V B (0)G + 2B (0)bK,

G = go(14 g1c\ Hs),

1 i _
g=7 [(—fo + foHcE; *)po + (Po — Z)Q] ,

_ 1 po _ %
8= g [P1@— St HHE + g PuDEN . (48)
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The second term in Eq. (39) is defined by the expression
1A, - 1. -, , 1,
ikZ;lnd”‘/’(k) = an,J Eln(G—t—s )—|—lns—np Ins+ Eln(ﬂqb(O))
1 - - -
-3+ Gs? — (Gs*)*/? arctan [(Gsz)_l/z] } (49)

Relations (48) and (49) make it possible to find the component FEGR in the form

2
Fite = —kT [N’“("”*”(f(“) TV Q)+ NI e gczo)H3)]

BP(0)
f'(O)/ — 5f3(ﬁ10+1)f(0)’ j?(l)’ — S—3(rﬁ0+1)f‘(1)7
1 572 1 1
FO =_,1n<7+§’°> t-—g 1—\/;6arctan — 1.
2 g +4q 3 \/gT)
Fo 1( S8t _ & &b )
2\g+q @E)'+1 (g '+1

_ 3 1
—g&1|1—= \/g arctan | — | |,
[ 2 V&

g =580, Vi =5""/(2g0). (50)

On the basis of Egs. (36) and (50), we can write the following expression for the general contribution Figg = FL(& + FL(éf{ to
the free energy of the system from long-wave modes of spin-moment density oscillations:

N(h )2)’4
BP(0)
fik =Fe +FV, 1=0,1. (51)

Ficg = —kT |:N 573(np+1)(f(0) +fu;|)< ég)Ha) + 2(Tlp+l)(1 2 C;g)Ha)]

4. Total free energy of the system atT > T,

The total free energy of the system is calculated taking into account Eqgs. (14), (21) and (51). Collecting the contributions
to the free energy from all regimes of fluctuations at T > T, in the presence of an external field and using the relation for
s~m*D from Eq. (18), we obtain

—+1,\2
/ ] L () L L o
F = —KIN [Vo HUT 7T+ 0+ 7 g H) (R + R + % (1= &1y Hy) (R + B) ™2 |
=2+ P, yi=s . B=sin.
)73(1)+ —s; ( FRO+ L 7Oy 0,1, (52)

The coefficients yo , Y1, ¥ are defined by Eq. (23), g; is presented in Eq. (48) and )74+ is given in Eq. (50). The coefficients
of the non—analytic component of the free energy F [see Eq. (52)] depend on H. The terms proportional to H3 determine the
confluent corrections by the temperature and field. As is seen from the expression for F, the free energy of the system at
h = 0and 7 = 0, in addition to terms proportional to 73" (or i/>) and #5/%, contains the terms proportional to 73"+41 and
hS/5+41/po, respectively. At h # 0 and T # 0, the terms of both types are present. It should be noted that A; > Aq/p,. At
h = hc, we have #3V+t41 = p6/5+41/p0 and the contributions to the thermodynamic characteristics of the system from both
types of corrections become of the same order.

Whenh # 0 (orﬁ # 0), the order parameter of the system is nonzero both fort > 0(or 7 > 0)andfort < 0(or 7 < 0),
and T = 0is not physically distinctive. The free energy for h # 0 and t — 0 (the strong-field region) has no singularity with
respect to 7 and must therefore have an expansion in integral powers of this variable [or the scaling variable (EC /fl)” Po],
The concept of the weak field presupposes that T # 0. For a given nonzero value of 7, a zero field is not a singularity of the
thermodynamic functions. Hence the free energy for t # 0 and h — 0 (the weak-field region) can be expanded in integral
powers of the variable h [or h / fzc]. The mentioned series expansions in the scaling variables for the regions of the weak and
strong fields can be obtained using Eqs. (19) and (20), respectively.
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The advantage of the method presented in this article is the possibility of deriving analytic expressions for the free-
energy coefficients as functions of the microscopic parameters of the system (the lattice constant ¢ and parameters of the
interaction potential, i.e., the effective radius b of the potential, the Fourier transform & (0) of the potential for k = 0).

5. Conclusions

An analytic method for calculating the total free energy of a 3D Ising-like system (a 3D uniaxial magnet) near the critical
point is developed on the microscopic level in the higher non-Gaussian approximation based on the sextic distribution for
modes of spin-moment density oscillations (the p® model). The simultaneous effect of the temperature and field on the
behaviour of the system is taken into account. An external field is introduced in the Hamiltonian of the system from the
outset. In contrast to previous studies on the basis of the asymmetric p* model [30,31,40], the field in the initial process of
calculating the partition function of the system is not included in the Jacobian of transition from the set of spin variables to
the set of CV. Such an approach leads to the appearance of the first, second, fourth and sixth powers of CV in the expression
for the partition function and allows us to simplify the mathematical description because the odd part is represented only
by the linear term. In the case of another approach when the field is included in the transition Jacobian, the measure density
involves the odd powers of CV in addition to the even powers. The coefficients (which proportional to different powers of
the field) and RR for the asymmetric p® model have already been considered in Ref. [41].

The theory is being built ab initio beginning from the Hamiltonian of the system up to the expression for the free energy.
The main distinctive feature of the proposed method is the separate inclusion of the contributions to the free energy from the
short- and long-wave spin-density oscillation modes. The generalized point of exit of the system from the critical regime
contains both temperature and field variables. The form of temperature and field dependences for the free energy of the
system is determined by solutions of RR near the fixed point. The expression for the free energy F obtained at temperatures
T > T, without using power series in the scaling variable and without any adjustable parameters can be employed in the
field region near he (the crossover region between the so-called weak and strong external fields). The limiting field h. satisfies
the condition of the equality of sizes of the critical-regime region by the temperature and field (the effect of the temperature
and field on the system in the vicinity of the critical point is equivalent) [30,31,37,40]. The interesting crossover region is
difficult for the analytic treatment since the scaling variable calculated here is of the order of unity and power series in this
variable are not effective. We hope that the proposed method as well as our analytic representations may provide useful
benchmarks in studying the effect of an external magnetic field on the critical behaviour of 3D Ising-like systems within the
framework of the higher non-Gaussian approximation. Proceeding from the expression for the free energy, which involves
the leading terms and the terms determining temperature and field confluent corrections, we can find other thermodynamic
characteristics (the average spin moment, susceptibility, entropy and specific heat) by direct differentiation of F with respect
to field or temperature.
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