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Dynamic Properties of Spin-1/2 XX Chain with Three-Site
Interactions of (XZY − Y ZX)-Type
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We consider the spin-1/2 isotropic XY chain in a transverse field with three-site interactions of (XZY −Y ZX)-
-type, which can be transformed into a system of noninteracting spinless fermions. We study dynamic properties
of the spin model. In particular, we calculate the dynamic structure factors which are governed by a two-fermion
excitation continuum. We demonstrate how the three-site interactions manifest themselves in the dynamic
properties of the quantum spin chain.
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1. Introduction. The model

Consider the spin-1/2 system with the Hamiltonian
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where J is the isotropic XY interaction between neigh-
boring sites, E is the three-site interaction [1–4], Ω is
the transverse field, and the sum runs over all N lattice
sites of a simple chain. Spin system (1) admits accurate
statistical-mechanics analysis and provides an excellent
ground for studying quantum phase transitions [2, 3]. We
also notice that model (1) may emerge in a theory of the
spin-1/2 XX chain with the energy current [5].

The reason why spin model (1) is amenable to ex-
act calculations is generally known: After applying the
Jordan–Wigner transformation the Hamiltonian (1) be-
comes a simple bilinear form in terms of spinless fermions
and further can be put into a diagonal form after perform-
ing the Fourier transformation. The final result reads

H =
∑

k

Λk

(
c†kck − 1

2

)
,

Λk = J cos k − E

2
sin(2k) + Ω . (2)

The term proportional to sin(2k) in the elementary ex-
citation spectrum Λk emerges due to the three-site in-
teractions and it drastically modifies various properties
of the spin chain. The ground-state and thermodynamic
properties as well as the static spin correlations of spin
model (1) were examined in Refs. [2, 3]. In the present
paper we focus on the dynamic properties of the model
which were not discussed so far.

2. Two-fermion dynamic structure factors
To be specific, we consider the dynamic structure fac-

tor

SA(k, ω) =
N∑

l=1

e− ikl

∫ ∞

−∞
dte iωt〈∆An(t)∆An+l(0)〉 ,

(3)
where 〈(. . .)〉 = Tr[e−βH(. . .)]/Tre−βH , ∆An(t) =
An(t)−〈A〉, An(t) = e iHtAn e− iHt, An is some local op-
erator attached to the site n, 〈A〉 = (1/N)

∑
n〈An〉. Fur-

thermore, we consider five local spin operators An, which
in the Jordan–Wigner representations are products of two
Fermi operators, namely, sz
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usual procedure (see, e.g., Ref. [6]) we calculate the dy-
namic structure factors Ssz (k, ω), Sd(1)(k, ω), Sd(2)(k, ω),
St(1)(k, ω), and St(2)(k, ω). The final result can be writ-
ten compactly as follows:

SA(k, ω) =
∫ π

−π

dk1BA(k1, k2)C(k1, k2)D(k1, k2) ,

Bsz (k1, k2) = 1 ,

Bd(1)(k1, k2) = cos2
k1 + k2

2
,

Bd(2)(k1, k2) = sin2 k1 + k2

2
,

Bt(1)(k1, k2) = 1
4
cos2(k1 + k2) ,

Bt(2)(k1, k2) = 1
4
sin2(k1 + k2);

C(k1, k2) = nk1 (1− nk2) , nk = 1/(eβΛk + 1),

D(k1, k2) = δ (ω + Λk1 − Λk2) δk2,k1+k . (4)

(868)
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From Eq. (4) it is clear that the obtained dynamic
structure factors are governed by a two-fermion ex-
citation continuum. They should have many com-
mon features conditioned by the factors D(k1, k2) and
C(k1, k2) and some specific peculiarities due to the fac-
tor BA(k1, k2), see Eq. (4). In the high-temperature limit
(β = 0) C(k1, k2)→ 1/4 and SA(k, ω) does not depend
on Ω . Furthermore, SA(k, ω) may have nonzero val-
ues only within a restricted region in the wavevector–
frequency plane since −Λk1 + Λk2 is bounded above.
Due to the presence of a two-particle density of states,
SA(k, ω) may exhibit a van Hove singularity. In the zero-
-temperature limit (β→∞) the Fermi functions, which
enter the factor C(k1, k2), impose extra demands to have
nonzero values of SA(k, ω) (Λk1 ≤ 0 and Λk1+k ≥ 0) lead-
ing, in general, to further restrictions on the region in the
k–ω plane, where SA(k, ω) may have nonzero values. Fur-
thermore, considering the condition SA(k0, ω = 0) 6= 0
we may find soft modes k0. In the zero-temperature
limit SA(k, ω) = 0 if the value of Ω becomes sufficiently
large, since in such a case the inequalities Λk1 ≤ 0 and
Λk1+k ≥ 0 cannot be satisfied. The detailed distribution
of different structure factors should be different, com-
pare different factors BA(k1, k2) in Eq. (4). For exam-
ple, the behavior of SA(k, ω) along the line of (potential)
van Hove singularities depends essentially on the specific
factor BA(k1, k2). Further analysis of generic and spe-
cific properties of the two-fermion excitation continuum
probed by dynamic structure factors (4) will be given in
an extended publication.

In Fig. 1 we present the grayscale plots for two ground-
-state structure factors (4), Ssz (k, ω) (parts (a) and (b))
and Sd(1)(k, ω) (parts (c) and (d)), for Ω = 0, J = 1 and
two values of the three-site interaction, E = 0.5 (parts (a)
and (c)) and E = 1.5 (parts (b) and (d)). Ssz (k, ω) and
Sd(1)(k, ω) exhibit generic and specific features discussed
above [nonzero values within a restricted region in the
k–ω plane, singularities, soft modes, definite differences
between Ssz (k, ω) and Sd(1)(k, ω)]. We recall that for the
case E = 0 the upper [lower] boundary of the two-fermion
excitation continuum is given by ωu(k) = 2|J | sin(|k|/2)
[ωl(k) = |J | sin |k|], see Ref. [7]. Clearly, the three-site
interactions drastically modify these boundaries even for
small values of E leading, in particular, to a loss of sym-
metry with respect to the change k → −k. Further-
more, the considered spin model exhibits two different
spin-liquid ground states with phase transition points at
E = ±|J | (for Ω = 0). Comparing parts (a) and (c)
(E = 0.5) with parts (b) and (d) (E = 1.5) in Fig. 1
we see that the calculated two-fermion dynamic quanti-
ties undoubtedly reflect the change of the ground state
of spin model (1).

As a final remark, we wish to compare our findings
for the case of three-site interactions of (XZY − Y ZX)-
-type with the corresponding results obtained earlier for
the case of three-site interactions of (XZX + Y ZY )-
-type [4]. The main difference is connected with the sym-

Fig. 1. Ground-state two-fermion dynamic structure
factors Ssz (k, ω) (a, b) and Sd(1)(k, ω) (c, d) of spin
model (1) for Ω = 0, J = 1, and E = 0.5 (a, c) or
E = 1.5 (b, d).

metry Λk = Λ−k which exists in the latter case but does
not hold for the model under consideration, see Eq. (2).

3. Summary

To summarize, we have reported the first results on
dynamic properties of the spin-1/2 XX chain with three-
-site interactions of (XZY − Y ZX)-type. Our study
concerns two-fermion dynamic structure factors and (to-
gether with paper [4]) generalizes earlier works on con-
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ventional XY chains [7]. Although we do not discuss
many-fermion dynamic structure factors [like Ssx(k, ω)],
from the previous works [4, 6, 7] we may expect that in
the low-temperature limit these quantities are concen-
trated in the k–ω plane mostly along characteristic lines
of the two-fermion excitation continuum.
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