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Abstract. A short review of analytical and numerical results, obtained
for collective dynamics in liquid metals and alloys within a theoretical
approach of Generalized Collective Modes (GCM) is presented. The
GCM approach permits to represent dynamic structure factors in wide
ranges of wave numbers and frequencies as a sum of contributions from
hydrodynamic and non-hydrodynamic processes. The origin of collective modes that make important contributions to dynamic structure
factors beyond the hydrodynamic regime in liquid metals and alloys is
discussed.

1 Introduction
Microscopic collective dynamics in topologically disordered systems is one of very
sophisticated and still unsolved problems of statistical mechanics. Only on macroscopic spatial and time scales when disordered systems can be treated as continuum
with local conservation laws one can obtain analytical expressions for hydrodynamic
density-density time correlation function Fnn (k, t) and their time Fourier transform
called dynamic structure factor S(k, ω), where k and ω denote wave number and
frequency, respectively [1–3]. Dynamic structure factors can be measured for a wide
range of wave numbers in inelastic X-ray scattering (IXS) or inelastic neutron scattering (INS) experiments thus giving very precious information on collective dynamics
in liquids on diﬀerent spatial and time scales: from hydrodynamic to molecular-scale
regime.
In hydrodynamic regime the S(k, ω) has a three-peak shape: Rayleigh peak centered at zero frequency due to relaxing non-propagating processes in liquid, and two
Brillouin side peaks centered at frequencies ±ωs due to propagating long-wavelength
longitudinal excitations.
The only propagating hydrodynamic modes in collective dynamics of liquids on
macroscopic scales are the longitudinal long-wavelength acoustic excitations with
a
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linear dispersion law
ωs (k) = cs k
and quadratic in k damping
σs (k) = Γk 2 ,
where cs is adiabatic speed of sound and Γ is sound damping coeﬃcient. Longwavelength transverse acoustic excitations in liquids do not exist in hydrodynamic
regime - they cannot be supported by liquids on macroscopic distances.
Hydrodynamic solutions for relaxation processes in liquids have a common feature:
their relaxation times increase in the long-wavelength limit as
τi (k) =

1
,
Di k 2

where Di is usually some coeﬃcient connected with corresponding transport coefﬁcient, like D12 being mutual diﬀusivity or DT = λ/nCp - thermal diﬀusivity deﬁned via thermal conductivity λ, numerical density n and speciﬁc heat at constant
pressure Cp .
Hydrodynamic time correlation functions [1, 3] are represented as a separable sum
over a few terms, each of which is associated with so-called collective mode. The
number of hydrodynamic collective modes is deﬁned by the number of conserved
quantities in the system because hydrodynamic set of equations represents in fact
local conservation laws. For pure liquids the density-density time correlation functions
in hydrodynamic regime contain three terms
1 −DT k2 1 −Γk2
)e
+ e
cos[cs kt]
γ
γ
[Γ + (γ − 1)DT ]k −Γk2
e
sin[cs kt].
+
γcs
(1)

Fnn (k, t)/S(k) = n(k, t)n∗ (k, t = 0)/S(k) = (1 −

Here γ is the ratio of speciﬁc heats and S(k) - static structure factor. First term in
(1) comes from a relaxing mode connected with thermal diﬀusivity, while two other
terms represent damped oscillations and correspond to propagating acoustic modes.
For transverse dynamics there exists the only conserved quantity which is the
transverse component of total momentum, and this results in a single-exponential
form for hydrodynamic transverse current autocorrelation function
C T (k, t) = J T (k, t)J T ∗ (k, t = 0) = mkB T e−ηk

2

t/ρ

,

(2)

that represents the only hydrodynamic relaxing mode connected with shear viscosity
η. In (2) ρ = mN/V is the mass-density of the system composed of N particles in
volume V , and kB and T are Boltzmann constant and temperature, respectively.
General feature for all the contributions from hydrodynamic modes to Fnn (k, t)
is their exponential decay, which however becomes extremely small in hydrodynamic
limit k → 0 because of the presence of k 2 in exponentials in (1) and (2). And this fact
clearly reﬂects the essence of hydrodynamics: is describes only most slow collective
processes in liquids, that survive on macroscopic distances.
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2 Concept of non-hydrodynamic collective modes
Several schemes of generalization of hydrodynamic theory were proposed in order
to describe microscopic dynamics in liquids on molecular spatial and time scales
[1,2,4]. Most of them are based on formalism of memory functions [1] and use some
assumptions in order to represent time (or frequency) dependence of the memory
functions (or their Fourier transforms) leading in the end to sophisticated expressions
for dynamic structure factors S(k, ω).
However, one of the schemes of generalized hydrodynamics [5,6] permits similar
and quite simple as in hydrodynamic theory representation of time correlation functions (and corresponding dynamic structure factors) in liquids via a separable sum of
contributions from collective modes in a wide region of wave numbers. In general the
expression for time correlation functions reads as follows:
Fnn (k, t) =

Nv


Ginn (k)e−zi (k)t ,

(3)

i

where the sum is over Nv mode contributions, and zi (k) and weight coeﬃcients Ginn (k)
are in general case complex functions of wave number k. Two features permit to
separate in this expression contributions from hydrodynamic modes. In the longwavelength limit the contributions from hydrodynamic processes have the weight
coeﬃcients Ginn (k) tending to non-zero constants, and zi (k) tending to hydrodynamic
expressions like:
zs± (k) → σs (k) ± iωs (k) ≡
k→0

1
[DL + (γ − 1)DT ]k 2 ± ics k
2

(4)

for longitudinal acoustic excitations and
Re[zi (k)] → Di k 2
k→0

(5)

for all the hydrodynamic processes. In (4) DL denotes kinematic viscosity.
In contrast to hydrodynamic collective modes the other contributions in Eq. (3)
have vanishing in the long-wavelength limit weight coeﬃcients Ginn (k) and tending to
some non-zero constants values of zi (k). From the point of view of exponential time
decay in Eq. (3) this means, that the collective processes with non-vanishing values
zi (k) in k → 0 limit have ﬁnite lifetime and therefore cannot survive on macroscopic
distances. Actually this is the main feature of non-hydrodynamic processes: they can
be neglected on macroscopic time and spatial scales, however on microscopic scales
they contribute to the observable intensities in IXS and INS experiments.
A theoretical method that permits a consistent description of hydrodynamic and
non-hydrodynamic collective processes in liquids and represents time correlation functions and corresponding spectral functions via separable sum of contributions coming
from dynamic eigenmodes that can exist in the system on diﬀerent spatial and time
scales is known as the approach of Generalized Collective Modes (GCM) [7, 8]. Theoretical basis of the GCM approach was very well described in a review [6]. Therefore
here we will give only a short description of the GCM methodology and its application
in studies of non-hydrodynamic collective modes in liquid metals and alloys.
The GCM approach is based on eigenvalue problem for the generalized Langevin
equation in matrix form, that is generated on a chosen extended set of Nv dynamic
variables. Propagating dynamic eigenmodes are represented by complex-conjugated
pairs of eigenvalues, while purely real eigenvalues describe non-propagating relaxing
processes. Corresponding eigenvectors associated with some zi (k) eigenvalue deﬁne
its weight coeﬃcients Gi (k) in all time correlation functions of interest [6].
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Let us consider here a simple generalized model for longitudinal dynamics of pure
liquids. For pure liquids the hydrodynamic set of variables for description of longitudinal dynamics consists of three conserved dynamic variables [1, 9]:
A(3hyd) (k, t) = {n(k, t), J L (k, t), e(k, t)},

(6)

where the k-th spatial-Fourier components of number density n(k, t) of the system,
composed of N classical particles with instantaneous positions ri (t) and velocities
vi (t), is deﬁned as follows
N
1  ikrj (t)
n(k, t) = √
e
.
N j=1

(7)

The other hydrodynamic variables in (6) are the Fourier-components of longitudinal
component of mass-current density
1 m
kvj eikrj (t)
J L (k, t) = √
N k j=1

(8)

N
1 
εj eikrj (t) ,
e(k, t) = √
N j=1

(9)

N

and energy density

where εj is the single-particle energy of j-th particle. In order to account for nonhydrodynamic processes in dynamics of pure liquids within the GCM approach we
apply for solving the generalized Langevin equation the simplest extended set of ﬁve
dynamic variables
A(5) (k, t) = {n(k, t), J L (k, t), e(k, t), J˙L (k, t), ė(k, t)},

(10)

where extended dynamic variables represent the ﬁrst time derivatives of the longitudinal component of mass-current and energy density. Since the static correlations
between a dynamic variable and its ﬁrst time derivative due to symmetry reasons
for equilibrium classical systems is zero [1] the extended set of dynamic variables
A(5) (k, t) contains processes, that are orthogonal to the hydrodynamic ones. Hence
the extended dynamic variables are aimed to describe correctly short-time ﬂuctuations. The chosen set of ﬁve dynamical variables is used for construction of a 5 × 5
generalized hydrodynamic matrix T(5) (k) deﬁned [6] as
T(5) (k) = F(k, t = 0)F̃−1 (k, z = 0),
where 5 × 5 matrices F(k, t = 0) and F̃−1 (k, z = 0) are the matrix of static
correlation functions and Laplace-transformed matrix of time correlation functions
taken in Markovian approximation. The eigenvalues of T(5) (k) deﬁne the spectrum
of collective propagating and relaxing eigenmodes in the system, two of which
in the long-wavelength limit have to correspond to non-hydrodynamic processes.
Analytical solution for the extended ﬁve-variable dynamic model A(5) in hydrodynamic regime was obtained in Ref. [10]. Therefore here we will show only results for
non-hydrodynamic collective modes.
Five eigenvalues of the dynamic model A(5) in the long-wavelength limit contain
three hydrodynamic modes: a pair of complex-conjugated eigenvalues (4) that correspond to acoustic excitations, and one relaxing hydrodynamic mode connected with
thermal diﬀusivity:
(11)
d1 (k) ≡ dth (k) ≡ Re[zth (k)] = DT k 2 .
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It is convenient to distinguish purely real eigenvalues and complex-conjugated pairs,
and henceforth we will denote the purely real eigenvalues as di (k). Two nonhydrodynamic purely real eigenvalues were obtained in [10] in the long-wavelength
limit:
(12)
d2 (k) = d02 − DL k 2 + (γ − 1)Δk 2 ,
d3 (k) = d03 − γDT k 2 − (γ − 1)Δk 2 ,

(13)

where the following notations were introduced:
d02 =
d03
and
Δ=

cV
=
mλ

c2∞ − c2s
,
DL



(γ − 1)
h
G −
,
κT

d02 d03 DT
(DT − DL )2 .
− d02 DL c2s

d03

(14)

(15)

(16)

In these expressions c∞ , cV , Gh and κT are the high-frequency speed of sound, speciﬁc
heat at constant volume, heat rigidity [11] and isothermal compressibility, respectively. One can see, that both non-hydrodynamic relaxing modes tend in the limit
k → 0 to some non-zero values, that means ﬁnite lifetimes on macroscopic scales.
If one neglected the coupling between thermal and density ﬂuctuations, i.e. put
in γ = 1 that is quite justiﬁed for the case of metals, it is easy to estimate the origin
of both non-hydrodynamic relaxing processes. The relaxing mode d2 (k) tends to a
constant d02 , that is inversely proportional to kinematic viscosity DL . This means,
that approaching the glass transition this non-hydrodynamic relaxation will have
almost inﬁnite relaxation time, that is one of the features of structural alpharelaxation. Besides, the factor c2∞ –c2s is associated in the literature with the “strength”
of structural relaxation [12]. These two facts imply that the collective mode d2 (k) reﬂects the non-hydrodynamic structural relaxation on macroscopic scales.
Another non-hydrodynamic relaxing mode d3 (k) is purely of thermal origin. It
will be shown below, that this non-hydrodynamic heat relaxing process is connected
with emergence of heat waves in liquids on microscopic scales.
Analytical solutions for non-hydrodynamic modes usually can be obtained only
in the long-wavelength limit. However, numerical solutions for the ﬁve-variable dynamic model A(5) can be calculated in the whole range of wave numbers accessible
from molecular dynamic simulations. In Fig. 1 the spectrum of complex and purely
real dynamic eigenvalues is shown for the case of liquid Ca near the melting point.
Simulations for Ca and other liquid alkaline earth metals reported in this paper were
performed on model systems of 2000 particles interacting via eﬀective pair potentials
−1
taken from Ref. [13]. It follows from Fig. 1 that for k < 0.2 Å one observes ﬁve
eigenvalues in good agreement with analytical results. One can see, that the mode
d2 (k) shown by “star” symbols behaves approximately as
d2 (k) ≈ d02 − DL k 2 ,
and for larger wave numbers it becomes the slowest relaxation process in the system
on nanoscales, while in hydrodynamic regime the thermodiﬀusive hydrodynamic
mode d1 (k) behaves in agreement with Eq. (5) and completely deﬁnes the central
peak of dynamic structure factor S(k, ω). Diﬀerent behaviour of d1 (k) and d2 (k) and
−1
their cross section around k ≈ 0.25 Å permit to estimate the approximate width
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Fig. 1. Numerical solutions of the five-variable dynamic model A(5) for liquid Ca at melting point. Line-connected symbols “plus” and “cross” correspond respectively to acoustic
collective excitations and non-hydrodynamic heat waves. Open and closed boxes represent
hydrodynamic and non-hydrodynamic heat relaxing modes, and symbols “star” show wavenumber dependence of non-hydrodynamic structural relaxation.

of hydrodynamic regime khd [14]. For wave numbers k > khd there is strong eﬀect of
non-hydrodynamic modes on collective dynamics in liquids. Eﬀect of interaction of
structural relaxation with acoustic excitations will be explained in next Section.

3 Non-hydrodynamic collective processes in liquid metals and alloys
3.1 Structural relaxation
It is obvious, that atomistic structure of matter is completely ignored in continuum
approach, therefore any collective processes that emerge due to structural redistribution in disordered systems cannot be described by hydrodynamic modes. In Sec. 2 we
have shown, how one of the relaxing non-hydrodynamic modes can be associated with

Apparent speed of sound / m s

-1
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Fig. 2. Apparent speed of sound for liquid Ca at melting point.

structural relaxation. For wave numbers in the region of ﬁrst sharp diﬀraction peak
(FSDP) of static structure factor S(k ≈ kF SDP ) the structural relaxation almost completely is responsible for relaxation of density-density time correlation functions. It
was shown in [15, 16], that for wave numbers k ≈ kF SDP the shape of density-density
time correlation function can be analytically reproduced by a simpliﬁed single-variable
dynamic model
A(1) (k, t) = {n(k, t)},

(17)

and Fnn (k, t) immediately can be obtained in a single-exponential form
1
Fnn
(k, t) = G1nn (k)e−d0 (k)t ≡ S(k)e−t/τnn (k) .

(18)

This analytical expression and the single relaxing mode d0 (k) within the eﬀective
single-variable dynamic model A(1) were surprisingly in very good agreement with
the structural relaxation mode, obtained from the ﬁve-variable dynamic model A(5) ,
that is a consequence of negligible thermal relaxation eﬀects in this region of wave
numbers. Namely for k ≈ kF SDP it was shown in [15, 16], that the relaxation time
τnn (k) in (18) can be associated with the lifetime of the cages of nearest neighbors in
liquid.
Structural relaxation plays very important role in sound propagation in liquids.
Namely due to interaction with structural relaxation close to the boundary of hydrodynamic regime, for k ≈ khd , the dispersion of longitudinal acoustic excitations ωs (k)
in liquids shows a bending up towards higher frequencies from the linear hydrodynamic dispersion law, that commonly is known as “positive dispersion” [9]. In Fig. 1
the apparent speed of sound for liquid Ca is shown as a function of wave number. It
is seen, that right at k ≈ 0.25, i.e. close to the boundary of hydrodynamic regime,
the apparent speed of sound reaches its maximum that gives evidence of “positive
dispersion” in liquid Ca.
The “positive dispersion” strongly depends on density (or pressure) of the system.
Recently it was reported a combined experimental and simulation study on supercritical ﬂuids along an isothermal line on phase diagram [17]. The “positive dispersion”
showed a strong reduction with decreasing pressure, and in vicinity of the Widom
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line the “positive dispersion” for collective excitations almost disappeared. This was
an example how some dynamic quantity like “positive dispersion” can discriminate
between liquid-like and gas-like ﬂuids.
The “positive dispersion” can be explained within the GCM approach even within
the viscoelastic approximation [4], when the coupling with thermal ﬂuctuations is neglected (i.e. γ = 1). It was shown in [14], that on the boundary of hydrodynamic
regime the dispersion law for sound excitations can be obtained within the viscoelastic approximation as

ωsve (k)

= cT k

1+

2
DL 2 DL
k
−
k 2 + O(k 4 ) = cT k + β ve k 3 + · · · ,
d02
4c2T

(19)

where under the square root there are two contributions proportional to k2 : the ﬁrst
one is positive and comes from the coupling of acoustic excitations with structural
relaxation, and the second contribution is negative and it is the standard renormalization down of the dispersion law due to the damping eﬀects. In Eq. (19) the cT is the
isothermal speed of sound, and d02 from Eq. (14) taken at γ = 1. The ﬁrst correction
to the linear viscoelastic dispersion law in GCM approach is proportional to the k 3
with the following coeﬃcient:
β ve ≈ cT

2
DL
5 − (c∞ /cT )2
.
8
c2∞ − c2T

(20)

The most interesting fact is a possibility for this correction to become even negative
for some ratio of the high-frequency and isothermal speeds of sound. Calculations of
β ve as a function of density performed in [14] gave evidence that for dense liquids the
coeﬃcient β ve is positive and reduces with decreasing density, that was in complete
agreement with experimental and simulation ﬁndings reported in [17]. The extension
of viscoelastic results for β ve on the case of more general thermo-viscoelastic model
A(5) permitted to estimate the role of thermal ﬂuctuations in dispersion of acoustic
excitations, that is very important when the system is close to critical point.
Important role of structural relaxation in collective dynamics in liquids is reﬂected
in wave-number dependence of contributions from diﬀerent hydrodynamic and nonhydrodynamic collective modes to density-density time correlation functions Fnn (k, t)
or dynamic structure factors S(k, ω) [18]. Within the GCM approach it is straightforward to represent the GCM expression for the density-density time correlation
functions with complex weight coeﬃcients (3) in a form with only real weight coefﬁcients, that directly generalizes the hydrodynamic expression (1). In [16] a general
expression for GCM time correlation functions for a system with Nrel relaxation
processes and Npr pairs of complex-conjugated eigenvalues (propagating modes) was
obtained:
N
(N )
rel

Fnn v (k, t)
=
Ainn (k)e−di (k)t
S(k)
i=1

+

Npr


i
i
[Bnn
(k) cos(ωi (k)t) + Dnn
(k) sin(ωi (k)t)]e−σi (k)t ,

(21)

i=1

where Nv = Nrel +2Npr is the number of dynamic variables in corresponding dynamic
i
i
(k) and Dnn
(k), that sometimes are
model, and all the weight coeﬃcients Ainn (k), Bnn
called mode strengths [19], are real functions of wave number. Corresponding GCM
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Fig. 3. Strengths of contributions from main hydrodynamic and non-hydrodynamic
processes to the density-density time correlation functions for the case of liquid Ca.

expression for dynamic structure factor reads:
N
rel

2di (k)
S (Nv ) (k, ω)
=
Ainn (k) 2
S(k)
ω + d2i (k)
i=1

+

Npr 


i
Bnn
(k)

±,i=1


σi (k)
ω ± ωi (k)
i
± Dnn (k)
.
[ω ± ωi (k)]2 + σi2 (k)
[ω ± ωi (k)]2 + σi2 (k)
(22)

Now the meaning of weight coeﬃcients is very clear: the coeﬃcients Ainn (k) reﬂect the
contribution from the i-th relaxing mode to the central peak of dynamic structure
i
i
(k) and Dnn
(k) are the strengths of Lorentzian and
factor, while coeﬃcients Bnn
non-Lorentzian contributions to the side peaks corresponding to the i-th branch of
collective excitations. Note, that the non-Lorentzian contributions change the sign
right at the frequency ωi (k) thus causing the asymmetry of corresponding side peak.
The non-Lorentzian contributions are proportional to k in long-wavelength limit,
however beyond the hydrodynamic regime they can be quite strong [3].
In Fig. 3 is shown the wave-number dependence of mode strengths from main
relaxing and propagating collective modes in liquid Ca, obtained within the dynamic
model A(5) . It is seen, that in the long-wavelength limit only the hydrodynamic modes
deﬁne the shape of dynamic structure factor S(k, ω). Their mode strengths are in
−1
sound
, and Bnn
→
agreement with hydrodynamic results when k → 0: Ath
nn → 1 − γ
γ −1 . Very important that the ratio of these mode strengths in fact yields the famous
Landau-Placzek ratio [1]. The contribution from the hydrodynamic thermodiﬀusive
mode Ath
nn vanishes quickly beyond the hydrodynamic regime, while the contribution
from non-hydrodynamic structural relaxation strongly increases instead. In the region
of FSDP of S(k) the structural relaxation completely deﬁnes the central peak of
S(k, ω), that is in agreement with analytical results (18). In this region the structural
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relaxation is the slowest relaxation process in the liquid, that implies its leading role
in de Gennes slowing down of density ﬂuctuations. The Lorentzian contribution from
the acoustic excitations strongly decreases beyond the hydrodynamic regime reaching
its minimum right at the position of FSDP.
3.2 Shear waves
The simplest extended dynamic model for description of transverse dynamics in pure
liquids consists of two dynamic variables:
A(2T ) = {J T (k, t), J˙T (k, t)},

(23)

where the extended variable is the ﬁrst time derivative of the transverse component
of mass-current [20]. This dynamic model yields diﬀerent sets of eigenvalues for wave
numbers smaller and larger than


ksw

ρG(k)
=
4η(k)

 12



|k→0

ρG
=
4η

 12
,

(24)

where G(k) and η(k) are the wave-number dependent shear modulus and shear viscosity, respectively. For k < ksw one obtains two purely real eigenvalues, that correspond
to two relaxing processes:
z + (k) =

G η 2
− k ,
η
ρ

z − (k) =

η 2
k.
ρ

(25)

The lowest real eigenvalue is simply the hydrodynamic relaxing mode connected with
shear viscosity of the system. Another real eigenvalue corresponds to a transverse
non-hydrodynamic relaxing mode and tends in long-wavelength limit to a non-zero
constant, deﬁned by the shear modulus and shear viscosity. This eigenvalue decreases
with increasing wave number. For k > ksw instead of two relaxing eigenmodes one
obtains a complex-conjugated pair of eigenvalues, that correspond to shear waves that
can propagate on microscopic scales. Hence, ksw is called the width of propagating
gap for shear waves. Shear waves cannot propagate in liquids for k < ksw .
The damping and dispersion of shear waves can be estimated from equation
±
zsw
(k)

 2
1
k G(k) δ 2 (k) 2
δ(k)
±i
−
= σsw (k) ± iωsw (k) =
,
2
ρ
4

(26)

where
δ(k) = ω 2 TJJ (k)τJJ (k),
and τJJ (k) is the transverse correlation time deﬁned as
 ∞
1
C T (k, t)dt,
τJJ (k) =
mkB T 0
and ω 2 TJJ (k) is the normalized second frequency moment of transverse spectral
function
∞
ω 2 C T (k, ω)dω
J˙T (k)J˙T (−k)
−∞
2 T
,
(27)
≡
ω JJ (k) =
∞
J T (k)J T (−k)
C T (k, ω)dω
−∞
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Fig. 4. Dispersion and damping of non-hydrodynamic shear waves for molten Mg, Ca, Sr
and Ba at their melting points.

that in the long-wavelength limit is a function of k 2 :
ω 2 TJJ (k) =

G(k) 2
k.
ρ

(28)

In Fig. 4 the dispersion and damping of shear waves is shown for four alkaline earth
liquid metals near corresponding melting points. The propagating gap for shear waves
−1
for all four liquid metals is about 0.15 Å . The dispersion of shear waves abruptly
−1
increases and around k ≈ 1.8 Å it reaches the slow short-wavelength asymptote

k→∞

ωsw (k) →

G(k)
ρ

 12

that in Gaussian regime should be
1

ωsw (k)|k→∞ ∼ k 2 .

k,

(29)
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Another tendency in dispersion of shear waves in Fig. 4 is in higher frequencies for
lighter particles. The damping of shear waves has a similar tendency: it is larger for
systems composed of lighter particles.
3.3 Heat waves
Theoretical description of non-hydrodynamic propagating heat excitations in liquids
is quite similar as for the shear waves. A simplest two-variable extended dynamic
model [21]
(30)
A(2h) = {h(k, t), ḣ(k, t)}
permits to study solutions, that correspond to heat waves in liquids. In (30) the two
dynamic variables are the hydrodynamic variable of heat density, and its ﬁrst time
derivative.
Similar as for the shear waves, there exists a propagation gap for heat waves with
the width:
cV nGh
,
(31)
khw
2λ
m
where Gh is the heat rigidity modulus [21]. For k < khw one obtains two relaxing
eigenmodes
λ 2
cV Gh
−
z + (k) = d3 (k) =
k
mλ
ncV
z − (k) = d1 (k) =

λ 2
k.
ncV

The lowest eigenvalue is the hydrodynamic heat mode, while the mode z + (k) corresponds to the non-hydrodynamic relaxing mode d3 (k) obtained within the ﬁvevariable dynamic model A(5) with γ = 1. For k > khw one obtains propagating
eigenmodes
⎡ 2 h
⎤ 12
k G (k)
2
−
δ
(k)
δ(k)
ρ
±
⎦ ,
± i⎣
zhw
(k) =
(32)
2
4
where
δ(k) =

cV (k)Gh (k)
.
mλ(k)

In Fig. 5 the dispersion of heat waves is shown for three liquid metals near their
melting points: Mg, Ca and Sr. The width of propagating gap for heat waves is
−1
approximately 0.5 Å . Again as for the shear waves the metals with lighter atoms
have more high-frequency shear waves.
An interesting issue is the possibility to observe heat waves in the spectrum of
density ﬂuctuations from scattering experiments. It is obvious, that the coupling
between density and heat ﬂuctuations has to be strong enough in order the heat
waves to make some eﬀect on the shape of dynamic structure factors. And this is
not the case of liquid metals, where γ is quite close to unity, that means very small
coupling between density and heat ﬂuctuations. In Fig. 3 the contributions from
heat waves to the dynamic structure factor of liquid Ca is shown by line-connected
“cross” symbols. This gives evidence that heat waves in metals cannot be observed in
IXS or INS experiments. However, in experiments that measure frequency-dependent
speciﬁc heat at constant pressure cP (ω) one can expect to see some signal from the
high-frequency heat waves.
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Fig. 5. Dispersion of non-hydrodynamic heat waves for molten Mg, Ca, Sr near their melting
points.

3.4 Optic-like excitations in binary liquid alloys
Optic-like phonons in binary crystals are well-deﬁned excitations, that correspond
to the motion of nearest neighbors of diﬀerent kind with opposite phases. Since the
optic phonons are the high-frequency excitations in crystals it was believed, that
in the case of liquids the optic-like excitations cannot exist. However, it was shown
in [23], that calculated in molecular dynamic simulations transverse concentration
current autocorrelation functions contained damped high-frequency oscillations, that
implied existence of transverse optic-like modes.
A simplest theory of optic-like excitations was constructed ﬁrstly for the transverse
case within the two-variable dynamic model [23]:
A(2xT ) = {JxT (k, t), J˙xT (k, t)},

(33)

where JxT (k, t) is the spatial Fourier components of the density of mass-concentration
current
N1
N2
m1 x2 
m2 x1 
Jx (r, t) = √
v1,i (t)δ(r − r1,i (t)) − √
v2,i (t)δ(r − r2,i (t)),
N i=1
N i=1

that describes the motion of diﬀerent species with opposite phases. Note that JxT (k, t)
does not correspond to ﬂuctuations of conserved quantities. The second dynamic
variable in (33) is the ﬁrst time derivative of JxT (k, t).
Two eigenmodes obtained for the dynamic model A(2xT ) read:

T
T )2 − 4ω 2 T
(ω 2 Txx τxx
ω 2 Txx τxx
xx
±
±
,
(34)
zxT =
2
2
where
ω 2 Txx (k) =

J˙xT (k)J˙xT (−k)
m̄x1 x2 kB T
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it the normalized second frequency moment of the spectral function of transverse
mass-current, and
 ∞
1
T
T
τxx (k) =
Cxx
(k, t)dt
m̄x1 x2 kB T 0
is the correlation time associated with corresponding time correlation function. Note,
that for k = 0 there exists an equality
 ∞
1
T
Cxx
(k, t)dt,
(35)
D12 =
m̄Sxx (0) 0
where D12 is the mutual diﬀusivity, and Sxx (0) is the mass-concentration static structure factor at k = 0 [22].
The condition for existence of transverse optic-like modes in liquid alloys follows
from Eq. 34, because for a pair of complex-conjugated solutions one needs the expression under square root to be negative. Hence, it was obtained, that the condition of
existence of transverse optic modes is [23]:
δx =

2
2
ω 2 Txx (0)m̄2 D12
Sxx
(0)
< 1,
4(x1 x2 kB T )2

(36)

that holds for binary liquid alloys with low mutual diﬀusivity and without some
tendency to demixing in the alloy. Similarly, the damping of transverse optic-like
excitations in the long-wavelength region is as follows:
σxT (k → 0) =

ω 2 Txx (0)D12 Sxx (0)
,
2x1 x2 kB T

(37)

and dispersion reads:
ωxT (k → 0) =



ω 2 Txx (0) − σ 2 (0).

(38)

Analysis of damping of transverse optic-like modes permits to conclude: the more
high-frequency excitation the higher is its damping; high mutual diﬀusivity and tendency to demixing when the particles tends to be surrounded by the like-particles do
not favor for existence of optic modes.
Theory of longitudinal optic-like excitations was reported in Ref. [24]. For the case
of longitudinal dynamics one has to consider a three-variable dynamic model:
A(3x) = {nx (k, t), JxL (k, t), J˙xL (k, t)},

(39)

where

1
{m1 x2 n1 (k, t) − m2 x1 n2 (k, t)}
m̄
is the hydrodynamic variable of mass-concentration density [22]. Here
nx (k, t) =

Nα
1 
eikrα,i (t),
nα (k, t) = √
N i=1

(40)

α = 1, 2,

are the partial densities. The mass-concentration density is connected with the longitudinal component of mass-concentration current via continuity equation, as it should
be:
ik
∂nx
= JxL (k, t).
(41)
∂t
m̄
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Fig. 6. Dispersion of longitudinal (symbols “star”) and transverse (symbol “circle”) collective excitations in a liquid alloy Na0.4 K0.6 at temperature 373 K.

The third dynamic variable in the set A(3x) is the ﬁrst time derivative of longitudinal
mass-current. In the long-wavelength region one obtains three eigenvalues. One of
them is purely real and corresponds to hydrodynamic relaxing process connected
with mutual diﬀusivity:
(42)
dc (k) = D12 k 2,
while two other eigenvalues are
zx± (k → 0) = σ(k) ±


σ 2 (k) − ω 2 xx (k),

σ(k) =

ω 2 xx (k)

,
2
2τxx (k)ω xx (k)

(43)

that in the long-wavelength limit yields almost identical condition for existence of
longitudinal optic modes as in the transverse case:
δx =

12 2
ω 2 xx (0)D12
Sxx (0)m̄2
< 1.
4(x1 x2 kB T )2

(44)

It is remarkable, that the two diﬀerent dynamic models: one is three-variable model
for longitudinal case, and the second is two-variable model for transverse dynamic result in consistent expressions for damping of optic modes in the long-wavelength
limit. The only diﬀerence is in the second frequency moments of corresponding spectral functions, which for the case of non-ionic melts, i.e. systems with short-range
interactions only, must be identical in the long-wavelength limit due to symmetry
reasons.
In Fig. 6 longitudinal and transverse branches of collective excitations are shown
for a liquid alloy Na0.4 K0.6 at temperature 373 K. It is seen, that the optic-like
branches are well-deﬁned in the long-wavelength region, and longitudinal optic modes
have the same frequency as the transverse optic modes.
3.5 Does the “fast sound” exist in disparate mass binary liquid alloys?
Binary liquid alloys with disparate masses are of special interest because of reported
observations in INS experiments [25] and molecular dynamics simulations [26] of so
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called “fast sound”. The “fast sound” excitations were observed for the ﬁrst time in
molecular dynamics simulations of a molten alloy Li4 Pb in the shape of calculated
partial dynamic structure factors SLiLi (k, ω). This partial dynamic structure factor
of the light component revealed down to the smallest accessible wavenumbers a
high-frequency side peak that was ascribed to a collective mode propagating via the
light component of the molten alloy.
Neutron scattering experiments on molten alloys Li4 Pb and Li4 Tl supported the
simulations results on existing high-frequency propagating modes of “fast sound”.
Similar behaviour of the high-frequency collective modes was observed in gas
mixtures He-Xe [27], He-Ne [28] and He-Ar [29], although there were no indications
how the high-frequency branch of collective excitations would behave in the limit
k → 0.
One of the deﬁciencies of the standard schemes of estimation of dispersion of
collective modes via side peak locations of the partial dynamic structure factors is
in complete neglect of cross-correlations between species in the binary liquid alloys.
It was shown in Ref. [23], that the cross-correlations between partial quantities
is negligible for large wave numbers, while in the lon=wavelength region they are
very strong and cannot be neglected. Completely diﬀerent wave-number dependence
have the cross-correlations between quantities that correspond to total density and
concentration density ﬂuctuations: they are negligible in the long-wavelength region
and become quite strong for large wave numbers [23]. Hence a correct numerical
way of estimation of dispersion of collective excitations in disparate mass liquid
alloys must be based on analysis of peak positions of four diﬀerent current spectral
functions: two partial spectral functions Cii (k, ω), i = A, B and two spectral functions
Cii (k, ω), i = t, x, that reﬂect total- and mass-concentration-current autocorrelations.
However, only a theoretical analysis that accounts for all possible crosscorrelations can predict correct dispersion curves for non-hydrodynamic propagating
processes and shed light on the origin of observed “fast sound”. The GCM analysis
was ﬁrst applied to analysis of transverse dynamics in Li4 Pb in Ref. [23]. Later on a
complete study of generalized thermodynamic quantities, transport coeﬃcients and
longitudinal collective modes in Li4 Pb was performed in Ref. [30]. Analysis of analytical expression for damping of the high-frequency non-hydrodynamic excitations
as a function of mass ratio in binary liquids were reported in [31]. In that study it
was for the ﬁrst time shown, that for Li4 Pb there exists a crossover in contributions
from propagating modes to the partial dynamic structure factor of light component
SLiLi (k, ω), that caused an impression of almost linear dispersion of “fast sound”.
Recently a molecular dynamics study and GCM analysis of collective dynamics
were reported for Li4 Tl liquid alloy [32]. The dispersion of diﬀerent branches of
longitudinal and transverse collective excitations obtained within the GCM approach
is shown in the top frame of Fig. 7. For comparison a dispersion, obtained from
L
(k, ω) is shown by
peak positions of the partial current spectral function CLiLi
line-connected open boxes. It is seen, that agreement between GCM eigenvalues
−1
and peak positions is very good for k > 0.7 Å . For smaller wave numbers the
L
(k, ω) is
dispersion obtained from peak positions of partial spectral function CLiLi
−1
shifting towards lower frequencies. At k ≈ 0.2 Å there is even a situation with two
L
peaks in the frequency dependence of CLiLi
(k, ω), while for smaller wave numbers the
L
peaks of CLiLi (k, ω) are in good agreement with hydrodynamic dispersion law shown
by long-dashed line in the top frame. In order to understand such a speciﬁc behavior
L
of dispersion, obtained from peak positions of CLiLi
(k, ω), in the bottom frame of
Fig. 7 are shown leading contributions to the partial dynamic structure factor of light
component SLiLi (k, ω) in Li4 Tl. One can see, that in the long-wavelength region there
is a crossover in contributions from the high- and low-frequency branches. In fact,
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relaxing concentration mode to the partial dynamic structure of light component S(k, ω)
(bottom frame). By line-connected open boxes are shown peak positions of longitudinal
L
partial current spectral function CLiLi
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−1

the side peak of SLiLi (k, ω) for k > 0.4 Å mainly corresponds to the high-frequency
branch, shifted a little by a negative contribution from the low-frequency branch.
However, in the long-wavelength limit the contribution from non-hydrodynamic
high-frequency branch vanishes and the side peak of SLiLi (k, ω) corresponds to
only the low-frequency branch. This explains the behaviour of numerical dispersion
(open boxes in Fig. 7) and other numerical reports of a merger of the high- and
low-frequency branches into a single hydrodynamic dispersion law [33, 34].
In summary, the GCM analysis of collective dynamics in disparate mass liquid
alloys permits to estimate the correct dispersion of the high- and low-frequency
branches of collective excitations. The real high-frequency excitations of mainly
−1
propagating partial densities of light atoms makes sense only for k > 0.7 Å .
For smaller wavenumbers the dispersion of high-frequency branch tends to a ﬁnite
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non-zero frequency. A merger of the high- and low-frequency branches into the linear
hydrodynamic dispersion law, that was reported to occur close to the boundary
of hydrodynamic regime [33,34] is in fact an unreal eﬀect because of crossover in
contributions from the high- and low-frequency branches to the partial spectral
function of light component.

4 Conclusions and new challenges for the theory of
non-hydrodynamic processes
In this small review main results for non-hydrodynamic collective modes in liquid
metals and alloys were presented. The studies performed in combination of MD
simulations and theoretical GCM approach permit to extract from the MD-derived
time correlation functions the spectrum of collective excitations, including the nonhydrodynamic collective excitations, wavenumber dependence of non-propagating relaxation processes, as well as their contributions to the shape of the studied time
correlation functions and corresponding spectral functions.
The GCM approach proved over the last ﬁfteen years its ability to describe
correctly non-hydrodynamic processes in liquids. However some new scattering
experiments and simulations of liquid and glass systems yield new challenges for the
GCM approach, that can be listed as follows:
i) description of low-frequency collective modes that form the excess of vibrational
density of states known as Boson peak in metallic glasses;
ii) ab initio simulations permit to obtain information on adiabatic redistribution
of the valence electron density due to ionic motion. One of the challenges is
to extend the GCM approach in order to take into account explicitly eﬀects
of electron density polarization on collective excitations in liquid metals. There
exists a theory of liquid metals as a two-component electron-ion liquid [35], that
perhaps can be used for extension of the GCM approach;
iii) for liquid systems with covalent bonds the existence of short-time units like
dimers, small clusters or rings essentially aﬀects the shape of density-density time
correlation functions. Therefore an extension of the GCM scheme towards accounting the existence of molecular-like units with rather short lifetime is needed.
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