Condensed Matter Physics, 2013, Vol. 16, No 1, 14001: 1–6 DOI: 10.5488/CMP.16.14001 http://www.icmp.lviv.ua/journal

Rapid Communication

A non-classical van der Waals loop: Collective variables method

R.V. Romanik, M.P. Kozlovskii

Institute for Condensed Matter Physics of the National Academy of Sciences of Ukraine, 1 Svientsitskii St., 79011 Lviv, Ukraine

Received December 7, 2012, in final form February 5, 2013

The equation of state is investigated for an Ising-like model in the framework of collective variables method. The peculiar feature of the theory is that a non-classical van der Waals loop is extracted. The results are compared with the ones of a trigonometric parametric model in terms of normalized magnetization, M̃, and field, H̃.

Key words: van der Waals loop, non-classical critical behavior, scalar order parameter

PACS: 05.50.+q, 05.70.Ce, 64.60.F-, 75.10.Hk

Recently, in [1] it was shown that considering the system of Ising spins in an external field within the collective variables (CV) method [2, 3], a contribution to free energy can be singled out that is an analogue of Landau free energy. As a consequence, a non-classical van der Waals (vdW) loop is obtained. In the present paper, the shape of the loop is investigated. A comparison is made with similar results of [4], where vdW loop was obtained for a system with a scalar order parameter using a trigonometric parametric model for scaling behaviour near criticality. The discussion on whether such a loop exists naturally and whether it has any physical manifestations can be found in [5]. Our purpose in this paper is to compare the results from CV theory with the other ones.

We consider a system of N Ising spins on a simple cubic lattice of spacing c. The Hamiltonian of such a system is well known H = − 1 2 ∑ i,j Φ(r_{i j} )σ_i σ_j − H ∑ i σ_i . (1)

Here, the spin variables σ_i take on ±1, H is the external field, and Φ(r_{i j} ) is a short-range interaction potential between spins located at the i -th and j -th sites of separation r_{i j} . The interaction potential can be chosen in the form of exponentially decreasing function, Φ(r_{i j} ) = const·exp(−r_{i j} /b), with b being an effective range.

The partition function Z =

∑_{{σ}}

e^{−βH}, where β = (k_BT )^{−1} is the inverse temperature, can be written in terms of collective variables ρ_k [2, 3]. In “ρ^4-model” approximation, the explicit form for such a representation is as follows:

Z = Z_0 ∫ (dρ)^{N0} exp [ a_1 √ N_0ρ_0 − 1 2 ∑ k∈B_0

d(k)ρ_kρ_{−k} − a_4 4! N^{−1}_0 ∑ k_i ∈B_0

ρ_{k1} ...ρ_{k4} δ_{k1+...+k4} ] . (2)

Here, the quantity d(k) contains the Fourier transform of the interaction potential

d(k) = a_2 + βΦ̃(0)Φ̄ − βΦ̃(k). (3)

For Φ̃(k), we use the so-called parabolic approximation

Φ̃(k) = {~ Φ(0) ( 1 − 2b^2k^2 ) , k � B_0 = Bs^{−1}_0 , Φ_0 = Φ̃(0)Φ̄, B_0 < k � B, (4)

© R.V. Romanik, M.P. Kozlovskii, 2013 14001-1

Table 1. Numerical values of some quantities used in the present calculations.

b/c s_0 β_cΦ(0) Φ s E_1 E_2 0.3 2.0 1.6411 0.32898 3.5977 24.551 8.306 f_0 h_0 c_{1k} φ_0 Φ_f n_0 0.5 0.760 1.176 0.5938 0.105 0.5

where Φ_0 is some average value for Φ̃(k) with large k, which is defined by parameter Φ̄.

Strictly speaking, the wave vector k takes on the values from the first Brillouin zone

B = {k = (k_x ,k_y ,k_z )| k_i = − π c + 2π c n_i N_i

; n_i = 1,2,... , N_i ; N^3_i = N;i = x, y, z}. (5)

In what follows, however, we will keep to the spherical approximation for the Brillouine zone so that B = π/c is the boundary of this zone, and B_0 = π/(cs_0) = π/c_0 is the boundary of B_0. The discussion on the choice for s_0 and Φ̄ can be found in [6]. In general, s_0 should depend on the ratio of the effective interaction range b to the lattice constant c. In the present calculation, we fix b/c = 0.3 and s_0 = 2. This yields Φ̄ = 0.329 and numerical values for other coefficients needed to represent the results are presented in table 1. The quantities a_i from (2) are expressed as follows:

a_1 = s^{d/2}_0 h, a_2 = 1 − s^{−d}_0 , a_4 = 2s^{−d}_0 , (6)

where d = 3 is the space dimension, and h = βH is dimensionless field. In (2), the collective variables ρ_k with B_0 < k � B have already been integrated out so that N_0 = N s^{−3}_0 is a number of variables remaining to be integrated.

Calculation of the partition function, equation (2), is performed according to Yukhnovskii’s method [2]. It is based on the idea of step-by-step integration of the partition function over the subsets of collective variables, first with B_1 < k � B_0, then with B_2 < k � B_1, and so on while averaging the Fourier transform of the interaction potential on each step (a consequence of this averaging is that the critical exponent η, characterizing the decay of correlation length, equals zero — as is in the case of local potential approximation). Here, B_n = B_{n−1}/s = B_0/s^n , where s is the renormalization group (RG) parameter. This is equivalent to the Kadanoff scheme of constructing spin blocks [7, 8]. Every time when integrating over a subset of CV, a factor — let us denote it by Q_n — appears in the partition function. On performing step-by-step integration of the partition function over n_p subsets, one arrives at

Z = Z_0 [ Q(d)

]_{N0}

(_{np} ∏ n=1 Q_n ) Z_{LGR} , (7)

where Z_0 and Q(d) give analytical contributions to free energy and are not important for the critical behavior, Q_n is the partial partition function due to fluctuations with B_n < k � B_{n−1}, Z_{LGR} is the contribution from k small — the limiting (inverse) Gaussian regime of fluctuations. Each of the partial partition functions Q_n is characterized by its own set of coefficients a^{(n)}_1 , d_n (0), a^{(n)}_4 , for which the recurrence relations (RR) hold [9]. The RR have a fixed point as a partial solution. That is why the quantity n_p is chosen from the requirement that for n � n_p the RR can be linearized near the fixed point. In this case, the system possesses the RG symmetry and is said to be in the critical regime of the order parameter fluctuations. The quantity n_p is called the exit point from the critical regime.

The analytic expressions for the exit point were found for the limiting cases, h = 0 [2] and τ = 0 [10]

n_p = − ln|h̃| lnE_1

− 1, at τ = 0, − ln|τ̃| lnE_2

− 1, at h = 0, (8)

14001-2 van der Waals loop

where τ = (T − T_c)/T_c is the reduced temperature, E_1 = 24.551 and E_2 = 8.306 are the eigenvalues of the matrix of the RG transformation linearized near the fixed point of RR,

τ̃ = c_{1k} f_0 τ, h̃ = s^{d/2}_0 h_0 h, (9)

where f_0 = 0.5 defines the fixed-point coordinates, c_{1k} = 1.176, h_0 = 0.760. In general case, the expression for n_p cannot be obtained analytically. For example, in [11] this quantity was computed numerically as a solution to a certain equation. In any case, n_p should satisfy the conditions (8) in the mentioned limiting cases. Based on this requirement, in [10] the expression was constructed for the exit point in the form

n^{(±)}_p = − ln ( h̃2 + h^{(±)}_c^2 ) 2lnE_1

− 1, (10)

where some temperature fields, h^{(+)}_c = |τ|^{βδ} and h^{(−)}_c = |τ_1|^{βδ}, are introduced, β and δ are the critical exponents^1 of magnetization. In our approach,

β = 0.302 and δ = d + 2 = 5, (11)

where d = 3. The signs “+” and “−” are related to T > T_c and T < T_c, respectively. In what follows, we will mainly omit the superscript ±. Finally, τ_1 = −E^{n0}_2 τ, where n_0 denotes the difference between n^{(+)}_p and n^{(−)}_p for h = 0. In [12], n_0 = 0.5 is chosen to recover the universal ratio of critical amplitudes for the correlation length, ξ^+/ξ^− = 1.896(10) [13].

In expression (7), the quantity Z_{LGR} is still to be expressed. A detailed explanation of how to compute it can be found in [12, 14]. We just recall that it is expressed in the form

Z_{LGR} = Z_GZ_{TR} · e^{NE0(σ)}, (12)

where Z_{TR} is from the so-called transition region of fluctuations, Z_G is from the region of k small, and the contribution e^{NE0 (σ)} is the most important due to the collective variable ρ_0. In the present research, main attention is paid to this part of the partition function. The quantity E_0(σ) has the form

E_0 = e_0h ( h̃^2 + h^{(±)}_c^2

) 1_{2(d+2)} − e_2 ( h̃^2 + h^{(±)}_c^2

) d_{d+2} . (13)

The following notation is used

e_0 = σ_0s^{−1/2}, e_2 = 1 2 σ^2_0s^{−3} ( r_{np+2} + 1 12 s^3_0σ^2_0u_{np+2} ) , (14)

where

r_{np+2} = βΦ̃(0)f_0 (−1 ± E_2H_c),

u_{np+2} = [ βΦ̃(0)

]_2 φ_0 ( 1 ± Φ_f E_2H_c ) (15)

with H_c = τ̃ ( h̃^2 + h^{(±)}_c^2

)_{−1/2βδ}

. The quantity σ_0 is the solution of the following cubic equation

σ^3_0 + pσ_0 + q = 0 (16)

with the coefficients

p = 6s^{−3}_0 r_{np+2} u_{np+2}

, q = −6s^{−9/2}_0 s^{5/2} h_0 u_{np+2} h̃ ( h̃2 + h^{(±)}_c^2

)_{1/2} . (17)

1Denotation β for the temperature critical exponent of magnetization is widespread in literature, the same notation β is also widely accepted for the inverse temperature. We hope that the context will prevent the reader from confusing one quantity with another.

14001-3

Based on (7) and (12), the Gibbs free energy can be expressed as a sum of three terms

F (τ,h) = −k_BT ln Z = F_a + F^{(±)}_s + F^{(±)}_0 . (18)

Here, the term F_a is the analytical part of the free energy and does not affect the critical behaviour. The term F^{(±)}_s is expressed as F^{(±)}_s (τ,h) = −k_BT Nγ^{(±)}_s ( h̃^2 + h^{(±)}_c^2

) d_{d+2} , (19)

where γ^±_s includes contributions from the critical regime and from the limiting Gaussian regime (inverse Gaussian regime in the case of T < T_c). The explicit expression for it can be found in (5.6) of [14]. Finally, the quantity F^{(±)}_0 from (18) is F^{(±)}_0 (τ,h) = −k_BT NE_0(σ). (20) This contribution to the Gibbs free energy is due to the collective variable ρ_0, which, as is known from the theory of collective variables [2], is related to the order parameter. Therefore, F^{(±)}_0 is the free energy of ordering and can be regarded as the analogue of Landau free energy. In the case of zero external field, such an analogue was found earlier in [15]. The order parameter of the considered system — the magnetization — is then calculated by means of the thermodynamic formula

M_0 = − 1 N ∂F^{(±)}_0 ∂H = ∂E_0(σ) ∂h , which leads to the expression that can be written in a compact form as

M_0 = σ_{00} ( h̃^2 + h^{(±)}_c^2

) 1_{2δ}

, (21)

where δ = 5 is the critical exponent describing the field dependence of magnetization and

σ_{00} = e0 ( 1 + 1 5 h̃^2 h̃2 + h^{(±)}_c^2 ) − 6 5 e_2 s^{3/2}_0 h_0 h̃ ( h̃2 + h^{(±)}_c^2

)_{1/2} − ( ∂e_2 ∂h ) σ ( h̃^2 + h^{(±)}_c^2

)_{1/2} . (22)

We have compared M_0 with full magnetization M defined by

M = − 1 N ∂F ∂H = − 1 N ( ∂F^{(±)}_s ∂H + ∂F^{(±)}_0 ∂H ) = M_s + M_0 . (23)

Figure 1. (Color online) Dependence of magnetization on the field. Dashed line: full magnetization M, equation (23); Solid line: contribution M0 to magnetization due to Landau free energy, equation (21). Temperatures are τ = ±0.001.

Figure 2. (Color online) Magnetization (21) as a function of the field below the critical temperature, τ = −0.001.

14001-4 van der Waals loop

The results are demonstrated in figure 1. As is seen, the magnetization of the system in stable states [magnetization and field have the same sign, sgn(M) = sgn(h)] is well described with M_0 alone. For T > T_c, the difference between M and M_0 is hardly observable in the scale of picture. For T < T_c, the deviation of M_0 from M is also minor in the regions of both M > 0, h > 0 and M < 0, h < 0. When the system goes into metastable states [sgn(M) = −sgn(h)], the situation becomes worse as the spinodal curve is approached, i.e., the curve of maximum magnitudes of the field for which a sign of magnetization can still be opposite to a sign of the field. In this case, the term M_s in (23) becomes dominant. This is due to the fact that we have used Z_G in the form as it was calculated in [12, 14, 16], with Gaussian measure. It is clear now that this accuracy is not sufficient to correctly account for the contributions from F^{(±)}_s in the metastable region. However, it is indeed sufficient in the stable region. Therefore, here we will present only the results of investigation on the basis of F^{(±)}_0 . Note, that in order to get the vdW loop, it is necessary to take into account all solutions of equation (16), but not only those minimizing the free energy.

In figure 2, the magnetization M_0, equation (21), is presented as a function of the external field. As is seen from the picture, the proposed approach gives a van der Waals loop. However, the critical behaviour is characterized by non-classical critical exponents from equation (11). In literature, arguments can be found that a non-classical theory of critical phenomena cannot give vdW loop [17] because there is no appropriate analytical continuation into the two-phase region. However, some phenomenological approaches have been suggested [4, 5, 18] that incorporate both vdW loop and non-classical critical exponents. We, in turn, have presented the microscopic approach in the framework of which a non-classical vdW loop can be obtained.

In order to compare our results with the ones obtained by different methods, we appeal to work [4], where the loop was obtained with the help of a trigonometric parametric model for the scaling behaviour near criticality. Figure 3 presents the comparison. The dashed line is the result of Fisher with coworkers [4]. The solid line denotes our results based on equation (21). Regarding the approximations, "ρ^4- model", and zero value of the small critical exponent η = 0, we see a good qualitative agreement in the results, especially in the regions of h̃ ≈ 0 and of h̃ ≫ h_c, H̃ > 2. Some qualitative discrepancy is observed for the intermediate values of H̃ , i.e., for h̃ ≈ h_c. In this domain, with increasing H̃ , our curve initially withdraws from the dashed curve, further approaches and intersects it and then moves along with the dashed curve below it all the time. Such a discrepancy is connected with the choice of the functional form of n_p, equation (10). Although it provides correct values in the limiting cases, equation (8), it seems to fail in the intermediate region, h̃ ≈ h_c. Therefore, to improve our results we need a somewhat different functional form in this value range. Another way to do so is to compute n_p numerically, but we do not lose hope to solve the problem analytically and will attempt to find a more appropriate expression for the exit point in a future work.

Figure 3. Scaled van der Waals loop (T < Tc) and magnetization above the critical temperature (T > Tc). The dashed curves represent the results obtained within the extended sine model [4]. The full curves represent the results of the collective variables method, equation (21).

14001-5

Furthermore, we observe that the loop is wider in CV theory. The spinodal value of magnetization in CV, M̃ = 0.55 is less than the corresponding value M̃ = 0.697 from [5], which means that the CV theory, at least in "ρ^4-model" approximation, provides a wider metastable domain.

In conclusion, this work is the first attempt to investigate the van der Waals loop using the collective variables method, which is essentially a microscopic approach. This investigation is important because there is lack of non-classical theories that give the vdW loop. Some quantitative disagreement of our result in comparison with the ones obtained in [4], can be associated with the model approximation, since the calculations are carried out using the simplest non-Gaussian approximation, i.e., ρ^4-model. The obtained result can be improved both in a formal way, by appropriately choosing the functional form of the exit point n_p, and in a conceptual way, to which can be attributed (a) investigation of the system in a higher approximation, i.e., ρ^n -model with n > 4 (for n = 6 see [19]), (b) the inclusion of corrections to scaling [15], and (c) the averaging of the interaction potential [20], the latter resulting in η � 0. All of these will be the scope of a forthcoming paper.

References

1. Kozlovskii M.P., Romanik R.V., Condens. Matter Phys., 2011, 14, 43002; doi:10.5488/CMP.14.43002. 2. Yukhnovskii I.R., Phase Transitions of the Second Order: Collective Variables Method, World Scientific, Singapore, 1987.

3. Yukhnovskii I.R., Kozlovskii M.P., Pylyuk I.V., Microscopic Theory of Phase Transitions in the Three-Dimensional Dystems, Eurosvit, Lviv, 2001 (in Ukrainian).

4. Fisher M.E., Zinn S.-y., Upton P.J., Phys. Rev. B, 1999, 59, 14533; doi:10.1103/PhysRevB.59.14533. 5. Fisher M.E., Zinn S.-y., J. Phys. A: Math. Gen., 1998, 31, L629; doi:10.1088/0305-4470/31/37/002. 6. Kozlovskii M.P., Romanik R.V., Condens. Matter Phys., 2010, 13, 43004; doi:10.5488/CMP.13.43004. 7. Kadanoff L.P., Physics, 1966, 2, 263.

8. Kadanoff L.P., Götze W., Hamblen D., Hecht R., Lewis E.A.S., Palciauskas V.V., Rayl M., Swift J., Aspnes D., Kane J., Rev. Mod. Phys., 1967, 39, 395; doi:10.1103/RevModPhys.39.395.

9. Kozlovskii M.P., Condens. Matter Phys., 2005, 8, 473.

10. Kozlovskii M.P., Phase Transitions, 2007, 80, 3; doi:10.1080/01411590701315161.

11. Kozlovskii M.P., Pylyuk I.V., Prytula O.O., Nucl. Phys. B, 2006, 753, 242; doi:10.1016/j.nuclphysb.2006.07.006. 12. Kozlovskii M.P., Ukr. J. Phys. Reviews, 2009, 5, 61 (in Ukrainian).

13. Campostrini M., Pelissetto A., Rossi P., Vicari E., Phys. Rev. E, 2002, 65, 066127; doi:10.1103/PhysRevE.65.066127. 14. Kozlovskii M.P., Condens. Matter Phys., 2009, 12, 151; doi:10.5488/CMP.12.2.151.

15. Yukhnovskii I.R., Kozlovskii M.P., Pylyuk I.V., Phys. Rev. B, 2002, 66, 134410; doi:10.1103/PhysRevB.66.134410. 16. Kozlovskii M.P., Romanik R.V., J. Phys. Stud., 2009, 13, 4007. 17. Isakov S.N., Commun. Math. Phys., 1984, 95, 427; doi:10.1007/BF01210832.

18. Wyczalkowska A., Sengers J.V., Anisimov M.A., Physica A, 2004, 334, 482; doi:10.1016/j.physa.2003.11.021. 19. Kozlovskii M.P., Pylyuk I.V., ISRN Condensed Matter Physics, 2011, 2011, 260750; doi:10.5402/2011/260750. 20. Yukhnovskii I.R., Kozlovskii M.P., Pylyuk I.V., Ukr. J. Phys., 2012, 57, 80.

Некласична петля ван дер Ваальса: метод колективних змiнних

Р.В. Романiк, М.П. Козловський

Iнститут фiзики конденсованих систем НАН України, вул. I. Свєнцiцького, 1, 79011 Львiв, Україна

Проводиться дослiдження рiвняння стану iзинґоподiбної моделi в рамках методу колективних змiнних. У використаному пiдходi одержується некласична форма петлi ван дер Ваальса. Проводиться порiвняння, в термiнах перенормованих змiнних намагнiченостi i поля, отриманих результатiв для петлi ван дер Ваальса з результатами тригонометричної параметричної моделi представлення критичної поведiнки.

Ключовi слова: петля ван дер Ваальса, некласична критична поведiнка, скалярний параметр порядку

14001-6