Condensed Matter Physics 2006, Vol. 9, No 1(45), pp. 115–120

Some features of metal cerium asymptotical behavior

E.D.Soldatova, T.E.Galachenko

Dnipropetrovs’k National University

Received July 18, 2005, in final form December 19, 2005

The relations between the critical exponents of basic stability characteristics are obtained based on the thermodynamic stability requirements for the generalized one-component system without engaging any hypotheses. The conditions are obtained, where these relations are fulfilled as equalities. The outcomes are applied to the consideration of critical properties of the isomorphic γ–α transition in the metal cerium. It is shown, that for cerium the corresponding relations are fulfilled as equalities. It is also shown, that the equilibrium curve in the P–T phase diagram of cerium continuously passes into the lowered stability curve in the supercritical region, that provides symmetry between its critical exponents. The obtained results are in accord with the scaling law hypothesis without any assumptions about homogeneous functions for the potentials.

Key words: stability coefficients, critical exponents, statical scaling law hypothesis, phase equilibrium curve, quasispinodal

PACS: 64.60.Fr

1. Introduction

One of the problems of the modern phenomenological theory of a critical state is the establishment of universal relations between critical exponents in the vicinity of the critical point. These relations are obtained by various methods, often by using various hypotheses. Naturally the following question arises: how can these relations be obtained based on the general thermodynamic method? In [1] it was shown, that the basic relations between the critical exponents (for example, the relations by Griffiths, Rushbrooke, Coopersmith etc.) follow from the first principles, from general aspects of the thermodynamic stability theory without engaging any hypotheses.

The new results are obtained in the suggested consideration by means of the thermodynamic method of stability [1] for the generalized homogeneous system. They were used for the investigation of the asymptotical behavior of metal cerium. Therefore we shall focus on some general aspects of the thermodynamic stability theory [2,3], which are indispensable for further consideration, as well as perform a few mathematical transformations.

2. Elements of the stability theory. Some relations

Let us consider the generalized one-component homogeneous system in the state determined by the internal energy U = U(S, x) , where S is the entropy, x is a generalized thermodynamic variable, and T and X are the corresponding thermodynamic forces.

The stability of such a system is determined by the well-known requirements [3]:

D = ∂(T, X) ∂(S, x) = | | | | | | |

( ∂T ∂S ) x ( ∂T ∂x ) S ( ∂T ∂x ) S ( ∂X ∂x ) S

| | | | | | | = ( ∂T ∂S ) x ( ∂X ∂x ) S − ( ∂T ∂x )_2 S ⩾ 0, ( ∂T ∂S ) x ⩾ 0, ( ∂X ∂x ) S ⩾ 0. (1)

© E.D.Soldatova, T.E.Galachenko 115

The value D, following Semenchenko V.K. [3], is called the determinant of stability, and the derivatives in it are the adiabatic parameters (the AP’s); the parameters

(_{∂T} ∂S ) x, (_{∂X} ∂x ) S are the adiabatic stability coefficients (the ASC’s). The parameters

(_{∂T} ∂S ) X , (_{∂X} ∂x ) T , (_{∂T} ∂x ) X , measured for the constant thermodynamic forces, are the isodynamic parameters (the IP’s).

The following relation between the AP’s, the IP’s and D is obtained as the result of Jacobian properties: D = ( ∂T ∂S ) x ( ∂X ∂x ) T = ( ∂T ∂S ) X ( ∂X ∂x ) S = − ( ∂T ∂x ) X ( ∂T ∂x ) S . (2)

Using (1), we also obtain the following relations ( ∂T ∂S ) x ( ∂S ∂T ) X + ( ∂T ∂x ) S ( ∂x ∂T ) X = 1, ( ∂X ∂x ) S ( ∂x ∂X ) T + ( ∂T ∂x ) S ( ∂x ∂T ) X = 1, ( ∂T ∂S ) x ( ∂x ∂T ) X + ( ∂T ∂x ) S ( ∂x ∂T ) X = 0, ( ∂X ∂x ) S ( ∂x ∂T ) X + ( ∂T ∂x ) S ( ∂x ∂T ) X = 0. (3)

We rewrite (3) using (2) in the form ( ∂T ∂S ) x ( ∂S ∂T ) X = ( ∂X ∂x ) S ( ∂x ∂X ) T = 1 − ( ∂T ∂x ) S ( ∂x ∂T ) X = 1 + ( ∂T ∂x )_2 S D , ( ∂T ∂S ) x ( ∂x ∂T ) X = − ( ∂T ∂x ) S ( ∂x ∂X ) T , ( ∂X ∂x ) S ( ∂x ∂T ) X = − ( ∂T ∂x ) S ( ∂S ∂T ) X . (4)

3. Some relations between the critical exponents

Let us consider the asymptotic behavior of the thermodynamic parameters upon approaching the critical point. We introduce the critical exponents of thermodynamic parameters, which determine the system stability considering the AP’s and the IP’s features as different. ( ∂T ∂S ) X ∼ τ^α, ( ∂X ∂x ) T ∼ τ^γ , ( ∂T ∂x ) X ∼ τ^μ ( ∂T ∂S ) x ∼ τ^{α1} , ( ∂X ∂x ) S ∼ τ^{γ1} , ( ∂T ∂x ) S ∼ τ^{μ1} ,

τ = | | | T − T_c T_c | | | .

(5)

Let us emphasize, that the introduced exponents μ and μ_1 are more natural for thermodynamic stability consideration, than the order parameter exponent β. They enable us to consider the asymptotical behavior in the subcritical and supercritical regions. The relation between the AP’s exponents can be derived by means of asymptotics (5) from the stability conditions (1):

α_1 + γ_1 ⩽ 2μ_1 . (6)

Some features of metal cerium asymptotical behavior

Using (2) and (5) we obtain the relation for the IP’s critical exponents:

α + γ ⩾ 2μ. (7)

Relations (6) and (7) are the most general form of relations and determine the correspondence between the AP’s and the IP’s critical exponents for the subcritical (the primed exponents below) and the supercritical vicinity of the critical point. These relations connect the basic thermodynamic parameters. For example, (6) connects the exponents for the isochoric heat capacity, the adiabatic compressibility and thermal broadening connect the exponents for the P −V −T systems. Relation (7) binds the critical exponents for isobaric heat capacity, isothermal compressibility, and isobaric thermal broadening.

A significant task for the modern critical exponent phenomenological theory is to obtain equalities in the relations between the critical exponents. Thermodynamic hypothesis, which is based on the scaling law hypothesis (i.e., static scaling law hypothesis), leads to the equalities between the critical exponents [4]. This hypothesis is based on the assumption that the thermodynamic potentials are generalized homogeneous functions. This assumption results in the transformation of inequalities between critical exponents into equalities. Besides, the hypothesis leads to equalities between the critical exponents above the critical point and below it (symmetry between the critical exponents). A logical question arises regarding the condition, for which relations (6) and (7) are changed to equalities from the viewpoint of general requirements of the stability theory.

Let us approach the critical point, using asymptotics (5). Then from relations (4) it follows

α − α_1 = γ − γ_1 ⩾ 0, α_1 + γ = μ + μ_1, α + γ_1 = μ + μ_1. (8)

These relations connect the AP’s and the IP’s exponents and they are correct independently of the product

(_{∂T} ∂x )_{−1} X ( −^{∂T}_{∂x} ) S . Its value is essential for obtaining the following results.

The limit value of this product is

C ≡ lim_{D→0} − ( ∂T ∂x ) S ( ∂T ∂x ) X = lim_{D→0} ( ∂T ∂x )_2 S D ⩾ 0.

For C we have two possibilities:

1. If C ≠ ∞, then μ < μ_1. According to (4), (5) we obtain

α = α_1, γ = γ_1, α + γ = μ + μ_1 ⩾ 2μ . (9)

2. If C = ∞, then μ ⩾ μ_1 and according to (4), (5) we obtain 1 2 (γ − α) = 1 2 (γ_1 − α_1) = γ − μ = γ_1 − μ_1 = μ − α = μ_1 − α_1 ,

α − α_1 = γ − γ_1 = μ − μ_1 ⩾ 0,

α + γ = 2μ, α_1 + γ_1 = 2μ_1 . (10)

Within the framework of thermodynamics, it appears possible to describe two possibilities: the states with μ ⩾ μ_1, for which α + γ = 2μ, α_1 + γ_1 = 2μ_1 with fulfilling the relations (10), and the states with μ < μ_1, for which α + γ ⩾ 2μ, α_1 + γ_1 ⩽ 2μ_1 and relations (9) are true.

As it will be seen hereinafter, the concrete definition of practicability of these both cases is determined by the critical behavior type of the thermodynamic systems [5]. The existence of four alternative types of critical behavior has been established in paper [5] based on the critical state definition by means of a set of homogeneous linear equations and the analysis of the critical state stability conditions. The types of behavior are classified by the value of an equilibrium curve slope at the critical point K_c and by one of the ASC’s – either

(_{∂T} ∂S ) x or

(_{∂X} ∂x ) S .

4. The asymptotical behavior of metal cerium

The outcomes can be applied to the vicinity of the isomorphic γ − α transition critical point in the metal cerium. It is necessary to consider the pressure P as the generalized thermodynamic force X, and the volume V as the coordinate x for cerium under pressure. From the thermodynamic standpoint, cerium is a homogeneous one-component P − V − T system.

The critical properties of cerium have been researched in detail in papers [6,7] during the investigation of perfected models [9, 10]. It was shown, that the adiabatic stability coefficient (_{∂T} ∂S ) V =^T_{CV} is unequal to zero. Besides, the critical slope for cerium is finite K_c ≠ {0, ∞} in the P − T phase diagram [8,9]. Therefore, the critical properties of cerium relate to the first type of critical behavior according to thermodynamic classification [5]. In paper [5] it was shown, that for the first type of critical behavior all the AP’s are finite and nonzero, and all the IP’s tend to zero by the same law. In terms of (5) it means that α_1 = μ_1 = γ_1; α = μ = γ. The calculations, performed in [6], have shown, that α_1 = μ_1 = γ_1 = 0 , and α = μ = γ = 1. I.e., for cerium in the vicinity of the critical point μ > μ_1 and this is the case when the relations (6) and (7) are fulfilled as equalities as well as the relations (10) are satisfied.

It is necessary to note that the above result is derived based on the stability conditions only, without engaging any hypotheses.

Let us consider the equalities fulfilling between the critical exponents for T → T^−_c and T → T^+_c , i.e. the symmetry conditions fulfilling between the critical exponents.

From the thermodynamic point of view this question is connected with the condition for transformation of the phase equilibrium curve in the subcritical region into the lowered stability curve in the supercritical region. Let us note that one of the basic ideas of the thermodynamic method of the critical state investigation [5] is the binding of subcritical and supercritical system properties at the critical point. According to [3] the supercritical phase properties also remain above the critical point. It leads to passing the stability characteristics through the finite dips (the lowered stability region). The minima positions of the stability characteristics are called the lowered stability curve (quasispinodal) [3]. Exactly such a behavior of stability characteristics for cerium is described in papers [6,7] based on the computations for models [9,10].

It is logical to suppose, that the symmetry between critical exponents will take place, if the phase equilibrium curve continuously passes into the lowered stability curve (quasispinodal).

Let us find the quasispinodal equation. Consider the ordinary one-component system under the pressure P . The stability determinant of such a system is

D(S, V ) =

∂(T, −P ) ∂(S, V ) = ( ∂T ∂S ) V ( − ∂P ∂V ) S − ( ∂T ∂V )_2 S . For the quasispinodal dD = 0 and the following condition is satisfied

dD = ( ∂D ∂S ) V dS + ( ∂D ∂V ) S dV = 0

or ( ∂D ∂S ) V = 0, ( ∂D ∂V ) S = 0.

The latter relations give ( ∂^2T ∂S^2 ) V ( − ∂P ∂V ) S − ( ∂T ∂S ) V ( − ∂^2P ∂V ∂S ) − 2 ( ∂T ∂V ) S ∂^2T ∂V ∂S

= 0,

∂^2T ∂V ∂S ( − ∂P ∂V ) S + ( ∂T ∂S ) V ( − ∂^2P ∂V^2 ) S − 2 ( ∂T ∂V ) S ( −∂^2T ∂V^2 ) S = 0.

This set of equations is satisfied, if ( ∂^2T ∂S^2 ) V = ∂^2T ∂V ∂S = − ∂^2P ∂V ∂S = ( − ∂^2P ∂V^2 ) S = ( ∂^2T ∂V^2 ) S = 0. (11)

Some features of metal cerium asymptotical behavior

The projection of the quasispinodal on the P − T plane, with the independent variables S, V for dT /dP , has the following form: dT dP = ∂T ∂S dS + ∂T ∂V dV ∂P ∂S dS + ∂P ∂V dV = f(S, V ),

df =

∂^2T ∂S^2 dS^2 + 2

∂^2T ∂S∂V dSdV +

∂^2T ∂V^2 dV^2 ∂P ∂S dS + ∂P ∂V dV − ( − ∂^2T ∂S∂V ) dS^2 + 2

∂^2P ∂S∂V dSdV +

∂^2P ∂V^2 dV^2 ( ∂P ∂S dS + ∂P ∂V dV )_2

× ( ∂T ∂S dS + ∂T ∂V dV ) . (12)

We used here the Maxwell’s relation ( ∂P ∂S ) V = − ( ∂T ∂V ) S , ∂^2P ∂S^2 = − ∂^2T ∂S∂V . Substituting the condition (11) into (12), we have: df = 0 , i.e. for the P −T plane the quasispinodal equation is dT dP = f(S, V ) = const.

Therefore, the quasispinodal in the P −T plane is a straight line for any ordinary one-component P − V − T system, including the supercritical region of cerium.

It is known [8–11], that the P − T phase diagram of cerium has the feature that the phase equilibrium curve is a straight line. So, it is natural to expect a symmetry between the critical exponents, if in the P −T phase diagram the phase equilibrium curve and quasispinodal continuously transforms one into another (without a break) at the critical point.

Indeed, according to the experiment [8] and to the models [9,10], the equilibrium curve of γ− and α− phases is a straight line with the slope dT /dP = 24.5 grad/kbar which is also kept at the critical point. It is evident from the model [9], that the quasispinodal is also a straight line with the slope dT /dP = 24.5 grad/kbar.

Moreover, the critical exponents for the IP’s and AP’s have been found [6] for T → T^−_c , and T → T^+_c . It was shown, that α = γ = μ = 1 (for T → T^+_c ); α^′ = γ^′ = μ^′ = 1 (for T → T^−_c ); α_1 = γ_1 = μ_1 = 0 (for T → T^+_c ); α^′_1 = γ^′_1 = μ^′_1 = 0 (for T → T^−_c ). Thus α = α^′, α_1 = α^′_1; γ = γ^′, γ_1 = γ^′_1; μ = μ^′, μ_1 = μ^′_1. This result enables us to conclude the existence of a symmetry between the corresponding exponents.

Hence, the available model and experimental data of the isomorphic γ − α transition in cerium are well agreed with the above-developed theoretical approach.

5. Conclusions

The obtained results can be reduced to the following

1. The relations between the critical exponents of isodynamic and adiabatic parameters have been obtained. They may be divided into two groups (9), (10) by the value of exponents μ and μ_1 . It is shown, that the strong equalities correspond to the case μ ⩾ μ_1, and the inequalities correspond to the case μ < μ_1 .

2. Due to the realization of the first type of critical behavior by thermodynamic classification of critical states, the condition μ > μ_1 is satisfied and the relations (6), (7) are fulfilled as equalities for the metal cerium.

3. It is shown, that the lowered stability curve in the P − T phase diagram is a straight line.

4. In the metal cerium the phase equilibrium curve of the isomorphic γ − α transition passes continuously into the lowered stability curve (quasispinodal), which causes the symmetry between the critical exponents. This is confirmed by the experiment and models.

5. The obtained results correspond to the conclusions of the static scaling law hypothesis without engaging the hypothesis of homogeneous function for the potentials.

References

1. Soldatova E.D., Physical Chemistry Journal, 1984, 58, No. 12, 2913–2917 (in Russian). 2. Gibbs J., Thermodynamics. Statistical Mechanics. Moskow, Nauka, 1982 (in Russian). 3. Semenchenko V.K., Crystallography, 1964, 9, No. 5, 611–621 (in Russian). 4. Stanley H.E. The Phase Transitions and the Critical Phenomena. Moskow, Mir, 1973 (in Russian). 5. Soldatova E.D., Cond. Matter Physics, 1999, 2, No. 4, 603–616.

6. Soldatova E.D., Snegiryov M.G., Ukraine Journal of Physics, 2001, 46, No. 10, 1111–1115. 7. Soldatova E.D., Snegiryov M.G., Journal of Physical Studies, 2001, 5, No. 1, 24–30 (in Ukrainian). 8. Kurtsar A.R., Physics of Metals and The Physical Metallurgy, 1972, 33, No. 5, 1104–1108 (in Russian). 9. Aptekar I.A., Ponyatovsky E.G., Physics of Metals and The Physical Metallurgy, 1968, 25, No. 5,6, 777–1049 (in Russian).

10. Rheinford B.D., Edwards D.M., Journal of Magnetism and Magnetic Matirials, 1987, No. 63–64, 557– 559.

11. Johansson B. et al., Phys. Rev. Lett., 1995, 74, 2335–2338.

Äåßêi îñîáëèâîñòi àñèìïòîòèœíî£ ïîâåäiíêè ìåòàëåâîãî öåðiþ

ł.Ä.Ñîëäàòîâà, T.ł.Ãàëàœåíêî

Äíiïðîïåòðîâñüêèé íàöiîíàëüíèé óíiâåðñèòåò

Îòðèìàíî 18 ëèïíß 2005 ð., â îñòàòîœíîìó âèãëßäi – 19 ãðóäíß 2005 ð.

Íà îñíîâi âèìîã òåðìîäèíàìiœíî£ ñòiéêîñòi äëß óçàãàëüíåíî£ îäíîêîìïîíåíòíî£ ñèñòåìè, áåç çàëóœåííß áóäü-ßêèõ ãiïîòåç îòðèìàíi ñïiââiäíîøåííß ìiæ êðèòèœíèìè ïîêàçíèêàìè îñíîâíèõ õàðàêòåðèñòèê ñòiéêîñòi. Çíàéäåíi óìîâè, êîëè öi ñïiââiäíîøåííß âèêîíóþòüñß ßê ðiâíîñòi. Ðåçóëüòàòè ž çàñòîñîâàíi äëß ðîçãëßäó êðèòèœíèõ âëàñòèâîñòåé içîìîðôíîãî γ ↔ α ïåðåõîäó â ìåòàëåâîìó öåði£. Ïîêàçàíî, ùî äëß öåðiþ âiäïîâiäíi ñïiââiäíîøåííß âèêîíóþòüñß ßê ðiâíîñòi. Ïîêàçàíî òàêîæ, ùî ëiíiß ðiâíîâàãè íà ôàçîâié P − T äiàãðàìi öåðiß áåçïåðåðâíî ïåðåõîäèòü â ëiíiþ çíèæåíî£ ñòiéêîñòi â çàêðèòèœíié îáëàñòi, ùî çóìîâëþž ñèìåòðiþ ìiæ éîãî êðèòèœíèìè ïîêàçíèêàìè. Îòðèìàíi ðåçóëüòàòè âiäïîâiäàþòü âèñíîâêàì ñòàòèœíî£ ãiïîòåçè ïîäiáíîñòi áåç çàëóœåííß ïðèïóùåííß ïðî îäíîðiäíiñòü ôóíêöi£ äëß ïîòåíöiàëiâ.

Êëþœîâi ñëîâà: êîåôiöižíòè ñòàáiëüíîñòi, êðèòèœíi ïîêàçíèêè, ãiïîòåçà ïîäiáíîñòi, êðèâà ôàçîâî£ ðiâíîâàãè, êâàçiñïiíîäàëü

PACS: 64.60.Fr