Condensed Matter Physics, 2000, Vol. 3, No. 2(22), pp. 371–380

On the Widder inversion method in problems of statistical mechanics

A.V.Soldatov^{1 ∗}, J.Seke^{2 †}, N.N.Bogolubov, Jr.^{1 ‡}

1 V.A.Steklov Mathematical Institute, Dept. of Statistical Mechanics, GSP-1, 8 Gubkin Str., 117966 Moscow, Russia 2 Institut für Theoretische Physik, Technische Universität Wien, Wiedner Hauptstrasse 8-10/136, A-1040 Wien, Austria

Received January 21, 2000

An alternative way of reconstructing a function from its Laplace transform using the Widder inversion method was shown to be useful in treating some problems of nonequilibrium statistical mechanics. As an example of a successful application of the method, a decay was investigated of the excited atomic state in a simple, but nonetheless physically relevant, model featuring a two-level atom interacting with a continuum of field modes.

Key words: Laplace transformation, Widder inversion, decay, relaxation

PACS: 32.90.+a, 42.50.p, 31.30.Jv

1. Widder inversion formula

It is well known that many physical problems, being treated by methods of nonequilibrium statistical mechanics, can be reduced to a system of differential or integro-differential equations. Sometimes this system can be simplified by means of the direct Laplace transformation which results in the corresponding system of algebraic equations. If this algebraic system permits an explicit solution, then the corresponding solution of the initial system of equations can be reconstructed in principle with the aid of the inverse Laplace transformation.

It is generally believed that the inverse Laplace transformation has something to do exclusively with the theory of complex numbers and the analysis of the functions of complex variables. Thus if f(z) is a Laplace transformation of some function ϕ(t)

f(z) =

∫_∞ 0 e^{−zt}ϕ(t)dt,

∗E-mail: river@soldatov.mian.su †E-mail: jseke@tph.tuwien.ac.at ‡E-mail: nickolai@bogol.mian.su

© A.V.Soldatov, J.Seke, N.N.Bogolubov, Jr. 371

where the integral converges for some complex value of z, then the inverse Laplace transformation can be carried out in the form

ϕ(t) = 1 2πi ∫_{c+i∞}

c−i∞

f(z)e^{zt}dz, (1)

where c is a sufficiently large real constant and the integration runs along a vertical line.

An alternative approach to calculating the inverse Laplace transformations was worked out in detail by Widder [1]. Among numerous statements related to the problem in question he proved, in particular, two important theorems. The first theorem, being constructive by nature, states that a convergent sequence of subsequent approximations, which represents an alternative way of reconstructing the function ϕ(t), can be built explicitly:

Theorem 1. If the function ϕ(t) is integrable in the interval (0, R) for every positive R and if the integral

f(x) =

∫_∞ 0 e^{−xt}ϕ(t)dt

converges for x > c, then L_t[f(x)] = ϕ(t) (2)

for almost all positive values of t. Here the operator L_t is defined as the limit

L_t[f(x)] = lim_{k→∞} L_{k,t}[f(x)], (3)

where L_{k,t}[f(x)] = (−1)^k f^{(k)}(k/t) k! (k/t)^{k+1} (4)

and f^{(k)}(x) stands for the derivative of the k-th order. It is seen from this theorem that both the direct and the inverse Laplace transformations can rely on real variables t and x only.

The second theorem reveals how this sequence of approximations L_{k,t}[f(x)] converges to the function ϕ(t):

Theorem 2. If the function ϕ(t) is integrable in the interval (0, R) for every positive R, if it is continuous in the interval 0 ⩽ a ⩽ t ⩽ b, and if the integral

f(x) =

∫_∞ 0 e^{−xt}ϕ(t)dt

converges for some value of x, then

lim_{k→∞} L_{k,t}[f(x)] = ϕ(t) (5)

uniformly in the interval a^′ ⩽ t ⩽ b^′, where a < a^′ < b^′ < b.

The usage of the conventional inverse transformation (1) assumes the Bromwhich contour integration in the complex z-plane as a rule. Consequently, the function f(z) must be treated as a function of the complex variable and its properties must be thoroughly investigated by means of the corresponding methods of complex analysis. Such an analysis can be very complicated and laborious, depending on the complexity of a particular Laplace transform f(z).

Direct numerical methods, when applied to the integral (1), also come across some difficulties because of the highly oscillatory behaviour of the integrand, especially for large t. Moreover, any numerical method provides us with anything but a set of separate values of ϕ(t) calculated for several singular points t and for a given set of values of other relevant parameters only.

Contrariwise, the algorithm (2), wherever applicable, permits to circumvent both difficulties. From the analytical point of view, its implementation does not require, as a rule, a detailed knowledge of the functional properties of f(z). From the numerical point of view, some explicit analytical expression exists at each step k. This expression approximates not only singular values but the function ϕ(t) as a whole and thus may be used as a substitute for this function in a variety of necessities.

As to the convergence speed, it can be shown under the conditions of the theorem 1, that, for any given t, the sequence (3) converges not slower than 1/k at least starting from some k = k_0. And this k_0 can be chosen one and the same for all t in the interval a^′ ⩽ t ⩽ b^′ indicated in the conditions of the theorem 2.

Technically, calculation of the approximation L_{k,t}[f(x)] is uniform at any given order k and comprises, as its essential part, a subsequent k-fold differentiation of the function f(x) only. The mere need to calculate this derivative in case of large enough k could pose a considerable challenge even not so long ago – and it seems to be the only reason why the Widder inverse transformation has been neglected for a long time – but the situation has changed by now and keeps on changing for the better with the appearance and further rapid development of programming tools allowing to unite analytical and numerical computing within one integrated environment. And all this is accompanied by the growing raw computational power of every new generation of computers.

2. Atom-field interaction model

To show the efficiency of the Widder inversion method in solving actual physical problems we choose, as an example, a well-known model of a two-level atom interacting with a continuum of radiation field modes. The Hamiltonian of this model is H = H_0 + H_{AR}, (6)

where

H_0 = ω_0S^z ⊗ I_R +

∫_∞ 0 dω ωa^†(ω)a^−(ω) ⊗ I_A,

H_{AR} =

∫_∞ 0 dω[g(ω)a^−(ω) ⊗ S^+ + g^∗(ω)a^†(ω) ⊗ S^−], and g(ω) = [ λ 2π ]_{1/2}

(−i)ω^{1/2} [1 + (ω/Ω)^2]^2

, λ = γ ω_0

, Ω = 3c 2a_0 , where ℏ = 1, ω_0 = E_{2P} − E_{1S} = (3/8)α^2m_ec^2 = 1.55 × 10^{16}s^{−1} is the energy separation between 2P and 1S atomic states, λ = γω_0 (γ is the Einstein coefficient for spontaneous Lyman-α transition), Ω = 3/(2a_0) = (3/2) αm_ec^2 = 8.498 × 10^{18}s^{−1} (a_0 is the Bohr radius) is the natural cutoff frequency, α is the fine-structure constant, m_e is the electron mass and I_A and I_R are the unit operators in the corresponding subspaces of the atom and the radiation field. Here we used S^z =^1_2 (|1⟩⟨1| − |2⟩⟨2|), S^+ = |1⟩⟨2|, S^− = |2⟩⟨1|, [S^+, S^−] = 2S^z, [S^z, S^±] = ±S^±, with |1⟩ = |n_1 = 2, j_1 = 1, m_1 = 0⟩ as the excited and |2⟩ = |n_2 = 1, j_2 = 0, m_2 = 0⟩ as the ground state of an hydrogenic atom. The following normalization rules hold for one-photon states:

⟨V |V ⟩ = 1, ⟨ω, j, m, t = 0|V ⟩ = 0, ⟨ω, j, m, t = 0|ω^′, j^′, m^′, t^′ = 0⟩ = δ(ω − ω^′)δ_{jj}′ δ_{mm}′ , a^†(ω)|V ⟩ = |ω, j = 1, m = 0, t = 0⟩ = |ω⟩, (7) where |V ⟩ is the vacuum state and the notation of [3] has been used.

It is well known that if we are only interested in the quantum mechanical evolution of the excited state |1⟩ ⊗ |V ⟩ then the model (6) permits a further reduction to the one-photon subspace. In this case only this excited state and the one-photon states |2⟩ ⊗ |ω⟩ should be taken into account which results in the following effective Hamiltonian:

H_{eff} = ω_0 2 (|1⟩⟨1| − |2⟩⟨2|) ⊗ I_R +

∫_∞ 0 dω ω|ω⟩⟨ω| ⊗ I_A + ∫_∞ 0 dω (g(ω)|1⟩⟨2| ⊗ |V ⟩⟨ω| + g^∗(ω)|2⟩⟨1| ⊗ |ω⟩⟨V |) . (8)

Later on we deal with just this effective Hamiltonian as with an independent sustainable self-consistent quantum model without invoking the original model (6).

3. Exact non-decay probability amplitude

As shown in [2,3], an exact equation for the probability amplitude b_1(t ) for finding a two-level hydrogenic atom in the excited state and no photons in the radiation field is

ḃ_1(t) = − λ 2π ∫_∞ 0 dωF (ω)

∫_t 0 dτe^{i(ω0−ω)τ} b_1(t − τ), (9) where F (ω) is the natural smooth cutoff function

F (ω) = ωΩ^8 (Ω^2 + ω^2)^4 . To solve equation (9) the Laplace transformation

b̂_1(z) =

∫_∞ 0 b_1(t)e^{−tz} dt

can be applied and the resulting algebraic equation for the function b̂_1(z) can be solved:

b̂_1(z) = b_1(0) / ( z + λ 2π ∫_∞ 0 dωF (ω) z − i(ω_0 − ω) ) , where b_1(0) is an initial value of b_1(t). Following [3], we substitute u = iz + ω_0 and, integrating over ω, introduce a new function

B_1(u) = −ib_1(−iu + iω_0) = b_1(0) u − ω_0 + (λ/2π)I(u)

with

I(u) =

∫_∞ 0 dωF (ω) ω − u = − C_1(u) Ω^6 + C_2(u)π 2Ω + F (u)[− log(u) + ln Ω + iπ],

C_1(u) =

F (u) 12 (11Ω^6 + 18Ω^4u^2 + 9Ω^2u^4 + 2u^6),

C_2(u) =

F (u) 16Ω^4u

(5Ω^6 − 15Ω^4u^2 − 5Ω^2u^4 − u^6),

where the notation log(u) stands for the multivalued natural logarithm of a complex variable. The Laplace inversion of b̂_1(z) yields (after substitution z = −iu + iω_0)

b_1(t) = e^{iω0t} 2πi ∫ C e^{−itu}B_1(u)du, (10)

where C is some contour in the complex u-plane (see figure 1 in [3]). Further simplification of equation (10) requires a laborious analysis based on the theory of complex variables and lengthy transformations on some Riemann surface which were fulfilled in [3]. Here, we only outline the final result consisting of the residue term and the so-called integral cut contribution:

b_1(t) = Res (e^{iω0t}e^{−iut}B_1(u), u_0) + D_1(t), (11)

where D_1(t) = 1 2π b_1(0)e^{iω0t}(1 − i)

∫_∞ 0 λF (u)e^{−iut}Ωds N_0(u)N_{−1}(u) , and the value u_0 is the Weisskopf-Wigner pole of B̂_1(u) which lies on the lower Riemann sheet of log(u). Parametrization u = (1 − i)Ωs is used in the integral term and N_0(u) = u − ω_0 + λ 2π I_0(u), N_{−1} = N_0(u) + iλF (u),

where the subscripts 0 and −1 denote different branches of the functions N(u) and I(u) on the Riemann surface of log(u) (see [3] for details).

Usually all frequencies are expressed in units of the characteristic frequency Ω for convenience. Thus in the present case the characteristic time unit would be 1/Ω. In terms of the scaled variables the probability amplitude b_1(t) reads

b_1(t̄ ) = Res ( e^{iω̄0t̄}e^{−iūt̄}B̄_1(ū), ū_0 ) + D̄_1(t̄) (12)

with D̄_1(t̄ ) = b(0)χe^{iω̄}0^{t̄}(1 − i)

∫_∞ 0 F̄ (ū)e−iū^¯tds N̄_0(ū)N̄_{−1}(ū), (13) where ū = (1 − i)s. Correspondingly

B̄_1(u) = b^1(0)

ū − ω̄_0 + χĪ(ū) , Ī(ū) = I(u)/Ω, N̄_0(ū) = ū − ω̄_0 + χĪ_0(ū), N̄_{−1}(ū) = N̄_0(ū) + iλF̄ (ū) = N̄_0(ū) + i2πχF̄ (ū), F̄ (ū) = ū

(1 + ū^2)^4 , Ī_0(ū) = −C̄_1(ū) +

C̄_2(ū)π 2 + F̄ (ū)[− log(ū) + iπ],

C̄_1(ū) =

F̄ (ū) 12 (11 + 18ū^2 + 9ū^4 + 2ū^6),

C̄_2(ū) =

F̄ (ū) 16ū

(5 − 15ū^2 − 5ū^4 − ū^6),

where ω̄_0 = ω_0/Ω, ū = u/Ω, ū_0 = u_0/Ω, t̄ = Ωt and χ = λ/2π. Integrating (13) two times by parts, we obtain an identity

D̄_1(t̄) = χb(0)e^{iω̄}0^{t̄}(1 − i) [ − e^{−i(1−i)st̄}K(ū)

i(1 − i)t̄ | | |^{s=+∞} s=0 + ∫_{+∞} 0 e^{−i(1−i)st̄} ∂ ∂ū K(ū)ds ]

= −χ b(0)e^{it̄ω̄0} ω̄^2_0t̄^2 ( 1 −^{5πχ}_{32ω̄0}

)_2 +

∫_{+∞} 0 e^{−i(1−i)st̄}

∂^2 ∂ū^2

K(ū)ds. (14)

Here K(ū) = f̄(ū) N̄_0(ū)N̄_{−1}(ū).

The right-hand side of equation (14) can be transformed into

D̄_1(t̄ ) = −χ b(0)e^{it̄ω̄0} ω̄^2_0t̄^2 ( 1 −^{5πχ}_{32ω̄0}

)_2

− χb(0)e^{iω̄0t̄} t̄ 2

∫_{s0} 0 ds e^{−it̄(1−i)s}

∂^2 ∂ū^2

K(ū) − χb(0)e^{iω̄t̄} t̄ 2

∫_∞

s_0

ds e^{−it̄(1−i)s}

∂^2 ∂ū^2

K(ū), (15)

where s_0 is some arbitrary positive parameter. For a given t̄ one can choose this parameter in such a way that the second integral term in equation (15) is negligible while the integrand in the first integral term does not oscillate very fast at the same time. The first term in equation (15) represents asymptotic nonexponential behaviour of the probability amplitude for t̄ → +∞ predicted in [5–7] and thoroughly investigated in [3].

4. Calculations with the Widder inversion formula

In [4] the probability P (t̄ ) = |b_1(t̄ )|^2 for finding a two-level hydrogenic atom in the excited state and no photons in the radiation field was investigated in the time interval 0 ⩽ t̄ ⩽ 10000 based on equation (12). Here, the same calculations were carried out by means of the Widder inversion formula (2, 4) for k = 15, 20. Results are presented as corresponding graphs plotted in solid lines against the same results obtained from equation (12) which are plotted in dashed lines. Deviations from the exact solution Δ(t̄ ) = |b_1(t̄ )|^2 − |b^{Widder}_1 (t̄ )|^2 are plotted separately for the same time intervals.

The main feature of all these graphs is that the approximate solution (2) converges uniformly to the exact one (12) from below.

It is also seen that at the beginning of the time interval 0 ⩽ t̄ ⩽ 1 both graphs nearly coincide already for k = 20. Thus the approximate solution (2) is able to reproduce deviation from the exponential Weisskopf-Wigner law at the initial time interval correctly. This deviation may be characterized by a special parameter – the so-called Zeno time τ_z – if one approximates the actual behaviour of the probability by the polynomial function P (t̄ ) = 1 − t̄^2/τ^2_z

as it was done in [8].

All calculations were carried out with Mathematica 3.0 computing package on a more than humble hardware – Pentium-100 processor with 128 Mb RAM. Higher orders of approximation k > 20 are accessible even for this computer but on the considerable time expense. For the sake of better precision, Mathematica’s internal system variables $MinP recision and $MaxExtraP recision were put to 60. This measure probably allowed to avoid possible divergencies when calculating the Widder inversion. For the same purpose, all numerical parameters, including the scaled time t̄, entered in calculations as rational numbers making Mathematica to assume they were exact ones and thus forcing high-precision calculations.

Figure 1. Non-decay probability P (t̄ ) for k = 15 and k = 20 for various time intervals.

Figure 2. Relative error Δ(t̄ )/(1 − |b_1(t̄ )|^2) for k = 15 and k = 20 for various time intervals in various scales (linear, semilogarithmic).

5. Acknowledgements

J.S. acknowledges the support by the Jubiläumsfonds der Oesterreichischen Nationalbank zur Förderung der Forschungs- und Lehraufgaben der Wissenschaft under Contract No. 7720. N.N.B and A.V.S. would like to acknowledge the RF Support for Leading Scientific Schools, Grant No. 96–15–96033.

N.N.B. and A.V.S. would like to express their gratitude to the Österreichische Akademie der Wissenschaften and personally to Professor Otto Hittmair for inviting them to visit the Institut für Theoretische Physik, Technische Universität Wien and thus making this research possible.

References

1. Widder D.V. The inversion of the Laplace integral and the related moment problem.

// Trans. Am. Math. Soc., 1934, vol. 36, No. 1, p. 107–200.

2. Seke J., Herfort W. Deviations from exponential decay in the case of spontaneous emission from a two-level atom. // Phys. Rev. A, 1988, vol 38, No. 2, p. 833–840.

3. Seke J., Herfort W. Finite-time deviations from exponential decay in the case of spontaneous emission from a two-level hydrogenic atom. // Phys. Rev. A, 1989, vol. 40, No. 4, p. 1926–1940.

4. Seke J., Soldatov A.V., Bogolubov N.N., Jr. Deviations from spontaneous Lyman-α exponential decay revisited: A rigorous treatment within a two-level nonrelativistic model. // Mod. Phys. Lett. B, 1999, vol. 13, No. 16, p. 531–539.

5. Khalfin L.A. Causality condition and the criterion of physical feasibility in the quantum field theory. // Dokl. Akad. Nauk SSSR, 1956, vol. 111, No. 2, p. 345 (in Russian); [Sov. Phys.– Dokl., 1956, vol. 1, p. 671].

6. Khalfin L.A. Contribution to the theory of decay of a quasi-stationary state. // Dokl.

Akad. Nauk SSSR, 1957, vol. 115, No. 2, p. 277 (in Russian); [Sov. Phys.– Dokl., 1957, vol. 2, p. 340].

7. Khalfin L.A. Contribution to the theory of decay of a quasi-stationary state. // Zh.

Eksp. Teor. Fiz., 1957, vol. 33, No. 6(12), p. 1371 (in Russian); [Sov. Phys.– JETP, 1958, vol. 6, p. 1053].

8. Facchi P., Pascazio S. Temporal behaviour and quantum Zeno time of an excited state of the hydrogen atom. // Phys. Lett. A, 1998, vol. 241, p. 139–144.

Про метод оберненого перетворення Уіддера в задачах статистичної механіки

А.В.Солдатов^1 , Й.Секе^2 , М.М.Боголюбов^1

1 Математичний інститут ім. В.Стєклова РАН,

відділ статистичної механіки вул. Губкіна 8, ГСП-1, 117966 Москва, Росія 2 Інститут теоретичної фізики, Віденський технічний університет, A-1040 Відень, Австрія

Отримано 21 січня 2000 р.

Показано, що альтернативний спосіб відновлення функції за її образом Лапласа, відомий як метод оберненого перетворення Уіддера, може бути корисним при розв’язуванні деяких проблем нерівноважної статистичної механіки. Як приклад успішного застосування цього підходу розглянуто процес релаксації збудженого стану атома у простій, але фізично змістовній моделі, яка описує взаємодію дворівневого атома з полями в континуальній границі.

Ключові слова: перетворення Лапласа, обернене перетворення Уіддера, розпад, релаксація

PACS: 32.90.+a, 42.50.p, 31.30.Jv