PACS 78.70.Dm, 71.10.+x, 71.45.Jp

FREQUENCY MOMENTS: FINE STRUCTURE OF X-RAY SPECTRA IN METALS AND OTHER APPLICATIONS

A.G.Salistra

Odessa State University, Theoretical Physics Department 42 Pastera St., UA–270100 Odessa, Ukraine

Received July 1, 1997

Fine structure of the edges of X-ray lines (absorption, emission, photoemission) in metals is admitted to frequently possess an asymptotic power law singularity I(ω) → A(ω − ω_{edge})^{−α} on the line threshold due to the analogue of the infrared catastrophe. This happens due to the quasicontinuity of energy spectra of metals. In this paper the leading term of this power law’s exponent is combined with first exact frequency moments of the relevant spectrum. The moments are obtained from an exact explicit expression and the use is made of the results of the power moments’ problem on the half-axis to restore approximate line forms beyond the edge asymptotic region: i.e. to find the so-called generalized power law I(ω) = Cω^{−α(ω)}. Applying the method to a model alkali metal we show that the postasymptotic form strongly depends on the long-range asymptotics of the potential of a core hole (where an electron excited by a quantum has been). Later on Tchebycheff-Markov inequality is shown which enables us to find some parameters of spectra with a number of absorption and nonabsorption regions. This method also requires only a few first moments. It can be applied to spectra for wide frequency regions.

1. Introduction

Fine structure of the lines of X-ray spectra in metals has been regarded as an exquisite problem of the many-body quantum theory for the last 30 years – since the edge forms of them were found by Mahan and proved analytically by Nozieres and DeDominicis (MND) [1] to be conspicuous. The set of atomic spectral lines of deep electronic levels (not collectivized in the condensed state) for metals is transformed into a set of the following complexes: a threshold (edge) of each line on “intensity-frequency” plots is followed by a curve with the asymptotical form I(ω) = C_0|ω|^β for absorption (ω > 0) [emission (ω < 0)], and for photoemission – P (−ω) = c(−ω)^{σ−1}, ω > 0; ω is measured from the corresponding thresholds (see figure 1, for example). This form is called a power law (PL). Obviously cases of β < 0 and σ < 1 correspond to a threshold singularity. The values of the exponents β, σ were proved to depend on the specific structure of a metal (which includes the atomic core structure). Later on Anderson, Friedel and Hopfield [1] explained the physical core of this essentially many-particle problem, generally considered on the basis of the one-particle approximation.

The model suggested to describe the process implies that an incident quantum interacts with a deep atomic residue level instantaneously, i.e. at t = t_0 = 0 (t – time measured from the moment when “quantum –

© A.G.Salistra, 1997

ISSN 0452–9910. Condensed Matter Physics 1997 No 11 (179–190) 179

180 A.G.Salistra

system” interaction began, t_0 – the moment when configuration is believed to settle locally) an electron is assumed to have been already excited and a hole exists where the electron has been. In fact, t_0 is finite, but much smaller than any time parameter substantial for this problem (frequencies ω > ω_{plasma}). The period of time when all the interactions with the external field and the creation of the hole took place is therefore neglected, only their result is taken into account: the potential of the hole (core-hole potential) is V . It is also supposed that this dV/dt = 0: the potential does not change thereafter. Thus, too slow influences – lattice, surface, dynamic screening (ω ≪ ω_{plasma}) – are excluded too. Despite these limitations, the model explains experimental data for prethreshold regions adequately. Of course, semiphenomenological nature of V is helpful, V being easily adjusted to fit experimental plots.

Figure 1. Restored X-ray photoemission generalized power laws (GPL) and the corresponding power laws (PL) cω^{σ−1} for (a) nonsingular in k = 0 potential and (b) singular

in k = 0 potential. Frequency-energy units – 10^{−3}E_F,

intensity: ∫_∞ 0 P (ω)dω = 2π.

The potential’s sudden switching shifts the mean field of the system and thus perturbs its energy spectrum, mainly, of course, the conduction band. This means that the quantum energy is not absorbed completely by the deep level electron being excited, a part of the energy is taken to perturb the background electron density. Similar ideas apply, for example, to a manyelectron atom, but the latter has no Fermi surface with thermodynamically infinite number of particles on it. The analogue of the infrared catastrophe happens here: one-particle energy spectrum of a metal is quasicontinuous; that is, almost no energy is required to excite a particle on the Fermi surface. Thus, any amount of “spare” energy (not taken to excite a core electron) can create, however, many one-particle excitations, just as it happens to infrared photons in QED. This formal infinity manifests itself here as observable – the conduction band response follows (Δt)^{−σ} (t – time) instead of e^{−Δt} that one may expect for relaxation. The latter corresponds to a finite number of one-particle transitions across a finite energy gap.

Frequency moments and X-ray spectra in metals 181

This results in I ∝ ∫ t^{−σ} exp(−iωt)dt ∝ ω^{σ−1}. Here σ depends on the core-hole potential and one-particle states density on the Fermi surface (see (3)).

It may be worth mentioning that, though an apparently singular form had been seen on I(ω)-plots much earlier, no idea of edge singularity occured to researchers, besides the values of β and σ could be measured only with a synchrotron as a radiation source.

One of the issues which are of interest here is the problem of the generalized power law (GPL), i.e. the line form beyond its threshold asymptotical region, where the simple power law fails to hold, but the model is still applicable. Generally GPL is represented as cω^{σ(ω)−1} for photoemission [or β(ω) for absorption (emission)].

In this work a method of finding the GPL for photoemission spectra is presented (it can be easily adjusted to the absorption-emission case). The method is based on a general exact expression for a spectrum form [2]. Despite being general, explicit, one-particle, independent of wave basis etc., its direct application is hardly possible, only singular asymptotics can be found. However, its form enables us to obtain expressions for frequency moments [3].

In section 2 we shall restore the GPL by making use of the first four moments and the known edge asymptotics. We shall apply the expression to a model alkali metal and phenomenological core-hole potentials. It will be shown how line forms depend on long range asymptotics of the potentials.

In section 3 another application of the moments method is presented. Unlike the method in section 2, this one allows to find characteristics of spectra in wide frequency regions (regions of absorption and nonabsorption), but not very suitable for specific forms of single lines.

2. The generalized power law

We take the exact explicit expression for absorption (emission) intensity [2] (thereafter atomic units are used): I(ω) = ∫_∞ 0 P (t)I_0(t) exp(−iωt)dt, (1)

I_P(ϵ) = RP (ω = W − ϵ); R, W = const. (2)

Here the Laplace image of the first factor in the integrand describes the photoemission intensity as (2), where R and W are fixed for a specific line (transition). That is, the line form for photoemission is described by the Laplace-transform of P (t) with the reversed ω-axis and shifted zero. In what follows we shall refer to P (ω) as a photoemission spectrum. P (t) and I_0(t) are built on the matrix elements of H_0 and H, one-particle hamiltonians of the initial and final states respectively, H = H_0 + V , where V is a oneparticle core-hole potential, I_0 also contains transition matrix elements (e.g. dipole D_{ik} ); the expressions for them are quite cumbersome (in [3] there are also the first four frequency moments of I and P ).

Discussing, for instance, photoemission one uses a perturbation series in V . Then up to the second order in V when t → ∞

P (t) → exp[−i ∑ i6N V_{ii}t + A^{(2)}(t)]; (3)

182 A.G.Salistra

A^{(2)}(t) = − ∑ i6N,k>N |V_{ik}|^2 ∫_t 0 ds(t − s) exp[i(E_i − E_k)s]) → −σ{iΞt + i π 2 + ln t + F + γ + 1},

σ = 2[2π]^{−6} ∫ do_1 ∫ do_2|V_{k1k2} |^2 k^4 E^{′2}_k |_{E=EF} . (4) Here summation runs over one-particle states, the Nth level divides free and occupied states at T = 0, i.e. E_i 6 E_F, E_k > E_F, γ is Euler constant. The values of Ξ and F should be calculated numerically:

Ξ = − 1 σ ∑ i<N,k>N |V_{ik} |^2 E_k − E_i , (5)

F = ln[DD̄/(D + D̄)] + ∑ i<n,k>n |V_{ik}|^2/σ − [^{dν(Ei)}_{dE}^{dν(Ek)}_{dE} ]^{−1}/4

(E_k − E_i)^2

, (6)

where D is the distance “lower edge of the conduction band – Fermi level”, D̄ – “upper edge of the conduction band – Fermi level”, ν(E) is the density of one-particle states (spin variables are included, 1/4 compensates this degree of freedom). Note that in (5) the first term is O(1) and the second one is O(10^{−2}), but the latter is very important. Here the frequency is measured from the one-particle threshold. Note that frequency shift ∑ V_{ii} − σΞ is negative (less energy is required to excite a photoelectron).

Thus, the asymptotic singularity at ω → 0 is described because e^{−σ ln t} = t^{−σ} . For absorption (emission) an additional power term arises and changes σ → β. A difference between (1) and (2) should be mentioned. Whereas (1) is a general expression for the whole spectrum, at least within the limitations of the model, (2) describes only some vicinity of a specific threshold, other lines require other constants R and W . This, however, is not substantial because even for (2) other lines require other core-hole potentials.

Rigorous expressions are, though, too complicated for further straightforward analysis. The authors of [1] solved coupled integral equations to obtain a GPL. There is another method connected with the theory of functions: the method of moments. In this way one combines the asymptotics at 0 with the asymptotics at infinity. The striking example of such approach is the formula of Drude-Lorentz from the conduction theory of metals which uses only the static value of conductivity and its zeroth moment. Thus one gets an approximate line form sparing some computational efforts, at least. Besides, a number of results can be obtained directly from the values of the moments.

For example, for photoemission the average frequency (measured from a one-particle line position – W ) and centred moments p^c_n ≡ ⟨(ω − ω_0)^n⟩ ≡ ∫_∞ 0 (ω − ω_0)^nP (ω)dω

are [3]

ω_0 = ∑ i<N V_{ii}. (7)

Frequency moments and X-ray spectra in metals 183

p^c_2 = ∑ i<N;k>N |V_{ik} |^2; (8)

p^c_3 = ∑ i<N;k>N (ϵ_k − ϵ_i)|V_{ik} |^2 − ∑ i,j<N;k,l>N [V_{ik}V_{kj} V_{ji} − V_{il}V_{lk}V_{ki}]; (9) p^c_4 = ∑ i<N;k>N (ϵ_k − ϵ_i)^2|V_{ik}|^2 − 2 ∑ i,j<N;k,l>N {(ϵ_k − ϵ_i)[V_{ik} V_{kj} V_{ji} − (10) V_{il}V_{lk}V_{ki}] + V_{ik}V_{kj} V_{jl}V_{li}} + ∑ i,j,m<N;k,l,n>N (V_{ij} V_{jm}V_{mk}V_{ki} + V_{ik}V_{kl}V_{ln}V_{ni} − 2V_{ij} V_{jk}V_{kl}V_{li}) + 3[p^c_2]^2. To restore the line form we shall use the known results of the frequency moments problem on semi-axis (Stiltjes problem) [4]. An unknown weight function ρ(z) exists with a number of known power moments ∫_∞ 0 t^kρ(t)dt = s_k. k = 0 . . . N. (11) Two sets of the polynomials: Q_n(t) and conjugate P_n(t) – should be constructed

Q_{2ν} (z) = 1 Δ^{(1)}_{ν−1} det ||z^ks_k . . . s_{k+ν−1}||^ν_0 , Δ^{(1)}_k = det ||s_{i+j+1}||^k_0 ; (12)

Q_{2ν+1}(z) = − 1 Δ_{ν−1} det ||z^{k+1}s_{k+1} . . . s_{k+ν} ||^ν_0 , Δ_k = det ||s_{i+j} ||^k_0 ;

P_n(z) = ∫_∞ 0 Q_n(t) − Q_n(z) t − z dt. Then

I^n_ρ (z) ≡

P_m(z) + ω(z)P_l(z) Q_m(z) + ω(z)Q_l(z) n→∞−→ I_ρ(z) ≡ ∫_∞ 0 ρ(t)dt z − t ; (13)

ρ(x) = −^1_π ℑ[I(x + i0)] (m = 2n or m = 2n + 2, l = 2n + 1). Here ω(z) is a Nevanlinna function, an arbitrary function that must be represented as

ω(z) = d + ∫_∞ 0 ψ(t)dt t − z , d ¿ 0,^{∫ ∞}_0 (1 + t)^{−1}ψ(t)dt < ∞ (14)

with an arbitrary d and a nonnegative ψ(t) that satisfy, of course, the restrictions of (14).

The results of the moments problem provide an approximate function to have the fixed first moments automatically. The Nevanlinna function should be chosen in order to satisfy some additional conditions; for this case the power law asymptotic behaviour is the same.

Obviously, Q_{2n}(t) = 1 + O(t), P_{2n}(t) = O(1), P_{2n+1}(t) = −1 + O(t), Q_{2n+1}(t) = O(t) when t → 0. That is why, for photoemission, the function

ω_{id}(x) = −cπx^{σ−1}{cot[πσ] − i} (15)

(c – the preexponential of the corresponding power law, “id” stands for ideal – the ideal power law) seems to suit us as a Nevanlinna one: obviously it

184 A.G.Salistra

gives ρ(x) = cx^{σ−1} + O(t^σ ). However, for photoemission with σ = o(1) and absorption-emission with β ∼ −1 the denominator of (13) contains d(t) = 1 + At^σ + Bt^{2σ} with A, B ∼ 1 which grows too fast in the vicinity of 0 (σ ≪ 1). Such behaviour, in fact, would deprive the power law of any meaning, the preexponential c of GPL is not constant even for ω ∼ 10^{−8}eV (!). For the values β ∼ 0 ω_{id} is suitable, but our further expressions are not less convenient even for the latter case.

There is an inverse method: we can find a certain ω_{lin} (15) (”lin” stands for linear) from − ω_{id} = I^n_ρ (ω_{lin}) + O(t), (16)

that is, supposing that (13) is an equation for an unknown function ω_{lin} up to the terms linear in t. Thus, the power law will hold automatically up to the linear terms because, as we have said, −1/(πℑ[ω_{id}]) produces the power law. To write the equation explicitly we just omit all linear terms of higher orders. However, the function ω_{lin} obtained from the equation (16) has no representation (14). It is, though, its behaviour at z = x + i0 with x > 0 that is of significance. We can introduce new ψ̃ and ω̃ and assume

ψ̃(x)^{(14)}= ℑ[ω̃(x + i0)]/π ≡ ℑ[ω_{lin}(x + i0)] (17)

i.e. on the positive real half-axis. Integrating (14) with ψ(x) from (17), one gets ℜ[ω̃(x + i0)]. Thus, found ω̃ complies with all the restrictions and differs minimally from ω_{lin} on the positive real semi-axis (its imaginary part simply coincides with it). This function should be put into the imaginary part of (13) divided by −π, hence:

ρ_{app}(x) = ℑ[ω̃(x)] π[(Q_m(x) + ℜ[ω̃(x)]Q_l(x))^2 + (ℑ[ω̃(x)]Q_l(x))^2]

; (18)

ω̃(z) = cπ ℑ(G) [( Gz^{σ−1} 1 − Gz^σ − G^{1/σ} σ(1 − zG^{1/σ} ) ) (1 + z(q_1p_2 + q_2)) (19) − 1 − σ σ ]

with G = −cπq_1(ctg[πσ] − i) (see that G^{1/σ} is real), where p_2 = P_{2n}(0) and q_1 = Q^′_{2n+1}(0), q_2 = Q^′_{2n}(0) [Q^′_k – derivative of Q_k].

Expressions (18), (15), (12) together with the definitions of the constants q_1, q_2, p_2, G constitute the proposed method of restoring line forms. The moments are to be recalculated to a new centre – threshold, therefore Ξ is needed: it, as one can see, coincides with the multiplied by (−1) average frequency measured from the threshold (compare (3) and (7)) – in what follows we shall take its absolute value as Ξ (it is negative).

There are some important inequalities that we have mentioned before: all the determinants Δ_k and Δ^{(1)}_k must be positive. This leads, for example to nontrivial

p^c_3Ξ + Ξ^2p^c_2 − (p^c_2)^2 > 0, (20) p^c_2p^c_4 − (p^c_3)^2 − (p^c_2)^3 > 0.

Frequency moments and X-ray spectra in metals 185

We purpose to describe the photoemission intensity of an alkali metal which, as it is known, is described by a free electrons’ model quite adequately. A hypothetical model metal was chosen with one electron per elementary cell and a spherical first Brilloin zone. Plane waves are basis

ϕ(r) = (Ω)^{−1/2} exp(ikr) (Ω – volume of the system), the dispersion law

ϵ = k^2/2. Obviously, only one parameter is left – electron density or the effective interelectron radius r_s. Let r_s = 3.93 (it is r_s of natrium).

A core-hole potential has not yet been defined. In fact, this choice lies beyond the framework of the MND model, the core of the model consisting in the notion of a suddenly arising local perturbation considered invariable thereafter. Thus, one neglects both quick processes of creating the potential (ω > max[ω_{plasma}, E_F]) and slow relaxation (ω ≪ E_F). Therefore, V is to be introduced into the model as an external rather phenomenological expression (a set of matrix elements). Rigorous treatment of the “quantum - metal” interaction would provide such a formula. However, the treatment is impossible or else no model like the MND one with an intermediary potential would be necessary.

We used a semi-phenomenological way of defining a potential. If we discuss the excitation of a 2s-electron in natrium (L-line) then the initial notion should consist in the potential of an absent 2s-electron. But its Coulomb “tail” is impermissible (the effect was believed to be local). Obviously, some partial screening takes place. Certainly, as one should expect, Lindhardt’s screening

V_{2s}(q) = − 4π q^2

(1 − q^2)(1 − 2q^2)

(q^2 + 1)^4

, (21)

χ(q) = (k_F/π^2) [ 1 2 + 1 − x^2 4x ln | | | 1 + x 1 − x | | | ] ; x = q 2k_F , V (q) = V_{2s}(q) q^2

q^2 + 4πZχ(q)

. (22)

(Lindhardt – Z = 1) holds when t → ∞ proves too strong (σ = 0.03 whereas experiments [1] give σ = 0.20). To “adjust” screening one may purely phenomenologically put Z = 0.348. We also tested a semiphenomenological local-field-like correction factor to the Lindhardt chaotic phases approximation: Z = f(q). The local electron density near the hole (r ∼ a_B ⇔ k > k_F) may have already settled while at greater distances (k ≪ k_F) it may even not start to react: f(0) ≪ f(k_F) (keep in mind that we are defining a potential created by quick processes). Assuming that the problem has a limited number of values and laws connected with the unusual readjustment of the conduction band, one finds Z = Z_0(q/2k_F)^σ not too superficial. To obtain σ = 0.20 we put Z_0 = 0.516; Z_0 = O(1) seems to confirm that this is at least sensible.

We found the first five moments (s_4 including) of the photoemission spectrum for the two screened potentials (21) and the preexponentials. The latter are equal to

c = 2π exp [−σ(F + γ + 1])/Γ(σ),

Γ(x) being a gammma-function, F, γ taken from (3)-(5).

Z = const : c = 2.001; (23)

186 A.G.Salistra

Ξ = 0.0157; p^c_2 = 7.06 · 10^{−4}; p^c_3 = 4.83 · 10^{−5}; p^c_4 = 5.59 · 10^{−6};

Z = const · q^{0.2} : c = 1.985 (24)

Ξ = 0.0142; p^c_2 = 6.11 · 10^{−4}; p^c_3 = 4.11 · 10^{−5}; p^c_4 = 4.48 · 10^{−6}.

(atomic units 1 ≡ 2Ry) and built the line forms for n = 4. They are presented in figure 1 (units – E_F): the line forms and the power law for each potential.

We have to stress that here the line forms were correctly restored up to linear in ω terms. This does not mean that the farther line form is wrong, it just means that it is unreliable. It contains peaks near Ξ. We cannot state that the peaks are to be made smooth by further approximations, though this also happens, but the measure of smoothening requires research. The value of the linear term in Q_4, for example, is of the order 10^2, which means that restoring holds up to ω < 0.01Ry ∼ 0.1E_F. Observing that the GPL is connected with S(E, E^′) ≡ ∫ ∫ |V_{kk}0 |^2dodo^′ν(E)ν(E^′) at least to the second order in V , we see that for a semielliptical or rectangular zone and V = const (as in [1]) S(E, E^′) has but the only maximum at E = E^′ = E_F. But for other V and ν(E) this may not hold, and, if S possesses a maximum (even a local one) at E = E_1, E^′ = E_2, E_1, E_2 ≠ E_F, then a peak at ω ≃ E_1, E_2 is possible. Partial confirmation of this statement was obtained by restoring the line form for a rectangular and semielliptical state density and constant V . We did not show this in figures, so that there are not too many lines in them, but σ(ω)-plots (see further) for this case are much smoother than those for other cases (though, peaks arise here too, but far from the threshold: ∼ E_F).

Discussing the results on the background of experimental data is rather difficult because, though the data are not scarce, their precision is far from what is needed for any comparison. Singular exponents are obtained, but any deviations from power laws are not. So one can only compare theoretical predictions with numerical models or argue whether an experimental value corresponds to a model because the model is wrong or because the value was measured at frequencies where a curve follows not the power law but the GPL. For example, the authors of [1] claim that σ = 0.20 for natrium was obtained [5] too far from its threshold where the GPL goes lower than the power law (i.e. σ(ω) grows for ω/E_F < 1). To prove this they solved integral equations numerically for the contact type potential V_{kK} = −V (V – a positive constant) and semielliptical ν(E) ∝ (E^2_F −E^2)^{1/2} or the rectangular state density: N(E) = const(0 < E < 2E_F); N(E) = 0(E < 0, E > 2E_F).

Our results show that the significance of the GPL’s deviation strongly depends on the long-range asymptotics of potentials. We have got different types of σ’s behaviour for the two potentials. σ(ω) was calculated as

σ(x) = 1 + ln [ρ_{app}(x)/c]

ln x

. (25)

We concluded that the longer is the range of the potential (the more prominent the peak of its k-transform is in k = 0), the closer it follows the corresponding power law. We also discussed a test example of the contact type −V (i.e. the transform of the overlocalized Aδ(r)) with σ = 0.2:

V = const; c = 1.774; (26)

Ξ = 0.0215; p^c_2 = 1.264 · 10^{−3}; p^c_3 = 1.063 · 10^{−4}; p^c_4 = 9.07 · 10^{−5}.

Frequency moments and X-ray spectra in metals 187

which produces σ(ω) that lies even further from the power law than the short range potential’s one. Dependencies σ(ω) are presented in figure 2. Such conclusion is not as trivial as it can appear. The extremal long range case should be just an overall shift of the mean field, the corresponding spectral line is a δ-like peak, nothing like a power law can occur here. That is obvious

Figure 2. Generalised power law σ(ω) calculated from figure 1 (a,b).as P (ω) = cω^{σ(ω)−1} for constant, nonsingular and singular potentials. Frequency-energy units – 10^{−3}E_F, intensity: ∫_∞ 0 P (ω)dω = 2π.

from the physical sense of the phenomenon: the singular form is created by multiple electron excitations across the Fermi surface, but those can happen only if matrix elements V_{kk}0 with E(k) < E_F, E(k^′) > E_F (not diagonal in occupation number) are nonzero, which is not the case for

δ(k−k^′) – a matrix element

of V (r) = const. On the other hand, the power law cannot certainly hold forever, the line has finite moments, and the power law does not.

Thus, we state that, researchers [1] being right, the measure of GPL deviation and uncertainty of experimental values of σ substantially depend on the long range asymptotics of the core-hole potential.

And, certainly, we obtained a prethreshold line form. Note that calculating moments is much easier than solving integral equations numerically; for some cases (contact-type included) almost all the moments can be found analytically. The method appears applicable at least near the threshold (ω ≪ E_F).

Some remarks should be made here concerning the form of σ(ω) farther from the threshold. We cannot claim that nonlinear parts of the curves in figure 2 do not result from our method faults. We have, obviously, d^2σ/dω^2 < 0. However, this holds only for ω > 10^{−3}. For ω < 10^{−3}, in fact, d^2σ/dω^2 > 0; we do not present it in the figure, because there is no appropriate scale to show this slight curving, even a logarithmic one is not enough. This partially coincides with the results [1] for the mentioned contact-type −V : σ(ω)-curves have d^2σ/d ln ω^2 > 0 . However, there the authors do not mention if the stronger d^2σ/dω^2 > 0 holds. At ω ≃ 10^{−3} the trend changes (for stronger potentials it may happen farther). It must happen just because d^2σ/dω^2 > 0 cannot hold too far from the edge, the frequency moments being finite, so σ(ω) must become negative sooner or later, probably somewhere near Ξ.

3. Tchebycheff-Markov inequality

Restoring line forms, as described above, is satisfactory when three relevant parameters – a threshold position, a power law exponent and a preexponential – are given from outside, e.g., calculated analytically from any general expression. However, this is not always possible, sometimes even regions of

188 A.G.Salistra

nonabsorption in a spectrum are not clearly defined. There are cases when such information could be drawn from a small number of the first frequency moments [6,4]. Here another “subproblem” of the moments problem can be made use of: Tchebycheff-Markov inequality. This holds for a nonnegative function f(x) with given moments s_0, . . . , s_N . l(x) ≡ ∑ xi<x η_i(x) 6 ∫_{x−0} 0 f(y)dy 6 ∫_{x+0} 0 f(y)dy 6 ∑ xi<x η_i(x) + η_x ≡ u(x), (27) where functions η_i(x), η_x, x_i(x) can be obtained from the set of equations

s_k = x^kη_x + n(N)∑

i=1 x^k_i η_i, k = 0, 1, . . . , R(N). (28) Here, for even N n = N/2 and (a) R = N; (b) R = N − 1, x_1 = 0 and for odd N (a) n = (N − 1)/2, R = N − 1; (b) n = (N + 1)/2, R = N, x_1 = 0. The case’s (a) or (b) choice depends on x. One is to take the case with η_i ¿ 0, η_x ¿ 0, x_i ¿ 0. There exists a unique solution of the type.

For N = 4 we defined the set of minors D_2 = s_0s_2 − s^2_1; D_3 = s_0s_3 − s_1s_2; (29) D^′_4 = s_0s_4 − s^2; D_4 = s_1s_3 − s^2; D_5 = s_1s_4 − s_2s_3; D_6 = s_2s_4 − s^2_3.

For x_i the following equations were obtained x^2_i a(x) + x_ib(x) + c(x) = 0, i = 1, 2, (30)

x_2 = s_3 − s_2x s_2 − s_1x

; x_1 = 0. (31)

where

a(x) = x^2D_2 − xD_3 + D_4, b(x) = x^2D_3 − xD^′_4 + D_5, (32) c(x) = x^2D_4 − xD_5 + D_6, (31) applies to regions of x where either of x_i found from (30) proves negative. Those are, obviously, a(x), c(x) > 0, b(x) < 0 and a(x), c(x) < 0, b(x) > 0. For ηs we have

η_x = − s_1(x_1 + x_2) − s_2 − s_0x_1x_2 (x − x_1)(x − x_2)

; (33)

η_1 = − s_1(x + x_2) − s_2 − s_0xx_2 (x − x_1)(x_2 − x_1)

; (34)

η_2 = s_1(x + x_1) − s_2 − s_0xx_1 (x − x_2)(x_2 − x_1)

. (35)

(36) The method can be very helpful in finding regions of nonabsorption. If the boundaries u(x) and l(x) coincide and are constant, the conclusion is obvious: there is no absorption in this region of a spectrum.

Frequency moments and X-ray spectra in metals 189

Naturally, this method can hardly add much to the single line form, especially, the singular one. And really, boundaries (27) prove too loose. They “pinpoint” the line for the described models only for ω ≃ 0.1 ≃ E_F which is no surprise for the only zone ∼ E_F wide. Only some hints can be drawn from Av(x) = [u(x) + l(x)]/2. Certainly, the average of the boundaries does not have to coincide with the line form, but it is worth mentioning that this average for the short range potential lies lower than F (x) = ∫_ω 0 cx^{σ−1}dx with the relevant c [except for ω ≃ 0 where Av(0) ≠ 0, and F (0) = 0], and Av(x) for the long range potential lies higher than F (x) in a certain region ω_1 < ω < ω_2, ω_1, ω_2 ≠ 0. This appears to confirm our general conclusions, i.e. these are no sequences of an apparently arbitrary choice of a Nevanlinna function.

To complete the Tchebycheff-Markov inequality’s description, we mention that some differential characteristics of a spectrum can be found from the so-called coarse grained density

Ī(x) = 1 Δ ∫_{x+Δ/2} x−Δ/2 I(y)dy, which is bounded by T (x) < I(x) < S(x) with S(x) = 1 Δ [ u( Δ 2 − x) + u( Δ 2 + x) ] , (37)

T (x) = 1 Δ [ l( Δ 2 − x) + l( Δ 2 + x) ] , x 6^Δ_2 , S(x) = 1 Δ [ u(x + Δ 2 ) − l(x − Δ 2 ) ] , T (x) = max ( 0, 1 Δ [ l(x) + Δ 2 ) − u(x − Δ 2 ) ]) , x ¿^Δ_2 .

Obviously, this is a coarse definition of a derivative. Choosing interval Δ one should look for a compromise between smaller grains and the bounded interval: the smaller are the grains, the bigger is the distance between the boundaries.

This method sometimes produces quite exact line forms, especially for smooth and finite functions. That is why these coarse-grained boundaries are even less suitable for restoring an edge singularity form.

The inequalities can be applied to the MND problem if a number of different lines are discussed simultaneously and one aims at estimating their thresholds, respective intensities and frequency tails. For a specific application see [6].

Acknowledgements

I would like to thank Professor Dr. Adamjan for his guidance and help.

References

[1] Ohtaka K., Tanabe Y. Theory of the soft x-ray edge problem in simple metals:

historical survey and recent developments. // Rev. of Mod. Phys., 1990, vol. 62, No 4, p. 929-991, and references therein.

190 A.G.Salistra

[2] Adamyan V.M., Ortner J., Salistra A.G., Tkachenko I.M. X-ray absorption problem in metals within the one-electron approximation. // Phys. Rev. B, 1995, vol. 52, No 19, p. 13827-13837.

[3] Salistra A.G. Moments of X-ray spectra in simple metals (edge fine structure, MND problem), Physica B, 1996, vol. 229, No 1, p. 63-73.

[4] Krein M.G., Nudelman A.A. The Markov moment problem and extremal problems. Providence, Rod Island, American Math. Soc., Translations of Math. Monographs, 1977, vol. 50.

[5] Citrin P.H., Wertheim G.K., Baer Y. // Phys. Rev. Lett., 1975, vol. 35, p. 885. [6] Becker K.W, Plefka T., Sauermann G. Rigorous analysis of spectral densities by means of a finite number of moments // J. Phys. C, 1975, vol. 8, p. 121-128.

QASTOTN� MOMENTI: TOQNA STRUKTURA RENTGEN�VS^KIH SPEKTR�V METAL�V TA �NX� ZASTOSUVANN˚

A.Salfistra

Viznano, wo kraÝ l˛n˛ȷ rentgen˛vs~kih spektr˛v metal˛v (poglinannffl, visilannffl, fotoem˛s˛ffl) mat~ netriv˛al~nu formu: I(ω) ∝ |ω −ω_{edge}|^{−α}, fflku we nazivat~ stepenevim zakonom. Ceȷ zakon vikonu‚t~sffl asimtotiqno pri ω → ω_{edge} v okol˛ porogu. Taku nezviqaȷnu poved˛nku bulo pofflsneno fflk profflv analogu ˛nfraqervonoÝ katastrofi, fflkiȷ ‚ rezul~tatom raptovoÝ zm˛ni seredn~ogo polffl sistemi. Do c~ogo polffl doda‚t~sffl potenc˛al d˛rki v k˛stfflku (de ran˛xe buv zbudıeniȷ z glibokogo r˛vnffl elektron). V dan˛ȷ statt˛ obgovoreno metod v˛dnovlennffl formi l˛n˛Ý poza meıami asimtotiqnoÝ d˛lfflnki, de vvaıa‚t~- sffl spravedlivim tak zvaniȷ uzagal~neniȷ stepeneviȷ zakon: I = cω^{α(ω)}. Z c˛‚ meto mi komb˛nu‚mo v˛domiȷ pokaznik singulfflrnost˛ α z k˛l~koma perximi qastotnimi momentami, fflk˛ znaȷdeno z povnogo toqnogo virazu dlffl us~ogo spektra. Mi pokazu‚mo, wo α(ω) sil~no zaleıit~ v˛d formi zoni prov˛dnost˛ ta v˛d asimtotiki polffl k˛stfflkovoÝ d˛rki na velikih v˛dstanfflh .