PACS 04.25.Nx

MANY-PARTICLE CORRELATION EFFECTS AND MAGNETISM OF WEAKLY RELATIVISTIC ELECTRON GAS

L.F.Blazhyjevskii, H.B.Hil’, Yu.S.Krynytskyi

Ivan Franko Lviv State University Department for Theoretical Physics 12 Dragomanov St., UA{290005, Lviv{05, Ukraine

Received February 24, 1997

The path integral quantum-statistical approach to study the magnetic properties of the weakly relativistic interacting electron gas in the inhomogeneous magnetic field is suggested. In the random phase approximation the thermodynamic potential is calculated. In the case of absolute zero the magnetization and nonlinear magnetic susceptibility of the system are found. Both Landau diamagnetism and Pauli paramagnetism are taken into account. It is shown that in the region of high electron density the relativistic contributions are essential and lead to the increase of magnetic susceptibility.

Classical and quantum treatment of the magnetic properties of relativistic ideal electron gas was given in ref. [1,2]. The many-particle corrections (including correlation contributions) to the magnetic susceptibility of the non-relativistic electron gas are discussed in ref. [3]. For the relativistic description of the interacting charged spin particles the spin-spin, spin-orbital, contact, Coulomb and retarded electromagnetic interactions, as well as the interaction with external field are necessary to take into account. Explicit form of the relativistic interactions is complicated and consequently the construction of the corresponding statistical theory is complicated, as well. However for the weakly relativistic case there is a possibility of statistical description analogous to the non-relativistic theory [4].

In the present paper an approach to the quantum-statistical theory of the magnetism of the interacting weakly relativistic electron gas is suggested. Such approach is based on the Lagrange description and path integral formalism. This formalism was developed in papers [4,5].

The Lagrangian of the weakly relativistic electron gas in the presence of the external inhomogeneous magnetic field H_0(r) = rotA^0(r) is as follows

L = L_D + L_C + L_{SO} + L_{SS} + L_F . (1)

The term

L_D = N∑ i=1 ( mv^2_i 2 + mv^4_i 8c^2 ) �^1_2^{N∑}_{i≠j}^{e2}_{rij}^{1 �^1_{2c2}^[(vi, vj ) +^{(rij , vi)(rij , vj )}_{r2ij}^{]}}

cfl L.F.Blazhyjevskii, H.B.Hil’, Yu.S.Krynytskyi, 1997

ISSN 0452{9910. Condensed Matter Physics 1997 No 10 (3{8) 3 is Darwin Lagrangian that describes Coulomb and electromagnetic interactions,

L_C = 1 2 N∑ i≠j πe^2~^2 m^2c^2 δ(r_{ij} ) corresponds to the Darwin contact interactions. The contributions L_{SO} = 1 2 N∑ i≠j e^2~ 2mc^2r^3_{ij}

(σ_i[r_{ij} , (v_i − 2v_j )]),

L_{SS} = − 1 2 N∑ i≠j e^2~^2 4m^2c^2 { (σ_i, σ_j ) r^3_{ij} − 3 (σ_i, r_{ij} )(σ_j , r_{ij} ) r^5_{ij} − 8π 3 (σ_i, σ_j )δ(r_{ij} ) }

describe spin-orbit and spin-spin interactions, respectively. Interaction with the external field is determined by Lagrangian

L_F = N∑ i=1 e c ( (v_i, A^0(r_i)) + ~ 2m (σ_i, H_0(r_i)) ) . Here N is a number of electrons, e is the electronic charge, m is the electronic mass, c is the speed of light, r_i and v_i are the position and velocity of the i-th electron, respectively, r_{ij} = r_i − r_j . The quantities σ_i are Pauli spin matrices for particle i, δ(r) is Dirac δ-function.

The thermodynamic potential Ω of the quantum charges system (1) at the statistical temperature β^{−1} can be represented in the form of path integral [5]:

e^{−βΩ} = reg A ∫ DR_k(τ) exp 1 2 ∑ k β∫ 0 dτ (R_k(τ), R�_k(τ)) e −βΩ(R),

−β Ω(R) = ∑ n¿1 (−1)^{n+1} n e^{nβμ}Z_1(βn). (2)

Here A is a normalizing factor, which can be find after equalizing of integral (2) to one under Z_1 = 0 condition, μ is chemical potential. Symbol ”reg” denotes that the contributions proportional to [δ(0)]^l are neglected after the calculation of all path integrals (l = 1, 2, . . .) was performed. Z_1(βn) can be treated as partition function of one particle in the same fictitious external field R_k(τ) at temperature Θ = 1/nβ. This partition function can be determined by the next expressions

Z_1(βn) = Sp ∫ d^3r K(r, r; nβ), (3) K(r, r^′; β) = reg C ∫ D^3u(τ)e^{(S0+S0+SF )}δ(r − r^′ −~ β∫ 0 dτ u(τ)),

S^0 = β∫ 0 dτ { − mu^2(τ) 2 − mu^4(τ) 8c^2 +

+ 1 2 ∑ k 4πe^2 V k^2 ( 1 + 2u^2(τ)

3c^2 − 3~^2k^2 4m^2c^2 )} ,

S^′ = β∫ 0 dτ ∑ k ie ( 4π V k^2 )_{1/2} (R_k(τ), F_k(τ))e^{ikr(τ )},

S_F = β∫ 0 dr ∑ k ie cV ( (A^0_k, u(τ)) + ~ 2m ([k, A^0_k]σ) ) e^{ikr(τ )},

F_k(τ) = k k ( 1 − ~^2k^2 8m^2c^2 − ~ 4mc^2 (k[σ, u]) ) + + 1 ck ( [k, u] + ~ 2m [k [k, σ] ] ) , r(τ) = r −~ β∫ τ dτ^′ u(τ^′), D^3u(τ) = ∏ 06τ 6β d^3u (τ).

The trace operation ”Sp” in equation (3) is carried out over spin states, A^0_k is the Fourier transform of A^0(r), V is the system volume, C is a normalizing factor. The functional (3) in the case, when the spin interactions are neglected and external field is absent, was found in paper [5].

Let us restrict ourselves by the random phase approximation (RPA) for the calculation of Ω. For this purpose it is sufficient to take into account in Z_1(βn) only the terms that are proportional to e^2. The calculation of path integrals is done according to

reg C ∫ Du(τ)(· · · u(τ_0) · · ·) exp β∫ 0 dτ {L(iu(τ)) − iP (τ)u(τ)} =

= reg ( · · · 1 i δ δφ(τ_0) · · · ) exp β∫ 0 dτ H(P (τ) − φ(τ)) | | | | |_{φ=0} ,

where H(p) is the Hamiltonian function that corresponds to Lagrangian L(v). After calculations that are omitted here one obtains −βΩ(R) = ∑ p,s ln(1 + e^{β(μ−εp)}) + + β 2 ∑ k ( 4πe^2 V k^2 ) ∑ p,s ⟨n_p⟩ ( 1 − p^2 − (k, p)^2/k^2

m^2c^2

− 3Λ_k ) +

+ 1 2 ∑ k ( 4πe^2 V k^2 )^β∫ 0 dτ β∫ 0 dτ^′ ~R^μ_k(τ) ~R^μ�_k(τ^′) ×

× { P^{μν}_k (τ − τ^′) + δ(τ − τ^′) mc^2 l^⊥_{μν} ∑ p,s ⟨n_p⟩ } , where

P^{μν}_k (τ − τ^′) = ∑ p,s e^{|τ −τ 0|Δε}⟨n_p⟩(1 − ⟨n_{p−~k}⟩) × × { l^‖_{μν} (1 − Λ_k) − l^⊥_{μν} ( p^2 − (k, p)^2/k^2 m^2c^2

+ Λ_k )} , Λ_k =

~^2k^2 4m^2c^2

, ~R^μ_k(τ) = R^μ_k(τ) + 1 √ 4πV [k, A^0_k], Δε = ε_p − ε_{|p−~k|}, ε_p = p^2 2m − p^4 8m^3c^2 , l^‖_{μν} = k_μk_ν /k^2, l^⊥_{μν} = δ_{μν} − k_μk_ν /k^2,

⟨n_p⟩ is the Fermi-Dirac distribution.

Thus, within RPA the path integral (2) is of Gaussian type. After this calculation one finds the thermodynamical potential Ω. In particular, the corrections to Ω due to the interaction of particles with the magnetic fields are given by the formula

ΔΩ^{mg} = 1 2 ∑ k {(A^0_k, A^0�_k) − (k, A^0_k)(k, A^0�_k)/k^2} ×

× e2 V [ 1 mc2 ∑ p,s ⟨n_p⟩ + P^⊥_{k,0} ]

1 +^{4πe2}_{V k2} [ 1 mc2 ∑ p,s ⟨n_p⟩ + P^⊥_{k,0} ] , (4)

where P^⊥_{k,0} = P^⊥_{k,n}|_{n=0}, P^⊥_{k,n} are Fourier transforms of the transversal parts of the propagator P^{μν}_k (τ − τ^′) : P^⊥_{k,n} = Π^⊥_{k,n} − Λ_kΠ^‖_{k,n}. If n = 0 then

Π^‖_{k,0} = −2 ∑ p,s ⟨n_p⟩/|Δε|, Π^⊥_{k,0} = 1 (mc)^2 ∑ p,s ( p^2 − (k, p)^2 k^2 ) ⟨n_p⟩/|Δε|. (5) Below, we shall describe the case of the constant homogeneous magnetic field H_{0x} = H_{0y} = 0, H_{0z} = H_0. Taking into account the Coulomb gauge (k, A^0_k) = 0 and equalities δ^′(z) = δ(z)/z, δ^{(3)} (0) = V/(2π)^3 (V → ∞) one can show that (A^0_k, A^0�_k) = (2π)^3V H^2_0 δ(k)/k^2. Then

ΔΩ^{mg} =

V H^2_0 8π lim_{k→0} ( 4πe^2 V k^2 )^1_{mc2} ∑ p,s ⟨n_p⟩ + Π^⊥_{k,0} − Λ_kΠ^‖_{k,0}

1 +^{4πe2}_{V k2} [ 1 mc2 ∑ p,s ⟨n_p⟩ + Π^⊥_{k,0} − Λ_kΠ^‖_{k,0}

] . (6)

In the case of absolute zero one can get

Π^‖_{k,0} = V k_0m π~^2

, Π^⊥_{k,0} = −

V k^3_0 3π^2mc^2 ( 1 − k^2 4k^2_0 ) , where ~k_0 is the marginal momenta, connected with chemical potential by the condition ε_{~k0} = μ. Using these results in (6) and neglecting the spin interaction contribution (Λ_k = 0), we find

ΔΩ^{dia} =

V H^2_0 8π e^2k_0/3πmc^2 1 + e^2k_0/3πmc^2

. (7)

Expression (7) describes the contribution of diamagnetic effects into Ω. Taking into account the spin interactions we obtain

ΔΩ^{mg} = − mV 12π^2 k_0 ( eH_0 mc )_2 /( 1 − 2e^2k_0 3πmc^2 ) . (8)

The last expression accounts diamagnetism of Landau as well as paramagnetism of Pauli. From this expression we find the magnetization and magnetic susceptibility

M = χH_0, χ = e^2k_0 6π^2mc^2 /( 1 − 2e^2k_0 3πmc^2 ) . (9)

The dependence on the marginal momenta ~k_0 is excluded on the basis of the equation for chemical potential. We restrict ourselves to a nonrelativistic value of ~k_0. Then χ χ_0 = 1 1 − aα^2/r_S + c_0r_S + c_1r^2_S + c_2r^2_S ln r_S (1 − aα^2/r_S )^2

− c_3r^4_S a^3_0H^2_0 /mc^2 (1 − aα^2/r_S )^4 , χ_0 = a 4π α^2 r_S . (10)

Here α = e^2/~c is the fine structure constant, a_0 = ~/me^2 is Bohr radius, a ≈ 0, 407; c_0 ≈ 0, 166; c_1 ≈ −0, 021; c_2 ≈ 0, 008; c_3 ≈ 0, 006.

Equations (6) - (8), (10) are correct in the region of the weakly external field and high electron density that corresponds to the small values of Brueckner parameter r_S (α^2 ≪ r_S ≪ 1). In the non-relativistic limit the equations (6) - (8), (10) are in agreement with the known results [3]. As one can see from (10) the exchange corrections, that are proportional to coefficient c_0 and relativistic contributions due to constant α (in contrast to correlation corrections connected with c_1 and c_2), lead to the increase of magnetic susceptibility. In the region of high electron density the relativistic corrections are essential. They may be to great extent larger than the nonrelativistic correlation contributions and approach to exchange corrections with respect to magnitude of order.

References

[1] Frankel N.E., Opat G.I., Spitzer J.J. Exact statistical mechanics of a relativistic magnetic anomaly. // Phys. Lett. A, 1967, vol. 25, No 10, p. 716-717.

[2] Delsante A.E., Frankel N.E. Relativistic paramagnetism: Quantum statistics.

// Phys. Rev. D, 1979, vol. 20, No 8, p. 1795-1806.

[3] White R.M. Quantum theory of magnetism. New York, Mc. Graw–Hill Book Company, 1970.

[4] Blazhyjevskii L.F. Path Integrals in configuration space in the weakly relativistic many bodies theory. // Teor. Mat. Fiz., 1986, vol. 66, No 3, p. 409-421, (in Russian).

[5] Blazhyjevskii L.F. The Quasirelativistic collective variables and path integrals in statistical mechanics of degenerated systems. // Ukr. Fiz. Zhurn., 1986, vol. 31, No 2, p. 297-303, (in Russian).

BAGATOQASTINKOV¨ KORELC¨Õ TA MAGNETIZM SLABORELTIV¨STS^KOGO ELEKTRONNOGO GAZU

L.F.Blaßiflvs~kiæ, G.B.Gfil~, ı.S.Krinic~kiæ

Na osnov˛ metodu kontinual~nogo ˛ntegruvannffl dosl˛dıut~sffl magn˛tn˛ vlastivost˛ slaborelffltiv˛sts~kogo elektronnogo gazu u neodnor˛dnomu magn˛tnomu pol˛. Obqisleno termodinam˛qniȷ potenc˛al u nabliıenn˛ haotiqnih faz, znaȷdeno namagn˛qen˛st~ ˛ nel˛n˛ȷnu magn˛tnu spriȷnffltliv˛st~ pri temperatur˛ absoltnogo nulffl, de bulo vrahovano d˛amagnetizm Landau ta paramagnetizm Paul˛. Pokazano, wo u vipadku visokoÝ gustini elektronnogo gazu relffltiv˛sts~k˛ vneski ‚ sutt‚vimi ˛ vedut~ do zrostannffl magn˛tnoÝ spriȷnffltlivost˛.