PACS 05.60, 67.60

QUANTUM AND CLASSICAL GASES IN CONFINED GEOMETRY

I.N.Adamenko, A.I.Chervanyov, K.E.Nemchenko

Department of Physics and Technology Kharkiv State University, UA{310077 Kharkiv, Ukraine

Received September 12, 1995; revized July 8, 1996

The solution of kinetic equation for the quantum and classical gases with diffusion boundary conditions has been obtained for an arbitrary capillary width d-to-mean free path l ratio. This solution allowed us to obtain analytical expressions describing both the stationary states of the gas filling in two containers connected by a capillary and the thermal slippage effect. The relations obtained have made it possible to observe the transition from the Knudsen regime (d ø l) to the hydrodynamic one (d Æ l). This results take into account the influence of statistics and geometry of the capillary as well.

Non-equilibrium stationary states of the gas [1] filling in the two vessels connected by the channels with a small ratio of its width d to the mean free path l_T (Knudsen effect) is used for the investigation of the classical kinetics of the high rarefied gas. As far as we know the Knudsen effect has been investigated for the classical gases experimentally and theoretically in the limit l_T ≫ d only [1].

The present paper continues the investigations started in [2] and here we shall consider the Knudsen effect observed in the quantum gas of the impuritons of the superfluid mixtures of helium isotopes. Non-equilibrium stationary states of the classical and quantum gases with the arbitrary ratio of l_T /d and various geometry is investigated theoretically in this paper.

The explicit expressions are obtained for the distribution function of the particles without any restrictions in the statistics both for the cylindrical and plane-parallel capillaries of various cross-section. Proceeding from the expression for the distribution function one can calculate all significant values for the gas flow in the capillary . In this way the relations between gradients of the temperature and concentration were obtained. This results made it possible to obtain both the stationarity condition for the gas flow analytically and a explicit expression for the thermal slippage coefficient. The above expressions being essentially different for the classical and quantum gases.

A conventional device for the quasiparticles osmotic pressure measurements consists of two vessels filled with superfluid^3He-^4He mixtures. This vessels are connected by the Vicor glass superleak [3]. The values of concentration n_3 and temperature T may be different in these containers . The state with the constant value of the^4He chemical potential (μ_4 =const) is reached by the overflowing of the superfluid component through the superleak relatively fast. As we know this state was studied both theoretically

c' I.N.Adamenko, A.I.Chervanyov, K.E.Nemchenko, 1997

ISSN 0452{9910. Condensed Matter Physics 1997 No 9 (7{12) 7 and experimentally. Otherwise this state is not stationary one and it should be considered since a quasistationary one as the gas of impuritons can flow through the superleak representing a set of channels with the finite crosssection. In consequence of the impuritons overflow a real stationary state is established. In this state the flow velocity of impuritons [3] must be equal to zero.

The condition of stationarity can be written as follows [1]: ∫ dS_Π ∫ dΓ dϵ_3 dp_z g = 0. (1)

Here dS_Π is the cross-section element, dΓ is the momentum space element, axis z lies along the flow, p_z is z-th component of momentum, ϵ_3 is the energy of impuriton; g = f − f_0 is the nonequilibrium term adding to the local-equilibrium function f_0. It should be noted that the left-hand part of equation (1) represents the macroscopic velocity of impuriton gas ϑ = ∫ dΓ dϵ_3 dp_z g. (2) which is averaged over the cross-section of a capillary.

Relation (1) makes it possible to determine the values of the temperature and concentration in each of the vessels connected by a capillary in the stationary state. This values must be different essentially in the quasistationary state. The situation when the inequality l_T ≫ d is not fulfilled can be observed in a number of experiments (see for example [4]). In this connection the theoretical investigations of the Knudsen effect with an arbitrary ratio of l_T /d are of great interest.

To investigate the relation of stationarity (1) which is valid for the capillary of an arbitrary cross-section, one has to solve the kinetic equation for the gas of the quasiparticles filling in this capillary with respective boundary condition. The length of the capillary is supposed to be much greater than all typical lengths (mean free paths, width of the capillary). This assumption allows us to consider only slow changes of pressure and temperature along the z-axis of the capillary and to linearize the kinetic equation with respect to the small deviation g from the local equilibrium distribution function f_0.

The kinetic equation should be completed with the boundary conditions. The latter describes the type of interaction between the quasiparticles and the capillary walls. In the case of diffusive reflection this conditions may be written as g[(x; y) ∈ S; (⃗p; ⃗n) ¿ 0] = 0, (3)

where S are the points of the capillary surface, and ⃗n is positive normal to S. Let us consider the flow of quasiparticles gas in a cylindrical capillary of radius R by using the BGK-approximation for the collision integral [5]. In this case the kinetic equation gives s_ρ dg dρ cos(φ − ψ) + s_z df_0 dz = −g + p_zf_0 mP_F ∫ dΓ p_zg. (4)

Here we use the cylindrical coordinate system. The location and the momentum of the particles are defined by the vectors ⃗r = ⃗r(ρ, φ, z) and ⃗p = ⃗p(p_ρ, ψ, p_z ) respectively; ⃗s = τ ⃗p/m; and P_F is the pressure of the ideal

Fermi-gas. The general solution of equation (4) with diffusion boundary condition (3) may be found as the sum

g = g̃ + g_H . (5)

The first term in (5) defines the kinetics of the quasiparticles gas in the vicinity of the capillary walls inside the layer of typical width of mean free path. This term represents the exact solution of the Cauchy-problem. s_ρ dg̃ dρ cos(φ − ψ) + s_z df_0 dz + g̃ = 0, (6)

g̃(ρ = R; (⃗p, ⃗n) ¿ 0) = 0. (7) It respects to the usual τ-approximation and diffusive reflection on the capillary walls.

The second term in (5) is the solution of equation s_ρ dg_H dρ cos(φ − ψ) + g_H = p_zf_0 mP_F ∫ dΓ p_z(g̃ + g_H ) (8)

with the boundary condition (3). As it will be shown later this term should be considered in hydrodynamic flow of quasiparticles.

The problem (6)-(7) has the only solution

g̃ = −s_z df_0 dz 1 − exp − ρ s_ρ cos(φ − ψ) + √( R ρ )_2 − sin^2(φ − ψ) . (9) Here the term with the exponent defines the interaction of quasiparticles with the walls. It differs from zero in the vicinity of the capillary walls.

The expression for the deviation g_H is obtained from the equation (8) which describes the motion of the quasiparticles gas at a distant from the capillary walls (hydrodynamical flow). The asymptotic expression for the deviation of g_H with respect to the small parameter l_T /ρ (l_T = τ √ 2T /m) can be written as

g_H =

5F_{3/2} 4F_{5/2} τp_z∇P_F mP_F l^2_T [ρ^2 − R^2 − 4Ωs^2_ρ] + p_zf_0 mP_F (1 − e�^Ω)μ∇T , (10)

where Ω = ρcos(φ − ψ) s_ρ + √ R^2 − ρ^2 sin^2(φ − ψ) s_ρ ,

μ = 5 2 τ m F_{3/2} F_{5/2} 7F^{5/2} 15F_{1/2} − 5 9 ( F_{3/2} F_{1/2} )_2 + 3 8 F_2 F_{3/2} ( 3 4 F_2 F_{1/2} − 5 6 F_{3/2}F_1 F^2_{1/2} ) (11)

and Fermi-function F_ν = 1 π^2~^3

1_∫ 0 dε̄ ε̄^ν 1 + exp ( ε̄ −^{μF}_T ) . The coefficient μ (11) is the coefficient of thermal slippage. It was introduced phenomenologically for the classical gases [1].

From (11) we have μ = τ 2m ( 1 + 1 π ) ξ, μ = 3τ m T T_F , (12)

for the cases of classical (T ¿ T_F ) and degenerate (T 6 T_F ) gases, respectively.

The same calculations for the plane-parallel capillary give

g = g̃_Π + g_{ΠH} , (13)

g̃_Π = −s_z df_0 dz [ 1 − exp ( − d | s_x | − x s_x )] . (14)

The x-axis is perpendicular to the walls of the capillary and z-axis coincides with the direction of the gradient

g_{ΠH} =

5F_{3/2} 2F_{5/2} τp_z mP_F l^2_T [x^2 − d^2 − 2Λs_x]∇P_F + p_zf_0 mP_F (1 − e�^Λ)μ∇T , (15)

where Λ = d/| s_x | + x/s_x.

Relations (9), (10), (14), (15) completely define the flow of the gas without any restriction on statistics of the gas in both cylindrical and planeparallel capillaries with an arbitrary cross-section. The substitution of this relations in (1) determines, in general case, the relation between the gradients of temperature and concentration that makes the state stationary but non-equilibrium.

The general relations will not be written here since they are too cumbersome. The expressions for the limiting cases of both relatively wide and narrow capillary will be presented.

Proceeding from both the expressions for nonequilibrium term g (8)-(10), (13)-(15) and stationarity condition (1) we have for the wide plane-parallel capillary (d/l_T ¿ 1) ∇P_F = 3F_{5/2} 5F_{3/2} l^2_T d^2 mn_3μ τ ( 1 − 9l_T F_2 8dF_{3/2} ) ∇T (16)

and for the cylindrical one (R_T /l_T ¿ 1): ∇P_F = 8F_{5/2} 5F_{3/2} l^2_T R^2 mn_3μ τ ( 1 − 3l_T F_2 RF_{3/2} ) ∇T . (17) In classical region of temperatures (T ¿ T_F ) relations (16) and (17) give

∇(n_3T ) = 3 4 l^2_T d^2 ( 1 + 1 π ) ( 1 − 3l_T d √ π ) n_3∇T (18) and ∇(n_3T ) =

2l^2_T R^2 ( 1 + 1 π ) ( 1 − 8l_T R √ π ) n_3∇T (19)

respectively.

If the gas of impuritons becomes degenerate (for the temperatures T 6 T_F ), relations (16), (17) may be written as ∇P_F = 9 7 l^2_F d^2 ( 1 − 15l_F 16d ) T T_F n_3∇T , (20)

∇P_F = 24 7 l^2_F R^2 ( 1 − 5l_F 2R ) T T_F n_3∇T . (21)

Here l_F = τ √ 2T_F /m. Expressions (16)-(21) show that the constant difference of temperatures δT = T_2 − T_1 at the ends of a wide capillary is, in a long run, compensated by the constant difference of pressures δP = P_2 −P_1, so δP P_1 ∼ l^2_T δT d^2T_1 . In this case the gas of impuritons flows along the temperature gradient direction near the axis of the capillary and it flows in the opposite direction in the vicinity of the capillary walls making the complete mass flow be equal to zero. This result coincide with the result of [1].

Now let us consider the stationary non-equilibrium state of^3He-^4He mixture filling in the vessels connected by a narrow capillary (d/l_T 6 1, R/l_T 6 1) with constant values of temperature at its ends [2]. This situation is similar to the stationary state of the system of the gas filling in the volumes separated by means of the thin walls with the pores of size much less than mean free path of the particle of the gas (Knudsen effect [1]).

Proceeding from condition (1) and expressions (8)-(10), (13)-(15) with reference to the limit considered one can find that the stationary state is determined by the fact that the function Ψ must be constant along the capillary axis ∇Ψ_{Θ;Π} = 0. (22) In classical range of temperatures (T ¿ T_F ) the asymptotic expression for the function Ψ with respect to the small parameter a = 2d/l_T 6 1 may be written as Ψ_Π(a) = n_3T [ 3 √ π a ( 1 − ℜ − 2 3 ) + a^2 3 ] (23)

for the plane-parallel capillary (ℜ = 0.577 . . . – is the Eiler‘s constant), and

Ψ_Θ(a) = n_3 √ mT 2π 8R 3τ (24)

for the cylindrical one.

In the region of the degeneracy T 6 T_F one can obtain

Ψ_Π = − 15 16 a_F P_F [ ln a_F + ℜ − 3 4 ] [ 1 − π^2 4 T^2 T^2_F ( 1 + 1 6 ln a_F )] , (25)

for the plane-parallel capillaryand

Ψ_Θ = P_F [ 5 4 a_F − 5 6 a^2_F ln a_F ] [ 1 − π^2 4 T^2 T^2_F ( 1 − 4 9 a_F ln a_F )] ; a_F = 2d τ √ m 2T_F (26) for the cylindrical one.

It should be noted that there is essential difference between asymptotic relations (23), (24) for the plane-parallel capillary and for the cylindrical one, respectively. The main term in the asymptotic derivation (23) of the function Ψ for the case of the plane-parallel capillary is a·ln a. As to the case with the cylindrical capillary the main term in expression (24) is linear ∼ a. This result corresponds to the well-known formula of Knudsen describing the establishment of the equilibrium state in the above mentioned classical system of the gas filling in two volumes separated by the porous wall. In this case the mechanical equilibrium is determined by the following equality between temperatures and pressures of the gas filling in the vessels

P_1/ √ T_1 = P_2/ √ T_2. (27)

This relations may be considered as a requirement for the function Ψ (24) to be constant along the capillary axis . For the plane-parallel capillary the stationarity requires the fulfillment of the another condition

P_1 √ T_1 ( 1 − ℜ − 2 3 ln ( 2d l_{T1} )) = P_2 √ T_2 ( 1 − ℜ − 2 3 ln ( 2d l_{T2} )) (28)

This difference is caused by the fact that when the walls of the planeparallel capillary approach each another we have hydrodynamical regime in each plane parallel to walls. When the radius R of the cylindrical capillary tends to zero the hydrodynamical regime is retained along the direction of the capillary axis only.

References

[1] Lifshitz E.M., Pitaevskii L.P. Physical Kinetics. New-Oxford, Pergamon Press, 1981.

[2] Adamenko I.N., Nemchenko K.E., Tsyganok V.I., Chervanyov A.I. Interaction of quasiparticles and the steady states of superfluid solutions of helium isotopes. // Fizika Nizkih Temperatur, 1994, vol. 20, No 7, p. 636-644.

[3] Ebner C., Edwards D.O. The low temperature properties of superfluid solutions of^3He in^4He. // Physics Rep., 1971, vol. 2C, p. 79-110.

[4] Mikheev V.A., Rudavskii E.Ya., Chagovets V.K., Sheshin G.A. Phase separation of superfluid mixture. Line of fast nucleation. // Fizika Nizkih Temperatur, 1991, vol. 17, No 5, p. 444-450.

[5] Cherchignani C. Theory and application of the Boltsmann equation. Moscow, Nauka, 1978.

TEPLOPROVIDNIST^ TA DIFUZI˚ U BAGATOKOMPONENTNIH KLASIQNIH TA KVANTOVIH SISTEMAH

I.M.Adamenko, K.E.Nemqenko

Oderıano rozv’fflzok kinetiqnogo rivnfflnnffl z difuznimi umovami na meıi dlffl kvantovih i klasiqnih gaziv pri dovil~nih vidnoxennfflh miı xirino kapilfflra d i seredn~o dovıino vil~- nogo probigu l. Ceȷ rozv’fflzok dozvolfflÝ distati virazi dlffl teplovogo kovzannffl i doslidıuvati stacionarni stani gazu, wo perebuva‚ u dvuh konteȷnerah, fflki z’‚dnani miı sobo kapilfflrom. Otrimani spivvidnoxennffl dozvolfflt~ prosteıiti perehid vid reıimu Knudsena (d ø l) do gidrodinam˛qnogo reıimu (d Æ l) i viznaqiti vpliv statistiki i geometri˛ kapilfflru.