UDC 538.9

MODULATED STRUCTURES OF ORDER PARAMETER AND SPONTANEOUS PARITY BREAKING

V.F.Klepikov, S.V.Berezovsky

Scientific and Technical Centre for Electrophysical Treatment National Ukrainian Academy of Science 3 Valtera St., a/b 9410, UA–310108 Kharkiv, Ukraine

Received September 12, 1995

Modulated structures of order parameter are considered as an important necessary element of phase transitions. Stable modulated structures are a result of the competition among several high gradient terms. There are two phases of modulated structures which have different level of spontaneous symmetry breaking for the parity group. At the transition point between these phases the space distribution of the order parameter is similar to that of bell-soliton. Thermodynamic potential is evaluated in the vicinity of this point.

Critical phenomena near a phase transition (PT) point are usually described as nonequilibrium ones. But there are some important reasons, first of all energetic and symmetrical, to consider critical inhomogeneities of the order parameter (OP) as the equilibrium extremals of a thermodynamical potential. Modulated OP structures are just an example of such phenomena [1]. Modulated structures (MS) are energetically advantageous (unlike domain structures) even in an unbounded media due to the competition among gradient terms in the system energy expression. Lots of physical systems may be described by a scalar one-component OP (ferroelectrics, some magnetics, etc.). In this case the following universal expression for the thermodynamical potential Φ is used [1,2]:

Φ = Φ_0 Z_{[A0(ϕ′′)2 − g(ϕϕ′)2 − γ(ϕ′)2 + rϕ2 + s} 2 ϕ^4 + 1 3 B_0ϕ^6]dx, (1)

where ϕ(x) is the scalar OP field; ϕ^′(x) =^{∂ϕ(x)}_{∂x} , A_0, g, γ, r, s, B_0 are material constants. It should be emphasized that the stable ϕ(x) structure can arise only as a result of the competition among several different gradient terms (or from specific boundary conditions, as in the case of domain structures).

Euler-Poisson variational differential equation corresponding to (1) has the form:

A_0ϕ^{(IV )} + g(ϕ^2ϕ^{′′} + ϕϕ^{′2}) + γϕ^{′′} + rϕ + sϕ^3 + B_0ϕ^5 = 0. (2)

Using the substitution w(z) = (ϕ^′)^2, z = ϕ^2(x) the first integral of equation (2) may be written as the 2nd-order differential nonlinear equation

2A_0(ww^′_z + 2zww^{′′}_z ) − A_0z(w^′_z )^2 + (γ + gz)w + rz + s 2 z^2 + 1 3 B_0z^3 = D,

cfl V.F.Klepikov, S.V.Berezovsky, 1996

ISSN 0452{9910. Condensed Matter Physics 1996 No 8 (69{74) 69 where D is the integration constant. Keeping in mind that z = ϕ^2 is small,

let us assume that w(z) =^∞P_{n=0} a_nz^n, in other words, ϕ^{′2}(x) =^∞P_{n=0} a_nϕ^{2n}.

There are three specific cases of this solution:

1). a_0 ≠ 0., a_1 ≠ 0. - ϕ(x) may be a periodic function;

2). a_0 = 0., a_1 ≠ 0. - ϕ(x) has an exponential asymptotics, i.e. ϕ(x) ≈ F {exp(−x)}; x → ∞; 3). a_0 = 0., a_1 = 0., a_2 ≠ 0. - ϕ(x) ≈ F {x^{−1}}; x → ∞.

It should be noted that in the case 3) the material parameter r has to be equal to zero. The situations when a_0 = 0., a_1 = 0., a_2 = 0. and a_3 ≠ 0. and so on are similar to the third case. Therefore for qualitative analysis we can use the truncated series

ϕ^{′2}(x) = a_0 + a_1ϕ^2 + a_2ϕ^4. (3)

Now let us classify the phases originating in the model (1), (3) and their symmetries.

1. ϕ(x) = 0. = const. There is no MS in the system (figure 1). Symmetry with respect to the parity group (ϕ → −ϕ) and translational group (x → x + C) takes place.

Figure 1.

2. The growth of ϕ(x) fluctuations and the instability of ϕ(x) = 0 state at r = γ^2/4A_0 lead to the 2nd-kind PT into the phase MS1. Owing to the fact that ϕ(x) ≈ 0 this PT may be described as a ”linear” one, in the linear approximation of (2). For the model (3) the solution to equation (2) is ϕ(x) = a_ccn(b_cx, k) , where cn(x, k) is the Jacobi elliptic function, the parameters a_c, b_c, k depend on the material constants. So ϕ(x) is a periodic function with the period T = K(k), where K(k) is the normal 1st-kind elliptic integral. For small values of k the space distribution of ϕ(x) may be approached with ϕ(x) = a_ccn(b_cx, k) ≈^−a cos(cx)+ �_− a cos(3cx) + ...

This situation is illustrated by figure 2.

Figure 2.

The change of a_c, b_c, k values caused by the change of the material constants with temperature, pressure and so on leads to growth of the absolute value of ϕ^{′2}(x) maximum at ϕ = 0 point. But this process is not unlimited. It is stopped under k^2 = 0.5 and for 0.5 < k^2 < 1 new features in the behaviour of the curve are observed (figure 3).

Figure 3.

Spontaneous symmetry breaking ( SSB ) for the discrete group of symmetry - the parity group takes place. Meanwhile ⟨ϕ(x)⟩_T = 0. It means that though the ”local” order is broken, this symmetry is not broken globally. As for the translational group x → x + C, the parameter C may take values only proportional to the period T instead of arbitrary ones for the phase 1.

3. ϕ^{′2}(x) becomes equal to zero at ϕ = 0 again (see figure 4). In this case a_0 = 0, a_1 ≠ 0, and for the model (3) the solution to equation (2) is the soliton : ϕ(x) = a_ccn(b_cx, 1) = ~ a ch(vx) = a_ddn(b_dx, 1). (4) where dn(x, k) is one of the Jacobi elliptic functions. There are neither parity nor translational symmetries in the system. The period T is equal to infinity and ⟨ϕ(x)⟩_T ≠ 0, i.e. there is full parity breaking in the system, not only local, but also global.

The equation a_0 = 0. is one of the main characteristics of this PT MS1→ MS2.

Let us evaluate the value of thermodynamical potential for the model (3) in the vicinity of a_0 ≈ 0. Using the expansion of the elliptic integrals

K(k) and E(k) for k^2 ≈ 1 [3], we obtain : Φ ≈ Φ_1 + a_0Φ_2 + a^2_0Φ_3 + a^2_0 ln(|a_0|)Φ_4, where Φ_i, i = 1, 2, 3, 4, are the combinations of a_1 and a_2. So, the second derivative of Φ with respect to a_0 is proportional to ln(|a_0|) whereas a_0 ≈ 0.

Figure 4.

Figure 5.

Figure 6.

4. MS2 phase - see figure 5. This function is above zero for all the values of x and ⟨ϕ(x)⟩_T ≠ 0, the period T is finite. For the model (3) we have ϕ(x) = a_ddn(b_dx, k) where 0. < k^2 < 1. For k^2 ≈ 1.

ϕ(x) = a_ddn(b_dx, k) ≈^−a (1 + cos(2^−c x) + ...).

The translational group symmetry x → x + T takes place.

5. The final phase - ϕ(x) = ±ϕ_0 = const (see figure 6). For the model (3) the point of PT from MS2 into this final phase is characterized by the equation a^2_0 − 4a_1a_2 = 0.

Translational group symmetry is restored for arbitrary C : x → x + C. Thus, one can conclude that the system loses its parity symmetry by parts. And MS may be considered as a very important ”tool” of this process. The analysis of PT from the phase ϕ(x) = 0 into the phase ϕ(x) = ±ϕ_0 allows to conclude that modulated structures may be a necessary element of any 2nd-kind PT.

In conclusion consider the following auxiliary potential ∧ Φ=^∧Φ0

Z_{[(Δf)2+ ∧g rα(f →∇ f)2 + 1} 3 r^{2α}f^6]d^d−→r , (5)

where d - is the space dimension, r = |−→r |.

For any d the Euler-Poisson equation for the functional (5) possesses

symmetry with respect to the dilation group −→ r^∗ = λ−→r , f^∗( −→ r^∗ ) = λ^{−δ}f(−→r ), where δ = (α + 2)/2. At α = d − 6 this symmetry becomes variational, i.e. the functional in question acquires it, too. If f(−→r ) = f(r), then the substitution t = ln r, f(r) = r^{−1}φ(t) transforms the Euler-Poisson equation for (5) to a differential one of (2) type with coefficients depending on d and ∧ g . Here we present such a differential equation for d = 6 ( i.e. α = 0 ) :

φ^{(IV )}−^∧g (φ^2φ 00 + φφ 0_2 ) − 10φ 00 + 9φ + 2^∧g φ^3 + φ^5 = 0. (6)

An exact solitonic solution to (4) type results from the existence of a hidden d−dimensional variational symmetry of the differential equation (6).

References

[1] Klepikov V.F. Modulated structures and phase transitions. // Sov. J. Low Temp. Phys., 1991, vol. 17, No 9, p. 1166-1169.

[2] Klepikov V.F. Modulated structures of one-component order parameter. // J.

Phys. C8 (Paris), 1988, vol. 49, No 12, p. 1805-1806.

[3] Jahnke E., Emde F. Tables of functions. New-York, Dover Publications, 1945.

MODUL^OVANI STPUKTUPI PAPAMETPA POP˚DKU TA SPONTANNE POPUXENN˚ PAPNOSTI

V.F.Klflpikov, S.V.Bepezovs~kiæ

Modul~ovani stpuktupi papametpa popffldku pozglffldat~sffl fflk vaıliviȷ neobhidniȷ element fazovih pepehodiv. Stiȷki modul~ovani stpuktupi ‚ pezul~tatom konkupenciÝ miı defflkimi visokogpadi‚ntnimi dodankami. Isnu‚ dvi fazi modul~ovanih stpuktup, wo mat~ pizni pivni spontannogo popuxennffl simetpiÝ dlffl gpupi papnosti. Ppi toqci pepehodu miı cimi fazami ppostopoviȷ pozpodil papametpa popffldku ‚ takim samim fflk dlffl bell-solitona. Ocin‚t~sffl tepmodinamiqniȷ potencial v okoli ci‚Ý toqki.