UDC 530.145; PACS 67.80

ON HYDRODYNAMIC THEORY OF

QUANTUM SPIN CRYSTALS

A.A.Isayev, M.Yu.Kovalevsky

National Centre “Kharkiv Physical and Technical Institute” Ukrainian National Academy of Sciences, 1 Academichna St., UA–310108 Kharkiv, Ukraine

Received April 19, 1996

On the base of the Hamiltonian approach, hydrodynamic equations for quantum spin crystal are obtained. Basic thermodynamic identity is formulated. Expressions for the flux densities of additive motion integrals in terms of thermodynamic potential density are found both for the cases of Galilean invariant and Galilean noninvariant systems. Stationary solutions corresponding to spiral magnetic ordering are received. Spectrum of propagating modes is studied.

Introduction

It is well known that superfluidity in a quantum crystal [1] points towards the possibility of two types of motion. The first type is the motion of lattice sites inherent for a solid, while the second type is associated with mass transfer by quasiparticles with motionless lattice sites, which is characteristic for a superfluid liquid. Linear dynamics equations for quantum crystals were obtained in Ref. [1] by using a phenomenological approach; their nonlinear generalization was carried out in Refs. [2–4]. In these works, however, the effect of spin degrees of freedom on nonequilibrium processes in quantum crystals was disregarded, although it can be significant for quantum solid 3He. Bearing in mind that the symmetry relative to uniform spin rotations is spontaneously destroyed in superfluid phases of^3He, we consider the case when spin invariance is broken completely (the parameter describing such breaking is the real matrix of rotation), which corresponds to the B–phase of 3He. In other words, we consider a quantum spin crystal whose equilibrium state is characterized by a simultaneous violation of phase, translational and spin invariance.

The variables describing violation of the symmetry as to spin rotations, phase transformations and spatial translations are the real matrix of rotation a_{αβ} (x) in the spin space, the superfluid phase ϕ(x) and the displacement vector u_i(x) in the configuration space respectively. Breaking of any two of these symmetries was considered earlier [1–6]. The case of simultaneous violation of all the three types of the symmetry has not yet been analysed. We will try to solve the problem formulated above by using the Hamiltonian approach. Let us briefly describe the basic concepts of this method.

cfl A.A.Isayev, M.Yu.Kovalevsky, 1996

ISSN 0452{9910. Condensed Matter Physics 1996 No 8 (57{67) 57

1. Fundamentals of the Hamiltonian approach

The Hamiltonian approach to continuous system with dynamic variables φ_α(x) is based on defining the Hamiltonian of the system H ≡ ∫ d^3xε(x) as a functional of dynamic variables as well as Poisson’s brackets (PB) for these variables. The equation of motion of an arbitrary physical quantity A in the Hamiltonian method has the form: Ȧ = {A, H}. (1.1) PB for arbitrary functionals A and B of dynamic variables φ_α(x) are defined as {A, B} = ∫ d^3xd^3x^0 δA δφ_α(x) {φ_α(x), φ_β (x^0 )} δB δφ_β (x^0 )

. (1.2)

If the PB of the variables φ_α(x) are antisymmetric to their transposition and satisfy Jacobi’s identity, the PB of arbitrary functionals A and B have, according to definition (1.2) similar properties: {A, B} = −{B, A}, {AB, C} = A{B, C} + B{A, C}, {A, {B, C}} + {B, {C, A}} + {C, {A, B}} = 0. (1.3) By using the Hamiltonian approach we can easily formulate the differential conservation laws associated with various symmetry properties of the Hamiltonian. The equation of motion for the density b(x) of an arbitrary physical quantity B = ∫ d^3xb(x) can be represented, according to Eq.(1.1), in the form ḃ(x) = {b(x), H} ≡ {B, ε(x)} − ∂b^k (x) ∂x_k , (1.4)

where

b_k(x) = ∫ d^3x^0x^0_k

∫_1 0 dλ{b(x + λx^0 ), ε(x − (1 − λ)x^0 )}. If the quantity B is the generator G of the symmetry group of the Hamiltonian, then Eq. (1.4) has the form of a differential conservation law. The generator G in this case does not depend on time. Indeed, Ġ = {G, H} = −{H, G} = −δH, where δH is the variation of the Hamiltonian associated with considering transformations. Therefore, Ġ = 0 if δH = 0.

2. Poisson brackets and conservation laws

It was mentioned in Introduction that in addition to the densities of entropy σ(x), mass ϱ(x), momentum π_i(x) and spin s_α(x), characterizing the state of a quantum spin crystal with broken symmetry with respect to spin rotations, we must also choose the orthogonal matrix of rotation a_{αβ} (x), the superfluid phase ϕ(x) and the displacement vector u_i(x) as dynamic variables. Therefore the energy density ε(x) in the general case is a functional of these variables

ε(x) = ε(x; σ(x^0 ), ϱ(x^0 ), π_i(x^0), s_α(x^0), a_{αβ} (x^0 ), ϕ(x^0 ), u_i(x^0)). (2.1)

We assume that spin interactions in the system are of an exchange nature (we neglect weak relativistic interactions). Then the energy density ε(x) is invariant as to uniform spin rotations. Considering that for rotations described by the matrix b, the spin s_α and the rotation matrix a_{αβ} are transformed according to the formulae

s → s^0 = bs, a → a^0 = ab̃ (2.2)

we have ε(x; bs(x^0 ), a(x^0 )b̃) = ε(x; s(x^0 ), a(x^0 )), (2.3)

(we write the dependence only on the variables which change during transformations under investigation).

For a uniform phase transformation with a phase ψ we have

ϕ → ϕ^0 = ϕ + ψ

and the property of energy density invariance can be written in the form

ε(x; ϕ(x^0 ) + ψ) = ε(x; ϕ(x^0 )).

For transformation of translations by a constant vector a_i in the configuration space we have x_i → x^0_i = x_i + a_i.

The corresponding invariance property has the form

ε(x + a; σ(x^{00} ), ϱ(x^{00} ), π(x^{00} ), s(x^{00} ), a(x^{00} ), ϕ(x^{00} ), u(x^{00} ) + a) =

= ε(x; σ(x^0 ), ϱ(x^0 ), π(x^0 ), s(x^0 ), a(x^0 ), ϕ(x^0 ), u(x^0 )); x^{00} ≡ x^0 − a.

Let us define the PB of dynamic variables of the system. According to Refs. [7–9] we define the complete system of PB by the equalities

{π_i(x), u_k(x^0 )} = −(δ_{ik} − ∇_iu_k(x))δ(x − x^0), {π_i(x), σ(x^0 )} = −σ(x)∇_iδ(x − x^0), {π_i(x), ϱ(x^0 )} = −ϱ(x)∇_iδ(x − x^0), {π_i(x), s_α(x^0 )} = −s_α(x)∇_iδ(x − x^0) , {π_i(x), a_{αβ} (x^0 )} = δ(x − x^0)∇_ia_{αβ} (x),

{π_i(x), π_k (x^0)} = π_k(x)∇^0_iδ(x − x^0) − π_i(x^0 )∇_kδ(x − x^0), {π_i(x), ϕ(x^0 )} = δ(x − x^0)∇_iϕ(x), {ϱ(x), ϕ(x^0 )} = δ(x − x^0), {s_α(x), s_β (x^0 )} = ϵ_{αβγ} s_γ (x)δ(x − x^0 ), {s_α(x), a_{βγ} (x^0)} = ϵ_{αγρ}a_{βρ}(x)δ(x − x^0 ). (2.4) (PB of the remaining variables are equal to zero). It can be easily seen that these PB satisfy Jacobi’s identity (1.3). Note that in view of the invariance of ε(x) with respect to phase transformations and spatial translations the energy density ε(x) depends not on the quantities ϕ(x), u_i(x) themselves, but only on their derivatives ∇_iϕ ≡ p_i, ∇_ku_i (or, in the latter case, on the quantities b_{ik} ≡ δ_{ik} − ∇_ku_i). The vector p_i has meaning of the superfluid momentum. Consequently, it is convenient to choose the quantities p_i and b_{ik} directly as dynamic variables along with other variables. For nontrivial PB of these variables we have

{π_i(x), b_{kl} (x^0)} = −b_{ki}(x)∇_lδ(x − x^0 ), {π_i(x), p_j (x^0 )} = −p_i(x)∇_j δ(x − x^0),

{ϱ(x), p_i(x^0)} = −∇_iδ(x − x^0). (2.5) Using the general expression of ε(x) and the PB (2.4),(2.5), we can obtain nonlocal dynamic equations for a quantum spin crystal [10].

Let us now formulate the differential conservation laws associated with the symmetry properties of the Hamiltonian of the system. For this purpose, we use the results obtained in Sec. 1. Putting in formula (1.4) b(x) = ϱ(x) and supposing that the energy density satisfies the condition {M, ε(x)} = 0, M = ∫ d^3xϱ(x), we obtain the following equation

ϱ̇(x) = −∇_kj_k(x), j_k (x) = ∫ d^3x^0x^0_k

∫_1 0 dλ{ϱ(x + λx^0), ε(x − (1 − λ)x^0)}, (2.6) where j_k(x) is the mass flux density.

If the energy density satisfies complies with the relationship {S_α, ε(x)} = 0, S_α = ∫ d^3xs_α(x), then for b(x) = s_α(x) we obtain the following equation

ṡ_α(x) = −∇_kj_{αk} (x), j_{αk} (x) = ∫ d^3x^0 x^0_k

∫_1 0 dλ{s_α(x+λx^0), ε(x−(1−λ)x^0 )}, (2.7) where j_{αk} is the spin flux density.

For b(x) = ε(x), we get, in accordance with (1.4)

ε̇(x) = −∇_kq_k(x), q_k(x) = 1 2 ∫ d^3x^0x^0_k

∫_1 0 dλ{ε(x + λx^0), ε(x − (1 − λ)x^0)}, (2.8) where q_k(x) is the energy flux density.

Finally, let us consider the translation transformation f(x) → f^0(x) = f(x − y), f = {σ, ϱ, π_i, s_α, a_{αβ} , p_i, b_{ik} }, (2.9) which remaines the PB (2.4),(2.5) invariant. This means that there exists a functional G corresponding to infinitely small translations (generator of translations) and satisfying the relations {f(x), G} = δf(x) = −δy_k∇_kf(x). This functional has the form G = δy_k ∫ d^3xπ_k(x). Let us suppose that the energy density ε(x) matches the translation invariance condition: δε(x) = {ε(x), G} = −δy_k∇_kε(x). (2.10) Assuming that b(x) = π_k(x) in relation (1.4) and taking into account (2.10), we obtain π̇_i(x) = −∇_kt_{ik}(x) , (2.11) t_{ik} (x) = −ε(x)δ_{ik} + ∫ d^3x^0x^0_k

∫_1 0 dλ{π_i(x + λx^0), ε(x − (1 − λ)x^0 )}. Here t_{ik} is the momentum flux density.

3. Thermodynamics. Local form of dynamic equations

The structure of nonlocal dynamical equations [10] is simplified considerably in the longwave limit, when spatial inhomogeneities of dynamic variables are small. Assuming that the energy density is a function of the quantities σ, ϱ, π_i, s_α, p_i, b_{ik} , a_{αβ} , ∇a_{αβ} (or, that the same, the left Cartan form ω_{αk} ≡ 1/2ϵ_{αβγ} a_{λγ} ∇_ka_{λβ} instead of ∇a_{αβ} ), i.e., ε(x) = ε(σ(x), ϱ(x), π_i (x), p_i(x), b_{ik} (x), s_α(x), a_{αβ} (x), ω_{αk}(x)) (3.1) we obtain dynamic equations in the local form. Since the energy density satisfies the property of rotational invariance (2.3), we can write ε(s, ω_k , a) = ε(as, aω_k, 1) ≡ ε(s, ω_k), (3.2) where s = as, ω_k = aω_k is the right Cartan form, ω_{αk} = 1/2ϵ_{αβγ} a_{βλ}∇_ka_{γλ}. Note that we use a formalism of left and right Cartan forms ω_k, ω_k instead of ∇_ka, ã∇_ka (that mathematically is identical) because they are the convenient compact constructions obeying the simple transformation properties relative to spin rotations. In the theory of magnetic systems with spontaneously broken spin invariance they play the role analogous to that of the superfluid momentum for a superfluid system [9, 11]. By virtue of formulae (2.4), the following relations hold

{s_α(x), ω_{βk}(x^0 )} = a_{βα}(x^0)∇^0_kδ(x − x^0 ), {s_α(x), s_β(x^0 )} = 0,

leading to the invariance of the quantities s, ω_k with respect to global spin rotations: {S_α, ω_{βk}(x)} = {S_α, s_β(x)} = 0, We formulate the second law of thermodynamics for the system under investigation. We write the basic thermodynamic identity in the form dε = T dσ + μdϱ + v^n_k dπ_k + h_αds_α + χ_{αk}dω_{αk} + j^s_i dp_i + ν_{ik}db_{ik} . (3.3) Here T is the temperature, μ is the chemical potential, v^n_k is the normal velocity, j^s_i is the superfluid mass current and the quantities h_α, χ_{αk}, ν_{ik} are the respective conjugate variables to s_α, ω_{αk}, b_{ik} (h_α = h_β a_{βα} is the magnetizing field).

Let us find expressions for flux densities of mass, spin, momentum and energy corresponding to the energy density (3.2). Using formulae (2.6)–(2.8) and (2.11), we obtain

j_k = ϱv^n_k + j^s_k, j_{αk} = s_αv^k_n + χ_{αk}, t_{ik} = pδ_{ik} + π_iv^n_k + p_ij^s_k + ω_{αi}χ_{αk} + b_{ji}ν_{jk} , q_k = v^n_k (T σ + μϱ + v^n_l π_l + h_αs_α) + j^s_k(μ + p_iv^n_i ) + χ_{αk}(h_α + v^n_i ω_{αi}) + v^n_j b_{ij} ν_{ik}, (3.4) where p ≡ −ε + T σ + v^n_l π_l + μϱ + h_αs_α, is the pressure, χ_{αk} = ∂ε/∂ω_{αk} . In accordance with the definition of energy density (3.2) it is expedient to choose along with other variables the quantities s, ω_k as independent variables too. Calculating flux densities in new variables by using the PB algebra (2.4),(2.5), we obtain the following equations of dynamics of quantum spin crystals in the long–wave limit:

σ̇ = −∇_k (σv^n_k ) , ϱ̇ = −∇_k (ϱv^n_k + j^s_k) , ṡ_α = −∇_k ( s_αv^n_k + χ_{αk} ) + ϵ_{αβγ} ( s_β h_γ + ω_{βk}χ_{γk} ) , (3.5) π̇_i = −∇_k ( pδ_{ik} + π_iv^n_k + p_ij^s_k + ω_{αi}χ_{αk} + b_{ji}ν_{jk} ) , where p = −ε + T σ + v^n_l π_l + μϱ + h_αs_α

and the equations for parameters describing the broken symmetries have the form ȧ_{αβ} = −v^n_i ∇_ia_{αβ} + ϵ_{αργ} a_{ρβ} h_γ , ṗ_i = −∇_i ( p_j v^n_j + μ ) , ḃ_{ik} = −∇_k ( b_{ij} v^n_j ) . (3.6)

From Eqs. (3.5) it follows the conservation law for the energy density:

ε̇ = −∇_k[v^n_k (T σ + μϱ + v^n_l π_l + h_αs_α) + j^s_k(μ + p_iv^n_i )+

+χ_{αk}(h_α + ω_{αi}v^n_i ) + b_{ij} ν_{ik}v^n_j ] ,

and from the first of Eqs. (3.6) it follows the dynamic equation for the right Cartan form ω_{αk}:

ω̇_{αk} = −∇_k (h_α + ω_{αk}v^n_k ) + ϵ_{αβγ} ω_{βk}(h_γ + ω_{γk}v^n_k ). (3.7)

The complete system of equations (3.5)–(3.7) defines the dynamic properties of a quantum spin crystal in neglect of dissipative processes. If the variable a_{αβ} is cyclic (the Hamiltonian H is independent of a_{αβ} ), the spin dynamics of the quantum crystal is described, in accordance with (3.5)–(3.6), by the Landau-Lifshits equation with a convective term [12]. Notice that expressions (3.11) for the flux densities and the equations of motion (3.5),(3.6) coincide with those obtained earlier for quantum crystals (if we omit the effect of degrees of freedom) [3–4]; for the superfluid phase of^3He–B (if we neglect elasticity) [5], and for a multisublattice magnet with exchange and magnetoelastic interactions (in the absence of superfluidity) [6].

The thermodynamic relation (3.3) and equations (3.5)–(3.7) indicate that nonequilibrium processes are adiabatic

σ̇ = 1 T ( ε̇ − μϱ̇ − v_kπ̇_k − h_αṡ_α − χ_{αk}ω̇_{αk} − j^s_i ṗ_i − ν_{ik}ḃ_{ik} ) = −divσ⃗v^n . (3.8) It should be noted that formulae (3.4) for the flux densities can be written in a compact form by introducing the thermodynamic potential density ω = Y_aζ_a − σ, a = (0, i, α, 4) ; ζ_a = (ε, π_i, s_α, ϱ). (3.9) Here Y_a are the thermodynamic forces, defined by the relationships 1 Y_0 ≡ T, − Y_4 Y_0 ≡ μ, − Y_k Y_0 ≡ v^n_k , − Y_α Y_0 ≡ h_α.

The second law of thermodynamics in terms of ω can be written in the form dω = ζ_adY_a + ∂ω ∂p_i dp_i + ∂ω ∂b_{ik} db_{ik} + ∂ω ∂ω_{αk} dω_{αk} + ∂ω ∂a_{αβ} da_{αβ} . (3.10) It follows from (3.4),(3.10) that ζ_{ak} = − ∂ ∂Y_a ωY_k Y_0 + ∂ω ∂ω_{αk} ∂ ∂Y_a Y_α + Y_lω_{αl} Y_0 + ∂ω ∂p_k ∂ ∂Y_a Y_4 + Y_ip_i Y_0 + ∂ω ∂b_{jk} ∂ ∂Y_a b_{jl}Y_l Y_0 . (3.11) Let us suppose that the system under investigation possesses the property of Galilean invariance. The thermodynamic potential ω depends only on the following combinations of thermodynamic forces Y_a [4]:

ω = ω(Y^0_0 , Y^0_k , Y^0_α, Y^0_4 , b_{ik} , ω_{αk}),

Y^0_0 = Y_0, Y^0_k = Y_k + Y_0 p_k m , Y^0_α = Y_α, Y^0_4 = Y_4 + Y_kp_k + Y_0 p^2 2m . Noting that ∂ω ∂p_l = Y_0 m ∂ω ∂Y^0_l + (Y_l + Y_0 p_l m ) ∂ω ∂Y^0_4 , ∂ω ∂Y_l = ∂ω ∂Y^0_l + p_l ∂ω ∂Y^0_4

we obtain the following expressions for the flux densities:

j_k = 1 m ∂ω ∂Y^0_k + p_k m ∂ω ∂Y^0_4 , j_{αk} = − Y_k Y_0 ∂ω ∂Y^0_α + 1 Y_0 ∂ω ∂ω_{αk} ,

t_{ik} = − ω Y_0 δ_{ik} + p_ip_k m ∂ω ∂Y^0_4 + p_i m ∂ω ∂Y^0_k − Y_k Y_0 ∂ω ∂Y^0_i + ω_{αi} Y_0 ∂ω ∂ω_{αk} + b_{ji} Y_0 ∂ω ∂b_{jk} , q_k = −

Y_4 + Y_lp_l mY_0 π_k − Y_k Y_0^2 (σ − Y_l ∂ω ∂Y^0_l ) − b_{jl}Y_l Y_0^2 ∂ω ∂b_{jk} − Y_α + Y_lω_{αl} Y_0^2 ∂ω ∂ω_{αk} . In this case the second law of thermodynamics can be written in the form T dσ = dε + Y^0_k Y_0 dπ_k + Y^0_α Y_0 ds_α + Y^0_4 Y_0 dϱ−

− 1 Y_0 ∂ω ∂b_{ik} db_{ik} − 1 Y_0 ∂ω ∂ω_{αk} dω_{αk} − 1 Y_0 ∂ω ∂a_{αβ} da_{αβ} . Let us now consider time independent solutions of equations (3.5)–(3.7), when the quantities σ, ϱ, v_i, p_i, s_α, ω_{αk}, b_{ik} are independent of coordinates and time (but not the rotational matrix a; it will be shown below that this leads to helical magnetic solutions). It can be easily seen that Cartan forms ω_{αk} satisfy the identities ∇_kω_{αi} − ∇_iω_{αk} = ϵ_{αβγ} ω_{βk}ω_{γi}, (3.12) which leads to the following identity in the stationary state: ϵ_{αβγ} ω_{βk}ω_{γi} = 0. (3.13)

The stationary conditions for equations (3.5)–(3.7), taking into account expression (3.13), assume the form ϵ_{αβγ} ω_{βk} ∂ε ∂s_γ = 0, ϵ_{αβγ} ( s_β ∂ε ∂s_γ + ω_{βk} ∂ε ∂ω_{γk} ) = 0. (3.14)

Expressions (3.13), (3.14) can be used to obtain the structure of Cartan forms in equilibrium

ω_{αk} = n_αg_k , n_α = h_α |h| , h_α ≡ ∂ε ∂s_α . (3.15)

Here the quantity g_k has the meaning of the helical vector of the magnetic structure. In order to verify this, we also introduce the right differential Cartan form associated with the time derivative:

ω_α = 1 2 ϵ_{αβγ} (ȧã)_{γβ}. (3.16) From the equations of motion (3.6) for the matrix a we obtain

ω_α = −v_iω_{αi} − h_α, (3.17)

which leads to the following expression for ω_α in equilibrium if we take Eq. (3.15) into account:

ω_α = −n_α(h + g_iv_i). (3.18) According to the definitions of the Cartan forms ω_{αk}, ω_α, the derivatives of the rotational matrix a with respect to coordinates and time can be written in the form ∇_ka_{ργ} = −ϵ_{ρμα}a_{μγ} ω_{αk} , ȧ_{ργ} = −ϵ_{ρμα}a_{μγ} ω_α. Taking the structure (3.15),(3.18) of Cartan’s forms in equilibrium into account, we can write the solution to these equations in the form a(x, t) = a(n(−g_ix_i + (h + g_iv_i)t)), which describes the rotation about the direction of the vector ⃗n through an angle θ = −g_ix_i + (h + g_iv_i)t. In equilibrium, the coordinate and time dependence of the spin density s(x, t) is defined by the formula s(x, t) = sa(x, t), which proves the validity of the above statement.

4. Spectrum of elementary excitations Obtained equations (3.5)–(3.7) contain all the information needed for calculation the velocities of propagating modes, whose general structure can be easily understood here as coupling of a conserved quantity to an order parameter, leading to propagation of this conserved quantity.

Therefore, in an ordinary crystal, where j^s_i = 0, Eqs. for π_i(x), b_{ik} (x) yield three pairs of elastic waves, which are the propagation of momentum. If we add the superfluid phase ϕ(x) (and, respetively, the density of the mass ϱ(x)), that corresponds to a quantum crystal then it provides the system with independent persistent mass current j^s_i and gives rise to the propagation of the mass. If we consider together with above variables the density of the spin s_α(x) and the matrix of rotation a_{αβ} (x) we arrive at situation of a quantum spin crystal and obtain additional six branches of spin waves, that relates to the propagation of the spin.

The case of a quantum crystal was studied in Refs. [1–4]. Respective propagating modes are the three elastic waves and the second sound with corresponding velocities [3]

c^2_1 = c^2_{10} ( 1 + ϱ^s_{ij}û_iû_j ϱ ) + 1 ϱ (β_{ij}q̂_iû_j ) [ 2(ϱ^s_{ij}q̂_iû_j ) + ϱ^s_{ij}q̂_iq̂_j c^2_{10}

(β_{ij}q̂_iû_j ) ] ,

c^2 = (ϱ^s_{ij}q̂_iq̂_j ) [( ∂μ ∂ϱ ) σ,b − 1 c^2_{10}ϱ

(β_{ij}q̂_iû_j )^2 ] . Here c_{10} is the velocity of elastic waves in an ordinary crystal, û is the unit polarization vector, q̂ = ⃗q/q the unit wave vector, β_{ij} = −∂μ/∂b_{ji} and components of the superfluid tensor ϱ^s_{ij} are defined from the relationship

j^s_i = ϱ^s_{ij} (v^s_j − v^n_j ), v^s_i ≡ p_i m . For finding the spectrum of spin waves in the case of pure spin dynamics, when we neglect weak magnetoelastic interactions, one should use dynamic equations for the variables s_α, ω_{αk}. We consider the equilibrium state characterized by the equilibrium values s^0_α = 0, h_α = 0, g_k = 0. Linearizing the motion equations for s_α, ω_{αk} with account of the relationship [11] δω_{αk} = ∇_kδϕ_α − ϵ_{αβγ} ω^0_{βk}δϕ_γ (ϕ_α is the rotation angle) we arrive at (−ωδ_{αβ} + G_{α,βl}q_l)iδϕ_β + F_{αβ} δs_β = 0, (4.1) iH_{αk,βl}q_kq_lδϕ_β + (−ωδ_{αβ} + G_{β,αk}q_k)δs_β = 0, where F_{αβ} = ∂^2ε ∂s_α∂s_β , G_{α,βl} = ∂^2ε ∂s_α∂ω_{βl} , H_{αk,βl} = ∂^2ε ∂ω_{αk}∂ω_{βl} . From the latter we obtain for the spectrum of spin waves

c_{30} = ω q = 1 2 {G_{α,βk}q̂_k(ŝ_αŝ_β + ϕ̂_αϕ̂_β )± ± √ (G_{α,βk}q̂_k(ŝ_αŝ_β + ϕ̂_αϕ̂_β))^2 + 4(F_{αν} H_{βk,μl} − G_{α,βl}G_{ν,μk})q̂_kq̂_lϕ̂_αϕ̂_βŝ_νŝ_μ} (ŝ = ⃗s/s and ϕ̂ = ⃗ϕ/ϕ are the spin and angle polarization vectors respectively).

Now we consider the quantum spin crystal. The general spectrum of the ten propagating modes is given by solving Eqs. (3.5)–(3.7) simultaneously. These are the three elastic waves, the second sound and the six spin waves. Corresponding analysis is very bulky and comes to some straightforward algebra. By this reason we only outline obtained results in general. After elimination of variations δϱ and v^n_i (in equilibrium v^n_i = 0) we come to at the determinant for finding the spectrum with the next structure | | | | I III IV II | | | | = 0.

Here I is the block corresponding to the quantum crystal and its structure is written in Ref. [3]; the structure of the second block II is determined by the Eqs. (4.1) and it corresponds to the pure spin dynamics. The blocks III,

IV contain the cross derivatives such as

∂^2ε ∂s_α∂ϱ , ∂^2ε ∂s_α∂b , ∂^2ε ∂ω_{αk}∂ϱ , etc., that

corresponds to account of magnetoelastic interactions. We shall consider these interactions as weak. Thus, propagating modes of quantum crystal and spin waves will be modified by the magnetoelastic interactions. Untill the lowest nonvanishing order in such magnetoelastic terms, the corresponding corrections in expressions for the velocities of propagating modes have the following structure:

1) for elastic waves c̃^2_1 = c^2_1 + (. . . magnetoelast. terms)^2,

2) for second sound c̃^2 = c^2 + (. . . ϱ^s(magnetoelast. terms)^2),

3) for spin waves c̃_3 = c_3 + (. . . magnetoelast. terms)^2,

where we conventionally denote the quadratic terms on derivatives

∂^2ε ∂s_α∂ϱ , ∂^2ε ∂s_α∂b , etc., as (. . . magnetoelast. terms)^2. We see that the lowest order of

corrections to the velocities of elastic and spin waves are proportional to the second order combinations of cross derivatives, corresponding to magnetoelastic interactions. For the second sound such correction contains also as multiplier the component ϱ^s_{ij} of the superfluid tensor.

Note in conclusion that because of the correspondence between the conserved quantities and the propagating modes, there can be no more propagating modes than are found here.

Acknowledgments

The authors are pleased to express their gratitude to S.V. Peletminsky for fruitful discussions of the results and for valuable remarks.

References

[1] Andreev A.F., Lifshits I.M. Quantum theory of crystal defects. // ZETP, 1969, vol. 56, No 6, p. 2057-2068 (in Russian).

[2] Saslow W.M. Microscopic and hydrodynamic theory of superfluidity in periodic solids. // Phys. Rev. B, 1977, vol. 15, p. 173-186.

[3] Liu M. Two possible types of superfluidity in crystals. // Phys. Rev. B, 1978, vol. 18, No 3, p. 1165-1176.

[4] Lavrinenko N.M., Peletminsky S.V. Thermodynamics and equations of motion for quantum crystals. // Teor. Mat. Fiz., 1986, vol. 66, No 2, p. 314-324 (in Russian).

[5] Maki K. General gauge invariance and spin waves in the B–phase of superfluid 3He. // Phys. Rev. B, 1975, vol. 11, p. 4264-4271.

[6] Virchenko Yu.P., Peletminsky S.V. Poisson brackets and differential conservation laws in the theory of magnetoelastic media. In: Problems of physical kinetics and solid–state physics. Kiev, 1990 (in Russian).

[7] Dzyaloshinsky I.E., Volovick G.E. Poisson brackets in condensed matter physics. // Ann. Phys., 1980, vol. 125, No 1, p. 67-97.

[8] Kats E.I., Lebedev V.V. Fluctuational effects in the dynamics of liquid crystals. Springer, 1993.

[9] Kovalevsky M.Yu., Peletminsky S.V., Shishkin A.L. Hamiltonian formalism for magnetic systems with spontaneously broken symmetry. // Ukr. Fiz. Zh., 1991, vol. 36, No 2, p. 245-260 (in Russian).

[10] Isayev A.A., Kovalevsky M.Yu., Peletminsky S.V. Hamiltonian dynamics of the condensed media with spontaneously broken symmetry. // Preprint IC/94/329, Miramare-Trieste, 1994.

[11] Kovalevsky M.Yu., Rozhkov A.A. On the theory of disorded magnetics. // Physica A, 1995, vol. 216, p. 169-184.

[12] Akhiezer A.I., Bar’yakhtar V.G., Peletminsky S.V. Spin Waves. Amsterdam, North Holland, 1960.

DO GIDPODINAMIQNOÕ TEOPIÕ KVANTOVIH SPINOVIH KPISTALIV

A.A.Isaflv, M.ı.Kovalevs~kiæ

Na osnovi gamil~tonovogo pidhodu otpimu¸t~sØ gidpodinamiqni pivnØnnØ dlØ kvantovogo spinovogo kpistalu. Fopmul¸- flt~sØ osnovna tepmodinamiqna totoßnist~. Vipazi dlØ gustin potokiv dodatkovih integpaliv puhu znaædeno qerez tepmodinamiqnfi potenciali gustini Øk dlØ galileflvo invapiantnih sistem, tak i dlØ galileflvo nefinvapiantnih sistem. Otpimano stacionapniæ pozv’Øzok, wo vidpovidafl spipal~nomu magnitnomu vpopØdkuvann¸. Doslidßuflt~sØ spektp mod, wo poxir¸¸t~sØ.